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PREFACE 


A  preface  is  written  last,  placed  first,  and  most  likely,  not  read 
at  all.  Nevertheless,  authors  have  a  certain  fondness  for  prefaces. 

Here  they  are  permitted  to  say  why  and  how  the  book  came  to  be  written, 
as  well  as  to  point  out,  as  best  they  can,  the  advantage  which  they 
hopefully  expect  it  may  bring  to  the  reader. 

Flight  control  is  a  systems  discipline  which  brings  together  the 
component  dynamic  characteristics  of  aircraft  and  flight  controllers 
to  fprm  the  system  dynamic  characteristics  of  the  vehicle  under  the 
action  of  feedback  control.  Unfortunately,  it  has  seemed  to  us  that, 
by  and  large,  the  texts,  monographs,  and  courses  of  instruction  which 
treat  these  topics  have  tended  to  emphasize  their  disparities.  There 
is  certainly  no  lack  of  books  on  aircraft  stability  and  control  nor 
on  feedback  control  systems.  Our  conviction,  however,  is  that  there 
is  a  field  which  comprises  both  of  these  subjects,  and,  indeed,  that 
an,  understanding  of  either  one  can  help  to  illuminate  the  other. 

'The  purpose  of  this  book  is  to  present  an  integrated,  analytical 
treatment  of  the  dynamics  of  the  vehicle  (the  controlled  element)^,  and 
of  its  flight  control  systems.  The  book  has  been  written  by  and  for 
engineers  concerned  wi’,h  the  analysis  of  aircraft  dynamics  and  with 
the  synthesis  of  aircraft  flight  controls/  Such  studies  are  at  least 
as  old  as  powered  flight  itself  and  they  seem  likely  to  remain  pertinent 
as  long  as  there  are  new  and  more  advanced  aeronautical  vehicles. 

Not  long  ago  the  intellectual  mathematical  equipment  of  skilled 
stability  and  flight  control  analysts  generally  exceeded  their  physical 
ability  to  perform  all  the  design  and  tradeoff  calculations  which  might 
be  needed  or  desired.  Nowadays  quite  the  opposite  situation  exists 
because  advances  in  both  analog  and  digital  computation  allow  the 
consideration  of  problems  which  at  one  time  would  have  been  rejected 
as  being  too  time  consuming.  As  a  consequence,  the  analyst’s  physical 
means  now  often  exceed  his  mental  grasp,  and  what  he  can  compute  may, 
possibly,  far  exceed  his  understanding  or  appreciation.  This  can  lead 
to  an  excessively  empirical  approach  to  design  which  is  similar  to  the 
one  used  by  "practical"  designers  thirty  or  more  yeaps  ago.  Then  air¬ 
plane  stability  and  control  properties  were  evaluated  only  in  flight 
test,  and  flight  control  equipment  was  also  "designed"  with  the  aid  of 
extensive  full  scale  testing.  A  difference,  of  course,  lies  in  the 
abstractions  involved,  for  regardless  of  the  detail  and  complexity  of 
our  mathematical  models  they  remain  just  that,  whereas  the  physical 
equipment  and  the  aircraft  are  the  objects  of  our  abstractions.  Viewed 
in  these  terms,  too  great  a  reliance  on  a  numerical-empirical  approach 
to  design  is  no  better  and  may  be  even  worse  than  the  physical  empiri¬ 
cism  of  earlier  days.  Inundated  by  computer  printouts  and  strip  charu 
recordings,  the  analyst  is  confronted  with  a  crucial  problem  —  what  is 
the  essence,  what  does  it  all  mean? 
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For  this  reason  vre  have  strongly  emphasized  an  analytical  approach 
to  flight  control  system  design  and  have  summarized  an  eclectic  collec¬ 
tion  of  efficient,  neatly  interconnected  techniques  which  inherently 
and  readily  display  the  essential  aspect  of  complex  system  problems. 

When  skillfully  applied,  either  with  pencil  and  paper  or  using  computer 
aids,  these  techniques  enable  one  to  attain  a  high  level  of  insight  and 
physical  understanding  with  a  minimum  of  effort.  They  are  suitable 
for  the  establisliment  of  nominal  system  designs,  for  the  forecast  of 
off-nominal  problems,  and  for  the  diagnosis  of  the  root  causes  of  the 
pathological  syndromes  which  almost  inevitably  occur  in  the  course  of 
the  design  process. 

While  we  have  tried  to  be  as  definitive  as  possible  on  the  subject 
of  aircraft  and  flight  control  system  dynamics  and  the  procedures  which 
are  employed  to  accomplish  automatic  flight  control,  system  designs,  the 
scope  of  our  work  has  had  to  be  United  to  keep  within  the  Procrustean 
confines  of  one  volume  (albeit  a  large  volume).  The  necessary  limita¬ 
tion  has  been  accomplished  primarily  by  considering  the  aircraft  only  as  a 
rigid  body,  and  by,  almost  exclusively,  emphasizing  the  theory  of  linear 
constant  coefficient  systems.  The  decisions  on  both  these  limitations 
were  made  somewhat  reluctantly,  since  the  flexible  airframe  and  nonlinear 
features  o.  flight  control  are  always  fascinating  academically  and  arc 
often  important  practically.  We  should  hasten  to  remark,  however,  that 
regardless  of  the  number  of  modes  or  nonlinearity  of  a  problem,  linearized 
solutioi  to  comparatively  low  order  problems  almost  always  give  reasonable 
approximate  v  ewers .  They  provide,  as  it  were,  a  most  useful  species  of 
limiting  case  solution,  and  limiting  cases  are,  in  general,  the  basis  for 
much  of  our  physical  understanding  of  complex  phenomena.  With  a  solid 
grounding  in  linear  theory,  the  extension  of  the  results  to  nonlinear 
problems,  especially  of  stability,  is  ordinarily  rewarding  and  effective. 
Thus,  linear  theory  is,  v<~. .  generally,  a  theory  of  a  first  approximation 
which  has  the  great  virtue  that  it  can  bo  conceptually  assimilated  in  its 
entirety.  Further,  as  a  practical  matter,  it  is  our  observation  that 
the  great  majority  of  the  physical  problems  of  aircraft  flight  control 
which  arc  susceptible  to  mathematical  treatment  are,  in  fact,  handled 
to  a  very  good  first  approximation  by  linear  treatments . 

This  book  has  a  geneology.  Its  immediate  predecessors  a.re  the  series 
of  BuAer  volumes  prepared  in  the  early  1950's  at  Northrop  Aircraft,  Inc. 

The  considerable  success  and  the  reputation  of  these  volumes  in  industrial 
design  departments,  government  laboratories,  and  in  engineering  schools 
prompted  the  original  intent  of  the  Naval  Air  Systems  Command  in  spon¬ 
soring  a  large  portion  of  the  present  work  (Contract  NOw  62-078l-c),  so 
as  to  provide  revisions  and  an  updating  for  two  of  those  volumes: 

"Dynamics  of  the  Airframe,"  BuAer  Report  AE-6I-J1II, 

September  1952 

"Automatic  Flight  Control  Systems  for  Piloted  Aircraft," 

BuAer  Report  AE-61-I1VI,  April  19 56 
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Although  some  of  the  numerical  data  and  examples  from  these  earlier 
volumes  have  been  used  here,  we  present  an  essentially  nevr  effort 
rather  than  a  revision.  Furthermore,  in  order  to  provide  an  integrated 
treatment,  we  have  included  material  which  partially  revises  the  first 
of  the  BuAer  volumes: 

“Methods  of  Analysis  and  Synthesis  of  Piloted  Aircraft 
Flight  Control  Systems,"  BuAer  Report  AE-6l-4l,  March 
1952 

Consequently,  this  book  will,  in  the:  main,  supersede  the  above  three 
volumes  of  the  BuAer  series. 

We  are  indebted  to  many  people  and  organizations  for  their  assistance 
in  the  preparation  of  this  book.  First  and  foremost  is  the  Naval  Air 
Systems  Command,  which  sponsored  the  preparation  of  much  of  the  manu¬ 
script.  The  NASC  project  monitor,  Mr.  Jack  Crowder,  was  an  ideal 
supporter,  continually  interested  and  anxious  to  get  the  job  done, 
yet  patient  and  understanding  in  spite  of  the  inevitable  delays  that 
projects  of  this  sort  seem  to  incur.  We  also  owe  major  debts  to  our 
colleagues,  at  Systems  Technology,  Inc.,  and  elsewhere,  who  have 
critically  reviewed  various  versions  and  portions  of  the  manuscript 
and  have  offered  constructive  criticisms  and  suggestions  for  its 
improvement.  First  in  this  group  is  Mr.  Robert  L.  Stapleford  of  STI, 
who  has  been  through  the  book  several  times  exercising  his  penchant 
for  clarity  and  his  keen  eye  for  error.  He  may  have  missed  some  things, 
but  the  very  many  mistakes  which  he  caught  and  corrected  make  his  role 
in  the  book  important  indeed — to  the  authors  and  readers  alike. 

Mr.  Robert  J.  Woodcock  of  the  Air  Force  Flight  Dynamics  Laboratory, 
who  thoroughly  reviewed  several  chapters,  was  also  a  great  help  in 
getting  and  keeping  things  straight.  Mr.  II.  R.  Hopkins  of  the  Royal 
Aircraft  Establishment,  Farnborough,  U.  K.,  reviewed  Chapter  1,  making 
many  helpful  suggestions,  and  very  graciously  offered  us  the  use  of  his 
own  extensive  material  on  the  history  of  flight  control.  Dr.  Malcolm  J. 
Abzug  of  TRW  also  made  a  number  of  correcting  and  clarifying  remarks 
related  to  the  history  presented  in  Chapter  1  for  which  we  are  very 
grateful,  and  Mr.  Ronald  0.  Anderson  of  the  Air  Force  Flight  Dynamics 
Laboratory  made  available  to  us  his  bibliography  on  the  history  of 
feedback  controls.  Mr.  Gary  Tepsr  of  STI  was  responsible  for  the 
collection  and  presentation  of  the  data  contained  in  Appendix  A. 
Particular  acknowledgment  is  further  due  to  STI's  publication  staff, 
who  labored  long  and  hard  to  prepare  the  manuscript  for  publication, 
and  especially  to  Mr.  Junichi  Taira,  STI's  Publications  Manager,  whose 
meticulous  attention  to  every  detail  is  revealed  on  each  page  of  the 
book. 

Besides  those  who  helped  directly  there  are  others  in  the  background. 
Most  important,  of  course,  are  our  many  colleagues  in  the  flight  control 
and  automatic  control  community  whose  original  work  is  reflected  here. 

We  have  tried  to  acknowledge  them  throughout  the  book  with  pertinent 
references  to  the  published  literature.  As  is  evident  from  these 
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footnotes ,  a  great  deal  of  the  work  summarized  here  was  originally 
accomplished  for  the  Control  Criteria  Branch  of  the  Air  Force  Flight 
Dynamics  Laboratory.  In  fact,  sane  of  the  material  appearing  here 
for  the  first  time  is  based  on  unpublished  notes  prepared  in  the 
course  of  USAF- sponsored  work.  We  must  also  acknowledge  our  former 
colleagues  at  Northrop  Aircraft,  Inc.,  Messrs.  Warren  Koerner  and 
Robert  E.  Trudel,  who  were  among  the  authors  of  the  old  BuAer  "Dynamics 
of  the  Airframe"  volume  on  which  parts  of  Chapters  k,  5,  and  6  is 
based.  Finally,  we  wish  to  acknowledge  our  present  or  past  STI 
co-workers,  J.  J.  Best,  T.  S.  Durand,  D.  E.  Johnston,  H.  B.  Jex, 

W.  A.  Johnson,  L.  G.  Hofmann,  J.  D.  McDonnell,  R.  A.  Peters,  R.  J. 
Wasicko,  D.  H.  Weir,  and  J.  Wolkovitch,  for  their  several  original 
contributions  to  portions  of  the  material  which  are  presented  in  the 
following  pages. 

The  merits  which  this  book  may  possess  can,  in  large  part,  be 
attributed  to  all  these  people.  Its  faults  are  not  likely  to  be 
charged  to  them.  The  authors  cannot  expect  to  have  produced  a  work 
without  blemish,  but  they  have  the  right  to  hope  that  it  may  prove 
both  instructive  and  useful  to  others,  like  themselves,  who  may  wish 
to  help  to  solve  the  flight  control  system  design  problems  of  future 
generations  of  aircraft. 

Duane  McRuer 

Irving  Ashkenas 

Dunstan  Graham 

Hawthorne,  California 
August,  1§68 
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CHAPTER  1 


INTRODUCTION  AND  ANTECEDENTS 


"We  nov;  know  a  method  of  mounting  into  the  air,  and,  I 
think,  are  not  likely  to  know  more.  The  vehicles  can 
serve  no  use  till  we  can  guide  them;  and  they  can  gratify 
no  curiosity  till  we  mount  with  them  to  greater  heights 
than  we  can  reach  without;  till  we  rise  above  the  tops 
of  the  highest  mountains."* 


The  economic  or  militaiy  value  of  any  vehicle  depends  fundamentally 
on  its  ability  to  traverse  a  controllable  path  between  its  point  of 
departure  and  its  destination  or  "target."  Abstractly,  the  vehicle  is 
a  velocity  vector  in  space.  It  has  a  direction  in  which  it  is  going  and 
a  speed  with  which  it  is  going  there.  The  time  integral  of  the  velocity 
vector  is  the  path.  Each  type  of  vehicle,  however,  is  made  to  move  and 
carry  in  a  certain  medium  and  its  motions  may  be  subject  to  constraints. 
Means  for  control  of  the  path  vary  widely  and  depend  on  the  constraints. 
Thus  a  train,  for  example,  is  constrained  to  move  along  a  track  and  the 
control  which  is  provided  is  merely  a  speed  control.  The  train  is  not 
steered.  An  automobile  or  a  ship,  on  the  other  hand,  while  constrained 
to  move  on  the  surface  of  the  land  or  the  sea,  must  be  steered  as  well. 
Aircraft  share  with  submarines  and  torpedos  an  unusual  freedom  from 
constraints,  and  the  problems  of  the  control  of  aircraft  are  of  unusual 
complexity.  We  do  indeed  "know  a  method  of  mounting  into  the  air,"  but 
the  solution  of  the  problems  of  control  still  requires  both  sensibility 
and  diligence. 

An  aeronautical  vehicle  or  weapon  system  contains  spatial  sensors, 
and  guidance  and  control  devices  (possibly  all  subsumed  in  the  human 
pilot)  whose  purpose  it  is  to  develop  three-dimensional  flight  path 


*Samuel  Johnson,  "A  Dissertation  on  the  Art  of  Flying,"  Cliapt .  VI  in 
History  of  Rasselas,  originally  published  in  1759,  republished  by 
Clarendon  Press,  Oxford,  1951* 


commands  appropriate  to  steering  so  as  to  reach  a  destination  or  target, 
and  then  to  execute  those  commands  by  maintaining  or  modifying  the  forces 
on  the  vehicle  so  as  to  maintain  or  modify  the  velocity  vector.  This 
allows  an  intended  purpose  or  "mission"  to  be  accomplished. 

Qualities  of  an  aircraft  which  tend  to  make  it  resist  changes  in  the 
direction  or  magnitude  of  its  velocity  vector  are  referred  to  as 
stability,  while  the  ease  and  expedition  with  which  the  vector  may  be 
altered  are  referred  to  as  the  qualities  of  control.  Stability  makes  a 
steady  unaccelerated  flight  path  possible;  maneuvers  are  made  with  con¬ 
trol.  The  path  of  an  aircraft,  however,  is  never  stable  of  itself,  and 
whether  through  the  intervention  of  the  human  pilot  or  by  means  of  auto¬ 
matic  control,  stability  is  actually  secured  with  the  mechanism  of  feed¬ 
back,  a  principle  by  which  cause -and-ef feet  systems  are  modified  to 
secure  certain  desirable  properties.  Information  about  the  effect  (or 
output)  is  fed  back  (or  returned)  to  the  input  and  is  used  to  modify 
the  cause.  Typical  uf  feedback  control  is  its  speed  of  response  and  its 
accuracy  in  following  commands  and  in  suppressing  the  effects  of  disturb¬ 
ances.,  Also  typical,  however,  is  its  tendency  to  "hunt"  or  oscillate. 

The  particular  advantages  of  feedback  are  enhanced  by  high  gain,  but  this 
is  inimical  to  dynamic  stability,  and  high  gain  also  increases  the 
susceptibility  of  the  system  to  spurious  signals  or  "noise."  Therefore 
a  designer  intending  to  exploit  the  potential  advantages  of  feedback  is 
compelled  to  strike  a  fine  balance  between  the  desirable  properties  which 
might  be  secured  and  the  pressing  danger  of  disastrous  performance. 

The  earliest  aeronautical  experimenters  had  hoped  to  achieve 
"inherent"  stability  (i.e.,  without  feedback),  and  while  many,  such  as 
Cayley,  Penaud,  Lilienthal,  Chanute,  and  Langley,  pursued  this  goal  and 
discovered  how  to  set  the  incidence  of  the  tailplane  so  as  to  achieve 
longitudinal  stability  with  respect  to  the  relative  wind,  and  to  use 
wing  dihedral  so  as  to  achieve  "lateral  stability,"  it  gradually  became 
clear  that  configurations  with  a  large  amount,  of  such  inherent  stability 
were  particularly,  and  distx-cssingly,  susceptible  to  being  upset  by  gusts. 

Speaking  before  the  Western  Society  of  Engineers  in  1 901 ,  Wilbur 
Wright  said:  "Men  already  know  how  to  construct  wings  or  aeroplanes, 
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which  when  driven  through  the  air  at  sufficient  speed,  will  not  only 
sustain  the  weight  of  the  wings  themselves,  but  also  '  at  of  the  engine, 
and  of  the  engineer  as  well.  Men  also  know  hor  o  build  .  Lnes  and 
screws  of  sufficient-  lightness  and  power  to  drive  these  planes  at 
sustaining  speed....  Inability  to  balance  and  steer  still  confronts 
students  of  the  flying  problem. . . .  When  this  one  feature  has  been 
worked  out,  the  age  of  flying  machines  will  have- arrived,  for  all  other 
difficulties  are  of  minor  importance.” 

While  this  statement  was  somewhat  optimistic  with  respect  to  the 
state  of  knowledge  concerning  airfoils  and  propellers,  as  the  Wright 
Brothers  themselves  soon  discovered,  it  was  correct  in  its  essentials, 
and  there  is  no  doubt  at  all  that  suitable  stability  and  control  char¬ 
acteristics  were  the  very  last  features  of  the  first  successful  airplane 
to  be  developed.  It  is  now  generally  agreed  that  the  principal  contri¬ 
bution  of  Wilbur  and  Orville  Wright  was  their  recognition  that  the  frus¬ 
trating  search  for  inherent  stability  might  well  be  abandoned  if  only 
the  operator  were  provided  with  sufficiently  powerful  controls  with 
which  to  balance  and  steer,  i.e.,  that  the  human  pilot,  operating  on 
feedback  signals,  could  use  the  controls  to  stabilize  a  neutrally  stable 
or  an  inherently  unstable  aircraft.*  Of  course  the  Wright  Brothers  did 
not  use  this  language,  and  indeed  the  recognition  of  the  essential  char¬ 
acter  of  the  airplane  as  an  element  in  a  feedback  control  loop  came 
comparatively  recently. 

While  the  first  automatic  feedback  control  system  for  an  airplane 
actually  antedated  the  first  successful  flight  by  more  than  a  decade, 
and  the  demonstration  of  completely  automatic  control  of  an  airplane  in 
full  flight  took  place  more  than  50  years  ago  in  1 914,  the  means  employed 
to  secure  satisfactory  flying  qualities  of  the  aircraft  themselves,  and 
to  develop  artificial  stabilizers  and  automatic  pilots  were,  at  first, 


*M.  W.  McFarland,  ed.,  The  Papers  of  Wilbur  and  Orville  Wright, 
Vol.  I,  McGraw-Hill  Book  Co.,  New  York,  1953;  pp.  99-100. 

*C.  S.  Draper,  "Plight  Control,"  J.  Roy.  Acron.  Soc.,  Vol.  59, 
July  1955,  PP.  451  -477. 
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largely  empirical  arts.  They  seem  to  have  made  progress  with  a  minimum 
amount  of  mathematics  until  after  the  end  of  the  1939“  ^5  war. 

The  modern  view  of  the  dynamics  of  aircraft  and  their  control  systems 
in  terms  of  the  stability  and  response  of  the  entire  closed-loop  (feed¬ 
back)  system  can  be  traced  from  its  sources,  by  way  of  three  separate 
branches  of  technical  knowledge,  to  their  confluence,  and  the  recent 
advance  and  augmentation  of  the  subject  (see  Fig.  1-1).  During  roughly 
the  first  50  years  of  aviation's  history,  the  study  of  the  dynamics  of 
aircraft  and  their  control  systems  was  of  negligible  interest  to  designers, 
who  learned  to  get  by  with  rules  of  thumb  for  proportioning  the  stabi¬ 
lizing  and  control  surfaces  and  to  develop  automatic  feedback  controls 
by  cut-and-try  methods.  This  was  in  spite  of  the  fact  that  a  mathemati¬ 
cal  theory  for  the  stability  of  the  unattended  motion  and  of  the  air¬ 
craft's  response  to  control  was  developed  at  an  early  date.  On  the  other 
hand,  design  trends  since  World  Wa r  II,  which  have  greatly  extended  the 
flight  envelope  of  fixed-wing  airplanes  and  introduced  new  types  of 
vehicles,  such  as  helicopters,  VTOL  airplanes,  ground  effect  machines, 
hydrofoil  boats,  winged  missiles,  and  space  launchers,  have  so  enormously 
multiplied  the  number  and  type  of  problems  that  the  techniques  formerly 
employed  in  practice  would  have  been  totally  inadequate.  Very  fortun¬ 
ately  wartime  pressures  produced  two  developments  which  fundamentally 
altered  techniques  for  the  design  of  automatic  flight  control  systems. 

The  first  of  these  was  the  theory  of  servomechanisms,  and  the  second  was 
the  electronic  computer.  Analysis  and  simulation  are  today  the  twin 
pillars  on  which  the  entablature  of  aircraft  flight  control  system  design 
stands . 

There  has  been  uri  explosive  growth  in  the  practice  of  "experimenting" 
with  mathematical  models.  It  has  been  urged  by  both  the  expanding  com¬ 
plexity  of  the  problems  and  the  increasing  availability  of  appropriate 
methods  and  techniques.  Further,  the  mthcmtical  theory  has  served  for 
the  classification,  interpretation,  and  extrapolation  of  the  growing 
number  of  results  of  physical  experiments. 

It  is  to  the  development,  exposition,  and  demonstration  of  methods 
of  analysis  and  synthesis  for  aircraft  automatic  flight  control  systems 
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that  this  monograph  is  addressed.  It  is  not  a  text  on  design,  but  is 
rather  a  guide  to  the  consideration  of  the  effects  of  vehicle  and  equip¬ 
ment  features  on  the  dynamic  performance  of  the  system.  Where  possible 
the  enphasis  in  treating  the  elements  of  the  system  is  on  the  largest 
entitles.  Thus,  attention  is  directed  to  the  response  of  the  airplane 
to  elevator  motion  rather  than  to  the  change  in  airflow  over  the  tail, 
and  to  the  input^/output  characteristics  of  a  rate  gyro  rather  than  to 
detailed  consideration  of  the  torques  acting  on  the  gimbal.  The  vehicles 
considered  are  the  ones  which  are  heavier  than  the  fluid  in  which  they 
operate,  but  which  are  acted  on  by  significant  fluid  dynamical  forces. 
This  class  includes  at  least  the  following  types  of  vehicles: 

•  Airplanes 

•  Helicopters 

•  Vertical  takeoff  and  landing  aircraft 

•  Ground  effect  machines 

•  Hydrofoil  boats 

Control,  as  somewhat  distinct  from  guidance,  is  taken  to  be  the  subject 
of  interest.  For  this  reason  it  will  ordinarily  be  possible  to  consider 
the  motions  in  moving  coordinate  systems  fixed  in  the  vehicle,  and  to 
avoid  the  coordinate  axis  transformations  required  to  obtain  the  vehicle 
motion  in,  for  example,  a  coordinate  system  fixed  in  the  earth.  When 
the  origin  of  the  moving  coordinate  system  is  in  an  "equilibrium"  state 
of  motion  along  a  nominal  trajectory,  the  equations  of  motion  of  the 
vehicle  can  be  linearized  for  small  perturbations,  and  the  linearized 
equations  will  have  constant  coefficients.  Then  it  is  possible  to  use 
the  convenient  transfer  function  models  for  the  dynamics  of  the  'vehicle, 
and  all  the  analytical  techniques  for  the  study  of  linear  feedback 
systems  can  be  brought  to  bear  on  the  problem. 

Although  there  are  a  number  of  modern  treatments  of  the  stability 
and  control  of  aircraft,*  all  of  which  emphasize  the  same  approach  to 
the  linearized  dynamics  which  is  to  be  adopted  here,  and  there  is  a  very 
wide  selection  of  both  introductory  texts  and  more  advanced  treatises  on 


*See  footnote  at  the  beginning  of  Chapter  4. 
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automatic  feedback  control,*  there  has  been  a  conspicuous  lack  of  any 
significant  treatment  of  these  subjects  in  concert  and  therefore  no 
proper  introduction  to  the  area  between  these  fields.  It  is  a  fact 
that  the  methods  of  servomechanism  analysis  can  be  used  as  a  powerful ' 
tool  in  the  study  of  aircraft  dynamics,  and,  additionally,  'that  the 
characterist j  js -of  aircraft  and  their  control  systems  provide  a  series 
of  both  subtle  and  complex  problems  which  are  likely  to  carry  the 
student  of  feedback  systems  beyond  what  he  may  have  learned  in.  connec¬ 
tion  with  the  customary  examples  of  remote  position  control,  speed 
regulation,  process  control,  and  instrumentation.  The  discussion  which 
follows  will  serve  to  bridge  a  gap  between  existing  technical  disciplines 
and  'to  make  more  readily  available  some  .of  the  results  contained  in  a-  : 
scattered  engineering  report  literature  which  is  now  familiar  only  to  a 
small  group  of  specialists. 

The  authors  have  adopted  an  eclectic  view,  taking  from  several  fields 
what  best  appeals  and  suits,  but  attempting,  at  the  same  time,  to  provide 
a  unified  treatment.  Where  a  completely  unified  view  is  not  feasible  the 
dominant  theme  is  stated  and  the  minor  theme  is  contraposed. 

It  is  the  conviction  of  the  authors  that  only  the  most  thorough 
understanding  of  the  dynamics  of  each  element  is  a  suitable  basis  for 
system  synthesis.  While  digital  and  analog  computers  are  now  generally 
available  to  produce  "solutions,"  even  a  sheaf  of  solutions  may  not 
clearly  show  the  designer  how  to  obtain  the  most  satisfactory  behavior 
and  to  avoid  unpleasant  surprises  when  the  machinery  is  built.  It  is 
for  this  reason  that  the  mathematical  analysis  of  aircraft  feedback  con¬ 
trol  systems  is  emphasized  throughout  the  treatment  here.  Of  course 
simulation  and  flight  testing  are  valuable  tools  in  the  development  of 
aircraft  control  systems,  but,  to  an  extent,  a  good  theory  is  a  summary 
of  and  substitute  for  experience,  and  the  understanding  which  is  con¬ 
ferred  by  analysis  is  a  short-cut  to  the  best  results.  It  may  seem, 
however,  that  a  linearized  theory  is  unrealistic  because  practical  air¬ 
craft  feedback  control  systems  inevitably  include  nonlinear  elements. 


*See  footnote  at  the  beginning  of  Chapter  3. 
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The  results  which  are  achieved,  justify  its  use.  Restrictions  which  are 
implicit  in  the  use  of  linear  theory  are  nowhere  near  as  severe  as  might 
be  imagined.  In  part  this  is  because  linear  approximations  often  have  a 
substantial  validity,  and  in  part  it  is  so  becav.se  feedback,  in  itself, 
tends  to  "linearize"  the  system. 

Finally,  it  may  or  may  not  be  true,  as  George 'Santayana  said,  that 
"those  who  cannot  remember  the  past  are  condemned  to  repeat  it, "  but 
there  is  enough  truth  there  so  that  the  history  of  the  present ’subject 
can  be  studied  with  considerable  profit.  It  is  evident  upon  knowledgeable 
consideration  that  some  costly  mistakes  might  have  been  avoided  with  a 
better  appreciation  for  the  difficulties  which  confronted  previous' 
investigators  of  the  problems  of  flight  control. 

1 .1  OUTLINE  OF  THE  VOLUME:  A  GUIDE  FOR  THE  READER 

The  subject  of  the  feedback  control  of  flight  has  a  considerable 
scope  and  variety,  and  there  is  no  canonical  approach  to  its  understand¬ 
ing.  Its  students  will  typically  have  acquired  a  considerable  knowledge 
of  the  theory  of  linear  feedback  systems,  and  of  the  dynamic  stability 
of  aircraft  and  their  response  to  control,  as  substantially  independent 
subjects.  The  background  of  the  typical  reader  will  probably  include 
some  knowledge  of  operational  or  Laplace  transfoim  techniques  for  the 
solution  of  ordinary  linear  differential  equations  with  constant  coeffi¬ 
cients,  conventional  servoam lysis  techniques  such  as  the  root  locus  and 
frequency  response  methods,  response  calculations  with  either  determin¬ 
istic  or  random  inputs,  and  the  describing  function  method  for  the 
treatment  of  common  control  system  nonlinearities.  While  many  of  these 
matters  are  reviewed  here  before  they  are  applied,  the  pace  is  brisk  and 
the  treatment  is  not  intended  as  an  introduction  to  the  elements  of  the 
theory.  The  reader  is  further  presumed  to  have  some  acquaintance  with 
the  dynamics  of  rigid  bodies,  although  it  is  not,  strictly  speaking, 
necessary  to  have  studied  the  dynamics  of  aircraft.  Again  the  latter 
subject  is  treated  here  ab  initio,  but  with  a  purpose  not  shared  with 
the  conventional  texts  cited  on  p.  4-2. 

Fig.  1-2  is  a  graphical  representation  of  the  outline  for  this 
volume . 
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The  .book  begins ,  in  this  first  chapter,  with  a  definition  of 
control  appropriate  to  aeronautical  vehicles  and  a  distinction  between 
control  and  guidance.  This  ‘is  followed  by  a  brief  summary  of  the 
advantages  of  feedback  for  control  and  an.  introduction  to  some  of  the 
earliest  examples  of  f-  ad?  ok  control.  Historical  sketches'  of  the 
development  of  aircraft  dyiiamic  stability  and  control,  practical  auto¬ 
matic  flight  control  systems,  and  feedback  system  analysis  complete  the 
introduction. 

Chapter  2  comprises  a  review  of  those  aspects  of  applied  mathematics 
pertinent  to  the  construction  and  use  of  linear  mathematical  models  of 
aircraft  and  their  control'  systems .  The  Laplace  t?.’ansform  method  and 
the  transfer  function  model,  which  play  such  a  prominent  part  later,  are 
discussed  in  detail  and  considerable  emphasis  is  placed  on  graphical 
representations  and  graphical  constructions.  While  the  typical  reader 
is  assumed  to  already  have  a  considerable  familiarity  with  this  material 
so  that  he  should  be  able  to  move  ahead  rapidly,  he  is  likely  to  find 
that  certain  matters,  such  as  time  vectors  and  the  steady-state  response 
to  polynomial  inputs,  are  treated  here  in  a  unique  way  which  provides  a 
background  for  subsequent  developments. 

The  material  of  Chapter  3  is  a  condensed  account  of  the  particular 
topics  in  feedback  system  analysis  on  which  the  remainder  of  the  mono¬ 
graph  strongly  depends.  Here  the  reader  will  find  not  only  a  review  of 
the  root  locus  method  and  the  conventional  open-loop/closed-loop  logarith¬ 
mic  "frequency  response"  methods,  but  also  their  presentation  as  elements 
of  a  unified  servoanalysis  method  which  is  a  complete  generalization  of 
the  semigraphical  analytical  techniques.  The  reader  will  also  find  here 
an  exposition  of  multiloop  analysis  procedures  particularly  appropriate 
to  the  study  of  vehicular  control  systems,  and,  finally,  a  discussion  of 
sensitivity  including  the  connection  between  gain  sensitivity  and  the 
modal  response  coefficients  (time  vectors  or  eigenvectors)  of  the  system 
response.  This  chapter  is  one  of  the  most  unusual  features  of  the 
volume  because  many  of  the  teehniqv.es,  and  especially  their  highly 
organized  connections,  are  not  explained  in '-the  conventional  textbooks 

f 

on  linear  feedback  system  analysis. 
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The  main  issue  is  joined  in  Chapter  4  where  the  equations  of  motion 
of  aeronautical  vehicles  are  developed  from  first  principles.  It  is 
shown  there  that  these  equations  can  he  linearized  about  a  nominal  flight 
path,  and  that  when  this  flight  path  lies  in  the  plane  of  symmetry  of 
the  unperturbed  vehicle  the  equations  can  normally  be  separated  into  two 
independent  sets,  the  longitudinal  equations  and  the  lateral  equations. 

This  simplification  is  the  basis  for  the  division  of  the  greater  part 
of  the  balance  of  the  discussion. 

Still  with  the  intention  of  studying  the  aircraft  under  active 
control,  the  longitudinal  dynamics  of  the  aircraft -alone  are  explored 
in  Chapter  5.  The  transfer  functions  for  the  aircraft's  response  to 
control  are  evolved  from  the  equations  of  motion,  and  approximate  factors 
for  the  numerators  and  denominators  are  presented  in  terms  of  coeffi¬ 
cients  in  the  equations.  While  approximate  factors  for  parts  of  the 
characteristic  functions  (denominators)  of  airplanes  have  been  known 
for  some  40  years,  it  was  only  a  few  years  ago  that  a  similar  under¬ 
standing  of  the  numerators  was  developed,  and  a  similar  approach  to  VTOL 
aircraft  has  only  been  successful  even  more  recently.  Here  again,  the 
presentation  in  Chapter  5  departs  considerably  from  the  conventional 
practice  because  little  or  no  attention  is  paid  to  transfer  function 
factors  in  the  existing  texts,  and  the  developments  summarized  there 
represent  a  part  of  the  novel  approach  which  is  a  feature  of  this  volume . ' 

/ 

Chapter  6  does  for  the  lateral  motions  what  Chapter  5  does  for  the 
longitudinal  motions.'  The  treatment  is  exactly  parallel  although  the 
results  are  different  because  of  the  distinction  between  the  typical 
motions  in  the  several  degrees  of  freedom. 

In  Chapters  7  and  8  the  discussion  finally  turns  to  the  feedback 
control  of  airplanes  and  helicopters.  The  stability  and  response  of 
vehicles  under  continuously  active  control  are  considered  with  the 
assumption  of  ideal  proportional  control,  i.e.,  no  account  is  yet 
taken  of  the  practical  imperfections,  such  as  lags,  which  inevitably 
are  associated  with  real  sensors,  amplifiers,  and  actuators.  The 
possible  ideal  feedback  systems  for  control  of  the  longitudinal  motions 
are  canvassed  in  Chapter  7;  while  a  similar  presentation  on  ideal  feed¬ 
back  systems  for  control  of  the  lateral  motions  is  made  in  Chapter  8. 
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Chapter  9  is  on  the  subject  of  general  requirements,  specifications, 
i  and  testing.  These  subjects  are  presented  in  the  context  of  <?.  design 

process  outline.  Emphasis  is  placed  on  the  sources  of  operational 
requirements,  and  the  logical  evo3.ution  of  the  requirements  from  these 
origins.  The  requirements  which  derive  from  a  consideration  of  flight 
control  systems  as  feedback  devices  are  also  treated  at  length. 

In  Chapter  10  the  effects  of  inputs  and  disturbances  arc  treated 
as  a  performance  consideration.  Up  to  that  point,  the  inputs  to  the 
system  are  considered  to  be  relatively  simple  test  signals,  such  as 
an  Impulse  or  a  sine  wave.  Nov  the  influence  on  design  of  considering 
the- structure  of  the  inputs  and  disturbances  is  introduced  for  the 
first  time.  Actually  the  inputs  and  disturbances  are  approximated 
by  either  deterministic  signals  more  complicated  than  the  ones  pre¬ 
viously  considered,  or,  where  their  nature  demands  it,  in  probabilistic 
terms.  The  first  probability  density  function  and  the  second  proba¬ 
bility  distributi  o?i  function  are  reviewed,  and  their  use  in  system 
performance  calculations  is  explained  in  some  detail  for  the  cases 
in  which  the  signals  have  a  Gaussian  distribution  and  are  stationary. 

In  that  case  convenient  calculations  of  the  performance  of  linear 
systems  can  be  carried  out  in  the  frequency  domain  by- making  use  of 
the  power  and  cross- spectral  density  functions.  The  "transient  analog" 
and  adjoint  technique,  shich  underlie  the  computer  approach  to,  more 
complex  problems,  are  also  introduced. 

Finally,  much  of  the  material  of  all  the  previous  chapters  is  used 
in  discussions  of  longitudinal  and  lateral  automatic  flight  control 
systems  in  Chapter  1 1 .  The  influence  of  requirements  and  of  imperfec¬ 
tions  in  the  components  is  particularly  pointed  out.  Multiloop  flight 
control  systems  of  several  types  are  treated  as  illustrative  examples. 

At  the  end  of  the  book  there  are  two  appendices  and  a  bibliography.  The 
bibliography  supplements  this  book  by  providing  references  to  those  aspects 
of  aircraft  dynamics  and  automatic  control  which  are  not  extensively  treated 
here.  It  covers  vehicle  flexibility  and  other  higher-order  dynamic  effects, 
components,  and  descriptions  of  flight  control  systems.  The  first  appendix- 
presents  tabulations  of  dynamic  characteristics  for  some  representative  air- 
1  craft,  and  the  second  servos  as  a  brief  introduction  to  probability  theory. 
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1 .2  A  DEFINITION  OF  FLIGHT  CONTROL 

It  is  not  surprising  that,  when  considered  in  detail,  the  abstract 
or  physical  attributes  of  an  aeronautical  vehicle  or  weapon  system  and 
its  elements  are  so  interrelated  as  to  almost  preclude  discussion  of  any 
one  aspect  of  the  system  without  simultaneously  treating  most  of  the 
others.  Still,  it  ultimately  becomes  necessary  to  stake  out  definite 
domains  which  can  be  treated  more  or  less  individually.  This  can  be 
accomplished  with  soue  generality  if  other  factors  and  entities  in  the 
system  can  be  considered  either  precursory  or  by  definition  separated 
from  the  subject  of  special  attention. 

As  a  fir.'t  step  in  separating  the  automatic  flight  control  area  from 
other  aspects  of  the  over-all  aeronautical  vehicle  or  weapon  system  it  is 
necessary  to  distinguish  control  from  guidance.  Unfortunately  the  bound¬ 
ary  between  these  two  areas  is  seldom  inherently  sharp  because  of  basic 
functional,  operational,  and  equipment  interactions  which  they  may  share. 
As  a  practical  matter,  however,  the  following  definitions  can  ordinarily 
be  used: 

Guidance ....  The  action  of  determining  the  course  and  speed 

relative  to  some  reference  system,  to  be  followed 
by  a  vehicle 

Control .  The  development  and  application  to  a  vehicle  cf 

appropriate  forces  and  moments  which 

Establish  some  equilibrium  state  of 
vehicle  motion  (operating  point  control) 

Restore  a  disturbed  vehicle  to  its 
equilibrium  (operating  point)  state  and/or 
regulate,  within  desired  limits,  its 
departure  from  operating  point  conditions 
(stabilization) 

To  apply  these  definitions  to  a  specific  example,  consider  the  air- 
to- surface  missile  system  shorn  in  Fig.  1-5.  In  this  figure  the  blocks 
inscribed  with  capital  letters  in  square  brackets  are  not  simple  trans¬ 
fer  functions  relating  outputs  to  inputs,  but  instead  are  matrix  opera¬ 
tions.  It  is  readily  apparent  that  the  complete  system,  when  viewed  in 
the  large,  is  complicated  and  analytically  intractable .  However,  two 
major  types  of  "loops"  are  seen  to  be  present:  one  a  series  of  "inner" 
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loops  involving  the  feedback  of  airframe  motion  quantities;  the  other  an 
outer  loop  containing  the  kinematic  transformations  required  to  generate 
the  relative  orientation  between  target  and  vehicle,  and  closed  through 
a  geometry  sensor  and  computer  which  generates  flight  path  commands. 

Using  the  definitions  given  above  it  is  now  possible  to  separate  the 
guidance  and  the  control  areas,  at  least  in  terms  of  the  matrix  operators 
shown  in  the  block  diagram. 

Note,  parenthetically,  that  an  abstract  or  functional  picture, 
rather  than  one  drawn  in  terras  of  physical  equipment,  is  preferred  at 
this  stage.  If,  for  example,  in  Fig.  1-3  the  Euler  angles,  $,  0,  and 
used  as  measures  of  vehicle  motion, were  obtained  from  a  stable  platform, 
this  equipment  would  have  to  be  considered  a  part  of  the  flight  control 
system;  yet  to  many  people  the  very  words  "stable  platform"  imply  an 
item  of  guidance  equipment. 

On  a  physical  basis  Fig.  1-3  makes  apparent  an  important  distinction 
between  the  two  types  of  loops.  The  flight  control  loop  is  concerned 
only  with  vehicle  motion  quantities  measured  in  the  aircraft  (although 
two  references  axis  systems  are  necessary),  while  the  guidance  loop 
involves  axis  system  transformations  which  put  the  vehicle  and  target  on 
comparable  terms.  For  many  systems  this  distinction  is  quite  helpful  in 
separating  guidance  from  control.  There  is  little  doubt  that  the  control 
of  aircraft  attitude  angles  is  one  of  the  functions  of  flight  control, 
while  the  control  of  the  path  is,  strictly  speaking,  a  guidance  function, 
later  it  will  become  clear,  however,  that  there  are  pseudo  path  vari¬ 
ables,  such  as  pressure  altitude  and  heading,  which  are  measured  in  the 
aircraft,  and  whose  control,  therefore,  is  logically  considered  to  be  a 
part  of  the  dona  in  of  flight  control.  Further,  it  is  often  possible  to 
formulate  guidance  problems,  such  as  terrain  avoidance  and  approach  to 
a.  runway  on  a  localizer  beam,  without  involving  more  than  linear  approxi¬ 
mations  to  the  kinematic  transformations  in  the  guidance  loop,  and  then, 
with  a  single  notable  exception,  guidance  problems  can  be  considered  as 
minor  extensions  to  the  problem  of  flight  control. 

The  exception  is  in  those  cases  where  there  are  important  dynamic 
interactions  between  the  control  and  guidance  loops.  The  complex  diagram 
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of  Fig.  1-3  can  be  simplified  by  specifying  the  general  type  of  guidance 
to  be  used  and  defining  ideal  steady-state  "trajectories."  The  desired 
steady-state  conditions  can  then  be  used  as  "operating  points,"  and  all 
of  the  equations  indicated  by  the  block  diagram  of  Fig.  1-3  can  be 
linearized  about  these  operating  points.  A  simplified  block  diagram, 
emphasizing  the  system  dynamics  in  a  form  suitable  for  dynamic  analysis, 
can  finally  be  drawn.  Figure  1-4  shows  "linearized"  block  diagrams 
(derived  from  Fig.  1-3)  which  relate  perturbed  quantities  when- the 
vehicle  is  on  a  straight  line  collision  course  with  the  target  and  is 
operating  about  straight  and  level  flight  conditions.*  Figure  1-5(a)  results 
when  the  longitudinal  control  system  block  diagram  is  redrawn  so  as  to  use 
flight  path  angle,  y ,  instead  of  pitching  velocity,  q,  and  plunging 
velocity,  w,  as  the  motion  variables.  Here  the  geometry  relationships 
are  shora  in  a  single  block,  while  the  flight  control  system  portion  of 
the  diagram  is  separated  into  functional  divisions.  Figure  1-5(b)  goes 
one  step  further  and  shows  a  single  closed-loop  flight  control  system 
block  with  the  geometry  block  broken  into  two  parallel  channels.  Both 
diagrams  in  Fig.  1-5  assume  unity  dynamics  for  the  geometry  sensor  and 
computer. 

# 

Figure  1  -5  emphasizesXhe  fact  that  the  geometry  block  contains  a 
time-varying  parameter  (1  -  t/r)  where  the  time  variable,  t,  appears 
explicitly.  The  magnitude  of  the  parameter  defines  the  relative  degree 
of  dynamic  interaction  between  the  flight  control  and  the  guidance.  When 
the  ratio  time:time-to-go,  t/r,  is  very  small  the  sole  dynamic  effect  of 
the  guidance  elements  is  to  add  a  unity  feedback  path  to  the  closed-loop 
flight  control  system.  In  most  cases  this  effect,  while  certainly  worthy 
of  consideration,  does  not  complicate  the  problem.  It  can  easily  be 
taken  into  account  as  just  another  loop  in  the  .flight  control  system. 

On  the  other  hand,  as  t/r  approaches  unity  the  geometry  block  gain 


*  While  the  implied  assumption  is  surely  a  tremendously  simplifying 
one,  aeronautical  vehicles  do,  in  fact,  spend  most  of  their  time  in  the 
air  in  straight  and  level  flight,  and  the  control  system  must  be  made 
to  work  for  that  flight  condition  first.  The  choice  of  operating  point, 
however,  is  illustrative  and  is  nob  necessary  to  the  argument.. 


1-16 


LATERAL  FLIGHT  CONTROL  SYSTEM 


saNvmvoo 

HIVd  lHQUd 


IVddlVl 


1 


SaNVMJOO 
HIVd  IHOHd 
ivNtannoNoi 


1-17 


FLIGHT  CONTROL  SYSTEM 


GEOMETRY  BLOCK 

t(I-40p  +1 

r(l-~)p 

(a) 
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Fig.  Simplified  Longitudinal  Collision  Course 
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approaches  infinity  and  the  dynamic  interactions  between  guidance  and 
flight  control  may  become  the  most  prominent  feature  of  system  performance. 

If  the  considerations  exemplified  in  the  discussions  above  are 
generalized  for  a  variety  of  guidance  system  types,  it  is  found  that 
guidance  and  control  can  interact  in  only  three  ways.  These  are  illus¬ 
trated  in  Fig.  1-6  as  connections  between  the  two  parts  of  a  guidance 
and  control  dichotomy.  The  interaction  with  operating  point  control,  as 
illustrated  in  the  example  above,  is  the  starting  point  in  the' develop¬ 
ment  of  diagrams,  such  as  the  ones  shown,  which  emphasize  the  dynamics. 
Guidance  system  effects  on  limiting  involve  the  characteristics  of 
particular  physical  mechanizations  and,  in  any  event,  relate  only  to 
conditions  outside  the  realm  of  linear  theory.  Finally,  dynamic  inter¬ 
action  between  guidance  and  control  occurs  only  in  homing  guidance,  and 
even  then  the  interaction  is  slight  until  the  target  is  "close."  On 
these  bases  it  should  be  clear  that  linear  constant  approximations  to 
flight  control  and  guidance  systems  can  be  treated  completely  separately, 
as  far  as  their  dynamics  are  concerned,  for  all  guidance  modes  except 
final  "homing"  maneuvers.  Assuming,  therefore,  a  particular  operating 
point  —  straight  and  level  flight  —  and  neglecting  a  possible  interest  in 
homing  maneuvers,  the  subject  of  control  can  be  separated  from  guidance, 
and  the  synthesis  of  automatic  flight  control  systems  can  be  studied  in 
their  own  right. 

1.5  WHY  FEEDBACK? 

The  flight  control  systems  in  Figs.  1-5  to  1-5  are,  quite  apparently, 
shown  as  feedback  systems  in  which  a  portion  of  each  output  is  fed  back 
so  as  to  modify  the  input.  Effective  flight  control  systems  invariably 
are  feedback  systems  for  a  number  of  important  reasons. 

Even  if  invention  had  ultimately  produced  a  satisfactory  "inherently" 
stable  aircraft,  the  disadvantage  of  open-loop,  i.e.  nonfeedback,  control 
would  probably  still  preclude  its  use  for  the  control  of  flight.  Open- 
loop  controls  are  programmed  and  calibrated.  Their  proper  operation 
depends  on  the  computation  of  an  appropriate  program  and  on  maintaining 
the  calibration  of  the  controlled  element  or  object  of  control.  In  flight 


VO 
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control  applications  the  appropriate  program  is  often  of  considerable 
complexity,  and  a  most  notable  feature  of  the  aircraft’s  response  to 
control  is  that  it  changes  markedly  with  speed,  altitude,  and  loading. 

The  advantages  of  feedback  control  are: 

•  The  provision  of  stability 

•  The  adjustment  of  dynamic  response,  including 

Reduction  of  lags 

Provision  of  desired  or  specified  command/ 
response  relationships,  especially  as  regards 
the  improvement  of .linearity  and  the  reduc¬ 
tion  of  the  effect  of  vehicle  cross- coupling 
forces 

•  The  suppression  of  unwanted  inputs  and  disturbances 

•  The  suppression  of  the  effects  of  variations  and 
uncertainties  in  the  characteristics  of  the  controlled 
element 

Feedback  can  make  an  unstable  system  stable.  (It  can,  of  course, 

also  make  a  stable  system  unstable,  and  that  is  a  subject  to  which  ve 

shall  have  frequent  occasion  to  return  later.)  Unfortunately,  aircraft 

* 

are  never  stable  by  themselves.  At  the  very  best  they  are  neutrally 
stable  in  heading  and  altitude,  and  continuous  corrections  must  be  made 
in  order  to  fly  a  straight  and  level  course.  Otherwise,  and  this  is 
especially  true  of  modern  configurations,  a  disturbance  may  start  an 
aporiodically  divergent  motion,  such  as  the  one  pilots  sometimes  call 
the  "graveyard  spiral,"  or  a  similar  disturbance  may  initiate  weakly 
damped  or  perhaps  divergent  oscillations  in  the  rolling,  yawing,  and 
pitching  degrees  of  freedom.  It  is  for  the  repair  of  any  such  defici¬ 
encies  in  stability  that  the  classes  of  automatic  flight  control  systems 
known  as  stability  augmenters  and  itomatic  pilots  are  principally  useful. 

Feedback  can  improve  the  speed  of  response  and  may  be  used  so  as  to 
enforce  some  desired  correspondence  between  the  input  and  output  of  the 
system.  The  series  of  figures  which  have  been  presented  have  served  to 
emphasize  the  fact  that  one  of  the  purposes  of  the  flight  control  system 
is  to  follow  the  commands  generated  by  the  guidance  system.  Rapid  and 

i 

accurate  response  to  commands,  so  that  the  commanded  flight  path  is 
Hatched  by  the  actual  flight  path,  for  examp.le,  is  made  possible  or  is 
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largely  enhanced  by  the  feedback  of  aircraft  motion  quantities.  These 
feedbacks  have  been  illustrated  and  are  defined  in  the  figures  to  comprise 
the  flight  control  system. 

It  is  not  only  the  case  that  the  (feedback)  flight  control  system 
vill  improve  the  speed  of  response  and  accuracy  in  following  commands, 
but  it  will  also  tend  to  suppress  the  effect  of  disturbances,  such  as 
the  atmospheric  (gust)  disturbances  illustrated  in  Fig.  1 -3,  as  well  as 
the  effects  of  changes  in  the  characteristics  of  the  vehicle  * s ' response 
to  control.  These  are  not  the  least  reasons  for  employing  feedback. 

The  aircraft  must  typically  fly  in  atmospheric  turbulence  which  tends 
to  upset  it  and  to  alter  its  flight  path,  and  the  response  to  control 
may  very  well  be  substantially  changed  by  the  consumption  of  fuel,  the 
release  of  stores,  and  changes  in  the  flight  speed  or  altitude. 

Some  of  the  earliest  inanimate  feedback  controls,  aside  from  water 
level  controls  which  were  known  in  antiquity,  were  speed  regulators  for 
prime  movers.*  These  were  primarily  designed  to  regulate  against  changes 
in  speed  because  of  disturbances,  such  as  changes  in  the  lead,  or  changes 
in  the  response  of  the  machine  to  control,  such  as  a  change  in  speed  at 
the  same  throttle  setting  because  of  an  increase  in  steam  pressure.  The 
early  governors  secured  some  of  the  very  practical  advantages  of  feedback, 
but  they  also  tended  to  display  the  largest  disadvantage — a  tendency  to 
hunt  or  oscillate.  The  phenomenon  of  hunting  of  engine  governors  moti¬ 
vated  a  number  of  authors  to  study  the  stability  of  feedback  control 
systems  and  to  lay  the  foundations  of  a  mathematical  theory  of  the  sub¬ 
ject.  Among  the  earliest  of  these  investigators  was  the  physicist 
J.  C.  Maxwell, t  who  in  his  own  paper  on  the  subject  conceded  his 
inability  to  discover  the  criteria  for  the  stability  of  higher  order 
systems.  later  he  was  one  of  the  examiners  who  set  the  subject  "The 
Criterion  of  Dynamical.  Stability"  for  the  Adams  Prize  Essay  Contest  in 


*James  Watt  is  commonly  credited  with/  the  invention  of  the  flyball 
governor,  about  1 784,  but  it  seems  likely  that  these  were  in  use  on  wind¬ 
mills  before  his  time.  (See  A.  Wolf,  A  History  of  Science,  Technology, 
and  Philosophy  in  the  XVI Ilth  Century,  The  Macmillan  Co.,  New  York,  1939*) 

tJ.  C.  Maxwell,  "On  Governors,"  Proc.  Roy.  Soc.,  (London),  Vol.  1 6, 
1869,  pp.  270-283. 
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l877‘  The  prize  was  won  by  E.  J.  Routh,  *  who  considered  not  only  govern¬ 
ors  but  the  stability  of  general,  motion  of  rigid  bodies.  His  studies  in 
that  field  became  the  basis  for  the  investigation  of  the  dynamic  stability 
of  aircraft  and  for  many  years  provided  the  principal  tool  for  the  study 
of  feedback  control  systems. 

1 .4  EARLY  HISTORY  OP  THE  SUBJECT  OF  AIRCRAFT  DYNAMICS 

F.  W.  Lanehester  was  the  first  to  investigate  analytically  the 
dynamic  stability  of  aircraft .  Before  the  turn  of  the  century,,  he  experi¬ 
mented  with  glider  models  and  studied  the  properties  of  the  solutions  to 
a  simplified  set  of  equations  for  motion  in  the  plane  of  symmetry.*  He 
called  the  resulting  flight  paths  "phugoids, "  a  name  which  persists  to 
this  day. 

In  the  year  of  the  first  powered  flight,  1 903,  Bryan  and  Williams, 
using  more  conventional  mathematical  methods,  introduced  the  linearized 
equations  of  motion  which  have  been  the  foundation  of  studies  of  dynamic 
stability  and  response  to  control  ever  since.*  Later  the  theory  of  both 
the  longitudinal  and  lateral  motions  was  presented  by  Bryan.6  The  six 
Euler  equations  for  the  general  motion  of  a  rigid  body  were  considered 
for  "small"  departures  from  steady,  straight  flight  of  an  airplane  with 
a  plane  of  symmetry.  Under  these  assumptions,  the  equations  were  shown 
to  be  separable  into  two  groups  of  three  each.  One  group  related  the 
motion  variables  in  the  plane  of  symmetry,  while  the  other  group  related 


*E.  J.  Routh,  Stability  of  a  Given  State  of  Motion,  Macmillan  and  Co., 
London,  1877- 

tF.  W.  Lanehester,  Aerodonetic's,  Archibald  Constable  and  Co., 

London,  1903.  See  also  B.  Melvill  Jones,  "Dynamics  of  the  Aeroplane," 
in  VI.  F.  Durand,  ed.,  Aerodynamic  Theory,  Vol.  V,  Durand  Reprinting 
Committee,  Pasadena,  Calif.,  1943,’  republished  (Vols.  V  and  VI  bound 
in  one  volume)  by  Dover  Publications,  New  York,  1 963;  pp.  2  —  3, 

169. 

tG.  H.  Bryan  and  W.  E.  Williams,  "The  Longitudinal  Stability  of 
Aerial  Gliders,"  Proc.  Roy.  Soc.,  Vol.  7?>  No.  489,  1904,  pp.  100- 1 1 6 . 

§G.  H.  Bryan,  Stability  in  Aviation,  Macmillan  and  Co.,  London,  1911. 
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the  motion  variables  out  of  the  plane  of  symmetry.  Neither  group  con¬ 
tained  any  variable  which  occurred  in  the  other,  so  that  they  could  be 
treated  entirely  separately.  The  separate  groups  of  equations  were 
called  the  "symmetric"  or  longitudinal  and  the  "asymmetric"  or  lateral 
equations.  A  further  consequence  of  the  assumption  of  small  perturba¬ 
tions  was  that  the  air  forces  on  the  airplane  could  be  shown  to  depend 
on  certain  constants  or  "stability  derivatives"  as  they  were  called,  and 
Bryan  suggested  that  these  might  be  determined  experimentally. • 

As  early  as  1912,  Bairstow  and  Melvill  Jones,  at  the  National  Physical 
laboratory  in  Great  Britain,  had  taken  up  Bryan's  suggestion  and  had 
developed  some  of  the  wind  tunnel  techniques  for  measuring  the 
stability  derivatives  of  models.  They  reported  the  results  of  their, 
initial  effort  the  following  year,  showing  how  features  of  the  motion 
could  be  recognized  in  the  mathematical  solutions  for  the  free  response 
of  a  hypothetical  airplane  for  which  they  had  measured  or  calculated  all. 
the  derivatives.*  In  both  language  and  notation  this  report  is 
thoroughly  "modern";  it  might  be  used  as  a  text  on  the  dynamic  stability 
of  airplanes  today. 

The  theory  and  the  experimental  practice  were  subsequently  extended 
by  the  original  investigators  and  others.  Bairstow  considered  the  sta¬ 
bility  of  more  complicated  motions  such  as  circling  flight,  and  treated' 
the  motion  of  dirigible  airships.  He  provided  a  comprehensive  account 
of  the  subject  in  1920.*  Hunsaker,  who  bad  visited  the  National  Physical 
Laboratory  in  191^  introduced  Bairstow' s  wind  tunnel  techniques  and  the 
method  of  Bryan  and  Bairstow  for  the  calculation  of  dynamic  stability  in 
the  United  States.  He  collaborated  on  the  first  report  of  the  United 
States  National  Advisory  Committee  for  Aeronautics  which  was  concerned 
with  the  response  of  aircraft  to  gusts/  Glauert  calculated  the  stability 

*L.  Bairstow,  B.  Melvill  Jones,  and  B.  A.  Thompson,  Investigation 
Into  the  Stability  of  an  Airplane,  A.R.C.  R&M  77,  1913. 

tL.  Bairstow,  Applied  Aerodynamics,  Longmans  Green  and  Co.,  London, 

1st  ed.,  1920,  2nd  ed.,  1939. 

+J.  C.  Hunsaker,  Experimental  Analysis  of  Inherent  Longitudinal 
Stability  for  a  Typical  Biplane,  NACA  TR  1,  Ft.  I,  1915.  See  also 
"Dynami c  Stabii ity  of" Aeroplanes,  "  Smithsonian  Mi  sc .  Collection,  1 9 1 6 . 


derivatives  of  a  running  propeller  and  the  motions  of  an  airplane  with 
the  elevator  free.*  The  model  measurement^  or  calculation*  of  particular 
stability  derivatives  continued  to  attract  attention,  and  a  considerable 
effort  was  made  to  measure  derivatives,  free  motions,  and  the  response 
to  controls*  in  full  scale  flight  tests.  The  references  given  in  the 
footnotes  are  only  typical,  not  comprehensive.  More  details  are  given 
in  the  historical  sketch  appended  to  the  19^7  paper  by  Milliken,^  and 
anecdotal  accounts  of  the  work  of  the  British  pioneers  are  presented  in 
several  contributions  to  the  "Centenary  Journal"  of  the  Royal  Aeronautical 
Society, #  particularly  the  ones  by  A.  V.  Stevens,  Sir  Harry  Garner, 

J.  L.  Mayler,  and  R.  W.  McKinnon  Wood. 

Certainly  by  1933,  when  the  survey  by  B.  Melvill  Jones  appeared  in 
Durand's  Aerodynamic  Theory,  the  classical  approach  of  Bryan  and  Bairstow 
was  well  established,  but  was  very  little  used.  Results  of  the  full  scale 
experiments  had  led  to  the  conviction  that  the  theory  of  infinitesimal 


*H.  Glauert,  The  Stability  Derivatives  of  an  Airscrew,  A.R.C, 

R&  M  6h2,  Oct.  1919.  See  also  The  Longitudinal  Stability  of  an  Air¬ 
plane,  A.R.C.  R&M  638,  1919* 

*L.  W.  Bryant  and  H.  B.  Irving,  Apparatus  for  the  Measurement  of 
on  a  Complete  Model  Airplane,  A.R.C.  R&M  6l6,  1919* 

*W.  L.  Cowley,  The  Effect  of  the  Lag  of  Downwash  on  the  Longitudinal 
Stability  of  an  Aeroplane!". .,  A.R.C.  R&M  71 8,  Feb.  1918* 

•H.  Glauert,  Analysis  of  Phugoids  Obtained  by  a  Recording  Airspeed 
Indicator,  A.R.C.  R&M  576,  Jan.  1919. 

E.  ?.  Warner  and  F.  H.  Norton,  Preliminary  Report  on  Free  Flight 
Tests,  NACA  TR  70, 

F.  H.  Norton,  Practical  Stability  and  Controllability  of  Airplanes, 
NACA  TR  120,  1921 .  (See  also  NACA  TR  112,  TR  167,  and  TRI70T) 

M.  A.  Gerner  and  S.  B.  Gates,  The  Full-Scale  Determination  of  the 
Lateral  Resistance  Derivatives  of  a  Bristol  Fighter,  A.R.C.  R&M  987, 

Aug.  1929.  (See  also  A.R.C.  R&M  IO68  and  R&M  1070.) 

H.  A.  Soule,  and  J.  B.  Wheatley,  A  Comparison  Between  the  Thcorcti- 
cal  and  Measured  Longitudinal  Stability  Characteristics  of  an  Airplane, 
NACA'  TR  442,  1935. 

Ilw.  F.  Milliken,  Jr.,  "Progress  in  Dynamic  Stability  and  Control 
Research,"  J.  Aeron.  Sci.,  Vol.  14,  No.  9>  Sept.  1947;  PP*  493-319* 

#"Centenary  Journal,  Royal  Aeronautical  Society  1 866  -  1 966,  " 

J.  Roy.  Aeron.  Sci.,  Vol.  70;  No.  66l,  Jan.  1966. 
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motions  was  practical  for  the  prediction  of  the  stability  of  motion,  the 
time  history  of  the  motion  following  a  disturbance,  and  the  response  to 
the  application  of  control.  The  effect  of  variations  in  the  configuration 
of  a  typical  airplane  had  been  traced,  via  their  influence  on  the  deriva¬ 
tives,  to  the  result  in  terms  of  stability  of  motion.  Furthermore,  these 
results  were  appreciated  not  only  in  terras  of  the  solutions  to  specific 
numerical  examples,  but  more  generally,  at  least  in  part,  as  approximate 
solutions  given  in  terms  of  the  dominant  literal  stability  derivatives. 

Melvill  Jones  himself,  speaking^ of  complete  solutions  to  the  equations 
of  motion  and  of  approximate  solutions  to  the  stability  quartic  equations, 
evaluated  the  state  of  affairs  in  the  following  words: 

"In  spite... of  the  completeness  of  the  experimental  and  theoretical 
structure. .  .it  is  undoubtedly  true  that,  at  the  time  of  writing,  calcu¬ 
lations  of  this  kind  are  very  little  used  by  any  but  a  few  research 
workers.  It  is  in  fact  rare  for  anyone  actually  engaged  upon  the  design 
and  construction  of  aeroplanes  to  make  direct  use  of  [such]  computa¬ 
tions...,  or  even  to  be  familiar  with  the  methods  by  which  they  are 
made....  In  my  own  opinion  it  is  the  difficulty  of  computation. . .which 
has  prevented  designers  of  aeroplanes  from  making  use  of  the  methods .... 

"Though  the  process. . .will,  if  worked  correctly,  give  the  final 
answer  required,  it  is  so  involved  that  it  is  not  easy  to  trace  the 
connection  between  the  final  answer  and  the  separate  characteristics  of 
the  airplane  which  are  represented  by  the  various  derivatives  included 
in  the  equation  of  motion. 

"With  regard  to  the  response  to  specific  disturbances  no  convenient 
means  of  tracing  this  connection  has  yet  been  devised;  but  when... the  form 
of  the  solution  of  the  quartic  for  X  [i.e.,  the  frequencies  and  damping 
factors  of  the  free  modes]  in  normal  flight  is  all  that  is  required,  the 
omission  of  certain  terms,  which  are  then  relatively  unimportant,  allows 
such  drastic  simplifications  to  be  made  that  the  relation  between  cause 
and  effect  can  bo  displayed  with  comparative  case."* 


*B.  Melvill  Jones,  "Dynamics  of  the  Aeroplane,"  in  W.  F.  Durand,  ed., 
Aerodynamic  Theory,  Vol.  V,  Durand  Reprinting  Committee,  Pasadena,  Calif., 
1 9*1 5;  r  epiub'l i shed  ( Vols .  V  and  VI  bound  in  one  volume)  by  Dover  Publica¬ 
tions,  New  York,  1 9 S3,-  pp.  2-3,  169. 
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The  situation  was  hardly  altered  during  the  next  ten  years.  In 
spite  of  the  introduction  of  the  method  of  operators, #  Which  did  reduce 
the  labor  of  computation,  and  in  spite  of  earnest  efforts  to  make  the 
techniques  as  simple  and  general  as  possible  by  introducing  a  non- 
dimensional  notation,  *  and  by  summarizing  information  on  the ' stability 
factors  in  convenient  charts, *  and,  further,  in  spite  of  hortatory 
expositions  of  the  theory, 8  designers  of  airplanes  continued  to  disdain 
dynamic  stability  analysis. 

Nevertheless,  research  continued  at  a  pace  which  was  accelerated  by 
the  advent  of  the  war,  and  some  improvements  were  made  in  the  understand¬ 
ing  of,  for  example,  the  importance  of  wing/fuselage  interference  and 
power  effects  on  the  stability  derivatives,  the  effect  of  closely  balanced 
free  controls  on  the  motion,  the  response  to  particular  motions  of  particu¬ 
lar  controls,  such  as  spoilers,  and  the  influence  of  changes  in  design  on 
the  character  of  the  motions. 


*L.  W.  Bryant  and  D.  H.  Williams,  The  Application  of  the  Method  of 
Operators  to  the  Calculation  of  the  Disturbed  Motion  of  an  Airplane, 

A.R.C.  R&M  15^6,  July  1920. 

R.,T.  Jones,  A  Simplified  Application  of  the  Method  of  Operators 
to  the  Calculation  of  the  Disturbed  Motion  of  an  Airplane,  NACA  TR-560, 
T936.  See  also  "Calculation  of  the  Motion  of  an  Airplane  Under  the 
Influence  of  Irregular  Disturbances,"  J.  Aeron.  Sci.,  Vol.  3,  No.  12, 

Oct.  1936,  pp.  1*19-425. 

A.  Klemin  and  B.  F.  Ruffner,  "Operator  Solutions  in  Airplane 
Dynamics,  "  J.  Aeron.  Sci.,  Vol.  3,  No.  7,  May  1936,  pp.  252  -  255. 

*H.  Glauert,  A  Non-Dimensional  Form  of  the  Stability  Equations  of 
an  Aeroplane,  A.R.C.  R&M  1093,  192?* 

+S.  B.  Gates,  A  Survey  of  Longitudinal  Stability  Below  the  Stall, 

With  an  Abstract  for  Designers'  Us'e,  A.R.C.  R&M  1 1 1 0,  July  1 927. 

C.  H.  Zimmerman,  An  Analysis  of  Longitudinal  Stability  in  Power-Off 
Flight  with  Charts  for  Use  in  Design,  NACA  TR-521,  1935;  also  An  Analysis 
of  Lateral  Stability  in  Power-Off  Flight  with  Charts  for  Use  in  Design, 
NACA  TR  5B9,  1937- 

»0.  C.  Koppen,  "Happier  Landings,"  Aviation,  Sept.  193*4  "Control 
Sensitivity,"  Aviation,  Oct.  1935;  "Smart  Airplanes  for  Dumb  Pilots," 
paper  presented  to  the  SAE,  Detroit,  Mich.,  Jan.  1936;  "Airplane  Stability 
and  Control  from  the  Designer's  Point  of  View,"  J.  Aeron.  Sei.,  Vol.  7, 

No.  *i,  Feb.  1940,  pp.  155-1^0. 
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The  point  of  view  then  current,  however,  did  not  permit  :ne  (with 
very  rare  and  soon  forgotten  exceptions)  to  consider  the  response  of  the 
airplane  under  the  continuous  action  of  the  controls,  i.e.,  as  a  feedback 
system.  The  controls  were,  almost  invariably,  considered  as: 

•  Fixed,  as  in  the  earliest  studies 

O  Free,  i.e.,  restrained  only  by  aerodynamic  hinge 
moments  (or  later  by  friction  as  well)* 

O  Programmed,  i.e.,  moved  as  a  simple  function  of  time, 
such,  as  a  step  or  ramp  function  or  a  smooth  pulse* 

It  may  have  been  not  only  the  fact  that  the  calculations  were  laborious, 
but  also  that  the  assumptions  of  the  analysis  appeared  unrealistic,  which 
discouraged  their  use  in  design.  The  stability  of  unattended  motion  with 
the  controls  fixed  or  free  and  the  resp '"se  to  programmed  control  motions 
were  and  are,  indeed,  of  sane  interest  in  connection  with  the  dynamics  of 
an  airplane,  but  It  is  evident  that  the  husnn  or  an  automatic  pilot  files 
by  operating  the  controls  more  or  less  continuously.  The  airplane  plainly 
is  an  element  in  a  system  which  includes  a  human  or  an  automatic  pilot. 

This  view  did  not  come  to  be  generally  accen  ted  until  after  the  war,  and 
the  understanding  of  convenient  means  of  tracing  the  connection  between 
the  response  to  specific  disturbances,  such  as  the  operation  of  the  con¬ 
trols,  and  the  characteristics  of  the  airplane  which  are  represented  by 
the  various  derivatives  was  of  an  even  later  date. 

1 .5  EARLS  HX6S0HI  OF  AUTOMATIC  FLIG'.IT  C01UR0L 

The  development  of  automatic  flight,  like  the  development  of  airplanes, 
themselves,  proceeded  for  a  long  time  without  the  benefit  of  very  little 
theoretical  knowledge . 


*H.  Glauert,  The  Longitudinal  Stability  of  an  Aeroplane,  A.R.C. 

R&M  638,  1919* 

R.  T.  Jones  and  D.  Cohen,  Analysis  of  the  Stability  of  an  Airplane 
with  Free  Controls,  NACA  TR  709,  I9W' 

*R.  T.  Jones,  A  Simplified  Application  of  the  Method  of  Operators  to 
the  Calculation  of  the~bisburbcd  Motion  of  an  Airplane,  KACA  TR  9§0,  1936. 

K.  Mitchell,  Lateral  Response  Theory,  R.A.K.  Kept.  Aero.  1952, 

Mar.  19M  • 
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Sir  Hiram  Maxim  ( 1 8*4 0  —  1916)  was  a  prodigious  inventor  and  when,  in 
1891#  he  turned  his  attention  to  the  design  and  construction  of  a  heavier- 
than-air  flying  machine,  he  proposed  to  secure  its  longitudinal  stability 
by  means  of  a  servo  drive  and  automatic  feedback.  The  devices  which  are 
described  in  Maxim' s  book*  and  are  illustrated  there  by  a  photograph  of 
the  installation  in  an  airplane  are  surprisingly  modem  in  concept  and 
in  execution. 

A  steam-driven  pendulous  vertical  gyroscope  was  made  to  Operate  a 
valve  which  ported  steam  to  a  servo  cylinder.*  Motion  of  the  piston 
drove  the  elevators,  and  the  feedback  link  from  the  piston  repositioned 
the  gyro-operated  valve  body  so  as  to  close  the  valve.  In  principle, 
this  "gyroscopic  apparatus  for  automatically  steering  [the]  machine  in 
a  vertical  direction"  is  indistinguishable  from  the  elevator  control 
portion  of  automatic  pilots  of  much  more  recent  date.  Easily  recogniz¬ 
able  are  the  elements  of  any  autonatic  flight  control  system:  the  sensor 
(gyroscope),  the  amplifier  (valve),  and  the  control  surface  positioning 
servo.  Unluckily,  tests  of  the  flying  machine  for  which  the  gyroscopic 
control  was  designed  ended  in  disaster  when  the  aircraft  lifted  off  the 
tracks  designed  to  restrain  it,  turned  over,  and  was  destroyed.  Maxim, 
who  felt  that  his  special  contribution  was  to  be  the  development  of 
lifting  surfaces  and  power  plants,  thought  that  the  point  about  lift  and 
power  had  been  proven,  and  the  inventor  turned  his  energies  in  other 
directions. 

Still  in  the  nineteenth  century,  however,  successful  gyroscopic 
feedback  control  of  the  "flight"  path  was  demonstrated  by  Ludwig  Obry, 
an  Austrian,  who  in  1 894  introduced  a  course -keeping  gyro  as  an  improve¬ 
ment  for  the  naval  torpedo  invented  by  Robert  Whitehead  in  1866. 


*H.  S.  Maxim,  Artificial  and  Natural  Flight,  Whittaker  and  Co., 
London,  1908,  pp.  92  -  9^ 

*The  principles  of  steam  and  hydraulic  servomotors  had  already  been 
known  for  some  time.  See  A.  B.  Brown,  British  Patent  No.  P253,  1871, 
and  J.  Farcot,  I.e  Servo  Motcur  ou  Moteur  Asservi.  Governails.  a  Vapeur 
Farcot,  Description  Theoretique  et  Pratique,  J.  Baudry,  Paris,  1*873. 
Among  early  applications  to  vehicle  control  were  steering  engines  for 
steamships. 
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(Whitehead's  torpedo  had  an  automatic  depth  control.)  Only  a  little 
later  the  principle  of  gyroscopic  stabilization  of  ships  was  introduced, 
and,  although  depending  on  a  completely  different  principle,  was  the 
model  for  the  next  attempt  at  gyroscopic  control  of  an  aircraft.  In 
1909 *"1910  Dr*  Elmer  Sperry  attempted  to  make  a  gyroscopic  "stabilizer" 
for  an  airplane.  This  was  a  rigidly  mounted  engine-driven  wheel  with 
its  spin  axis  vertical.  It  would  have  opposed  rolling  motions  with  a 
pitching  torque  and  vice  versa.  It  was  apparently  never  brought  to  a 
test  because  of  the  lack  of  success  of  the  airplane  in  which  it  was 

installed,  but  it  served  as  the  inspiration  for  further  trials.* 

Between  1910  and  1 91 2  Dr.  Sperry  and  his  son  Iawrence  developed  and 
installed,  in  an  airplane  belonging  to  Glenn  H.  Curtiss,  an  all-electric 
two-axis  automatic  pilot.  Roller  contacts  on  a  gyro  platform,  measuring 
the  bank  and  pitch  angles,  actuated  solenoid  clutches  which  connected  the 
ailerons  and  elevator  to  a  propeller-driven  "air  turbine,"  and  motion  of 
the  surfaces  repositioned  the  contactor  segments*  (e.g.,  see  Pig.  1-7). 


Fig.  1-7«  Diagrammatic  Plan  of  Sperry  Automatic  Pilot 


*C.  S.  Draper,  "Flight  Control,"  J.  Roy.  Aoron.  Soc.,  Vol.  59,  July 

1955,  PP-  -^77* 

tone  observer  vividly  recalls  the  loud  groaning  noise  which  this  type 
of  automatic  pilot  made.  Presumably,  the  noise  came  from  the  grinding  of 
the  toothed  clutch  faces.  See  the  "Discussion"  by  Dr.  A.  L.  Rawlings  of 
article  by  F.  W.  Meredith  and  P.  A.  Cooke,  "Aeroplane  Stability  and  Auto¬ 
matic  Control,"  in  J.  Roy.  Aoron.  Soc.,  Vol.  6l,  No.  3l8,  June  1937, 
pp.  J(15~1i36. 
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The  machine  was  announced  to  the  public  in  October  191 2.  In  1914  the 

* 

v  aircraft  and  its  automatic  pilot  were  entered  in  a  safety  contest  spon¬ 

sored  by  the  Aero  Club  of  France.  lawrence  Sperry  made  a  dramatic 
demonstration  of  automatic  flight  as  he  flew  at  low  altitude  along  the 
Seine  in  the  vicinity  of  Paris,  standing  upright  in  the  cockpit  of  the 
Curtiss  flying  beat,  holding  his  bands  over  his  head,  while  his  mechanic 
walked  out  along  the  wing.  The  quaint  photograph  of  this  event  has  been 
reproduced  by  Bollay  and  by  Richardson  among  others.*  A  similar  demon¬ 
stration  was  planned  for  early  the  next  year  In  Hew  York,  but  there  the 
aircraft  was  overturned  and  extensively  damaged  by  wind  before  the  demon¬ 
stration  of  its  performance  could  be  satisfactorily  completed . * 

This  first  automatic  pilot  was  intended  as  an  aircraft  "stabilizer." 
In  other  words,  it  was  intended  to  supply  stability,  as  we  now  say, 
"artificially,"  to  aircraft  which  were  often  painfully  deficient  in  this 
regard.  Other  Inventors  were  pursuing  the  same  goals  by  the  some  and 
other  means.  Feedback  of  angle  of  attack  and  angle  of  sideslip,  speed, 
longitudinal,  side,  and  normal  acceleration,  lift,  and  body  axis  rates, 
as  well  as  attitude  angles  were  all  tried  singly  and  sometimes  in  combi¬ 
nation.  Clarke*  in  an  early  paper  described  some  of  his  own  experiments 
in  Great  Britain,  while  Haus*  has  sketched  some  of  the  history  of  early 
developments  on  the  continent  of  Europe  (see  Table  1-1).  However,  none 
of  these  original  Inventors  were  successful  enough  so  that  his  device 
passed  immediately  into  common  use. 

The  design  of  aircraft  made  giant  strides  during  the  1914-1918  war 
and  it  was  found  that  sufficient  "stability"  for  the  human  pilot's  use 


*W.  Bollay,  "Aerodynamic  Stability  and  Automatic  Control,"  J.  Aeron. 
Sci.,  Vol.  18,  No.  9,  Sept.  1951,  pp.  569-624. 

K.  X.  T.  Richardson,  The  Gyroscope  Applied,  The  Philosophical  Library, 
New  York,  1954.  “  ““ 

*"The  Sperry  Gyroscopic  Stabilizer,"  Flight,  No.  51 8  (Vol.  XII,  No.  5) 
Jan.  29,  1915,  pp.  74-76. 

*T.  W.  K.  Clarke,  "Auto-mechanical  Stability,"  Aeron.  -  J. ,  Apr.  1912, 

pp.  101  -115. 

*Fr.  Haus,  Automatic  Stability  of  Airplanes,  NACA  TM  695,  Dec.  1952; 
Automatic  Stabilization,  NACA  TM  802,  Aug.  195§,  and  TM  815,  Dec.  1956. 
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CABIE  1-1 


8EIECTED  EARLY  UYEHTIOMS  IM  THE  FEEDBACK  OOWHOL  OF  AIRCRAFT 
(Adapted  from  F.  Haus,  "Automatic  Stabilization, N  XACA  TM  80S,  Aug.  1936) 


Delator  daflactioo,  8, 


"Inclination,"  t  ... 


ante  velocity,  i 


D1  notion  of  apparent 
gravity,  g  oia  •  ♦  dU/dt  . . . 


Ipaad,  U,  am  "incidence,"  a 


tpNd,  U,  and  dl notion  of 
apparent  gravity, 

•  ala  «  ♦  d«Vdt  . 


■pood,  U,  and  ngnl  tilde  of 
apparent  gravity,  i,  ...... 


Ipaad,  U,  and  "Inclina¬ 
tion,"  «  . 


Ipaad,  0,  and  angular 
velocity,  #  . 


Sldoollp,  P  .. 


lank  angle,  p 


Baadloc,  *  ... 


laving  velocity,  r,  and  lid* 
aocaliratloo,  ay  . 

Sid*  accalimtloc,  ay,  and 
paving  velocity,  . . 


Bank  angl*,  9 
leading,  4  ... 


Rudder  deflection,  S,  R.A.I 


hdder  deflection,  ftr 
Alltron  deflection,  he 


Alliroc  diflietloo,  B* 
Rudder  deflection,  6r 


lulls . 

.1912 

Btdvd . 

49»* 

BM . 

.1010 

Iignard . 

.1910 

Mwy . 

.1912 

I.A.g . 

.1927 

Leona . 

•1929 

01 rard villa . 

.1910 

. . 

.1912 

Bt M . 

.191*1 

Doutr* . 

.1911 

i 

Doutra . 

.1913 

Hammier . 

•  1909 

Boykov . 

..1926 

Cooctantln . 

■  •1920 

•p»«ry . 

,.19>2 

R.A.E . 

..1967 

N*  tad*  t  Avallna 

..1922 

•purry . 

..1932 

clutch  aarvo 


Ilectrlc-aotor-drinn 
clutch  aarvo 


MMhanlcal  cooaactlon 

to  aanaor 


MMfeanloal  coonactlon 


Air-turtioe -driven 
clutch  aarvo 


Air- turbine -driven 
clutch  aarvoa 


could  be  supplied  by  suitable  choice  of  the  size  and  shape  of  the  aero¬ 
dynamic  surfaces.  Actually  many  aircraft  were  still  unstable,  but  not 
dangerously  so,  and,  with  reference  to  the  ground,  the  human  pilot  per¬ 
formed  the  stabilizing  and  control  functions  of  the  (feedback)  control 
and  guidance  systems.  Neither  artificial  stabilizers  nor  automatic  pilots 
were  found  to  be  particularly  useful  on  the  manned  warplanes.  They,  in 
effect,  disappeared  from  view.  Under  the  cover  of  military  secrecy, 
however,  the  development  of  the  automatic  pilot  was  continued  for  possible 
application  to  pilotless  aircraft,  and  indeed  in  1 9^  T —  1 STI 8  Lawrence 
Sperry  completed  the  construction  and  test  of  an  "aerial  torpedo"  for 
the  U.  S.  Navy.*  In  an  advanced  version  the  aerial  torpedo  was  even 
remotely  controlled  by  radio.  The  success  of  the  project,  however,  came 
too  late  for  the  use  of  a  "flying  bomb"  in  the  First  World  War.  Follow¬ 
ing  the  war,  and  turning  to  more  prosaic  applications,  the  Sperry 
Gyroscope  Company  had,  by  1 932,  developed  an  automatic  pilot  for  possible 
commercial  transport  use*  (see  Fig.  1-7)*  Except  for  the  gyroscopic 
references  which  comprised  the  then  new  directional  and  vertical  gyro¬ 
scopes  and  the  fact  that  it  provided  for  control  about  all  three  aircraft 
axes,  this  automatic  pilot  retained  many  of  the  features  of  the  original 
one  of  1910-1915.  Better  things,  however,  were  just  around  the  corner. 

In  1933  the  prototype  of  the  A2  automatic  pilot  was  under  construction 
It  featured  panel-mounted  gyroscopes  with  pneumatic  pickoffs  and  three-axis 
control  with  proportional  hydraulic  servos.  When  Wiley  Post,  visiting  the 
Sperry  factory,  saw  it,  he  insisted  that  it  be  installed  in  his  Lockheed 
Vega  5-C.*  During  the  period  15-22  July  1933  Post,  flying  alone,  set  a 
round-the-world  record  of  7  days,  18  hours.  The  performance  and  relia¬ 
bility  of  the  automatic  pilot,  which  allowed  the  human  pilot  to  perform 
the  navigator's  function  and  even  to  nap  in  flight,  played  a  considerable 


*p.  R.  Bassett,  "Instruments  and  Control  of  Flight,"  Acron.  Eng.  Rev., 
Vol.12,  No.  12,  Dec.  1953,  PP.  118-123,  133.  . .  .  ' 

*E.  A.  Sperry,  Jr.,  "Description  of  the  Sperry  Automatic  Pilot," 
Aviation  Eng.,  Jan.  1932,  pp.  16-17.  See  also  E.  S.  Ferry,  Applied 
Gyrodynamicc ,  John  Wiley  and  Sons,  New  York,  1932,  pp.  123—125* 

'’Bassett,  loc.  cit. 


1-35 


role  In  this  feat.  The  prototype  automatic  pilot  used  fcy  Wiley  Post, 
together  with  his  airplane,  the  "Winnie  Mae,"  are  in  the  National 
Aeronautical  Collection  of  the  Smithsonian  Institute  in  Washington. 

The  A2  automatic  pilot  came  into  widespread  use  among  the  airlines 
during  the  1930' s.  This  was  due  partly  to  its  demonstrated  reliability, 
partly  because  the  panel-mounted  instruments  then  coming  into  extensive 
use  for  routine  operations  under  low  visibility  conditions  supplied  its 
gyroscopic  references  (an  obvious  economy  in  cost  and  weight),  and 
partly  because  airplanes  had  achieved  a  range  performance  which  made 
pilot  relief  attractive.  The  A2  was  first  introduced  to  airline  service 
on  the  Boeing  Model  in  1 93^*  Its  defects,  if  any,  were  its  virtues; 
it  flew  straight  and  level.  It  was  not  designed  for  maneuvering. 

In  effect,,  this  automatic  pilot  provided  for  control  surface  deflec¬ 
tions  in  three  axes  which  were  proportional  to  the  departures  from  the 
reference  attitude.  (A  description  of  its  operation  is  given  by 
Richardson,*  among  others.)  It  was  as  if  the  surfaces  were  "geared"  to 
the  instrument  (see  Fig.  1-8).  This  concept  of  "gearing"  was  frequently 
employed  in  some  of  the  early  mathematical  studies  of  automatic  control 
of  aircraft,  but  it  lacks  the  generality  offered  by  the  concept  of 
feedback . 

During  roughly  the  same  period  of  time  (l  922-1 937),  somewhat  similar 
automatic  pilot  developments  were  under  way  in  Great  Britain,  although  the 
aim  there  was  the  satisfaction  of  military  requirements  and  the  work  was, 
at  first,  carried  out  in  secrecy.1  Interestingly,  in  both  the  earlier 


•Richardson,  loc.  cit.  See  also:  P.  R.  Bassett,  "Development  and 
Principles  of  the  Gyropilot,"  Instruments,  Vol.  9,  No.  9,  Sept.  1936, 
pp.  251 -25^  The  Sperry  Aircraft  Gyropilot,  Sperry  Gyroscope  Co. 
Publication  15 -663,  July  1 9^0. 

*A  comprehensive  bibliography  of  British  and  foreign  work  on  automatic 
flight  control,  both  theoretical  and  experimental,  from  1903  to  1937  has 
been  prepared  by  the  Royal  Aircraft  Establishment.  See  R.  C.  Wright, 

A.  T.  E.  Bray,  and  H.  R.  Hopkin,  List  of  Published  and  Unpublished  Ref¬ 
erences  on  the  Remote  and  Automatic  Cont rol  of  Aircraft  an~d  Mtssi l.es, 
Pilotless  Target  Aircraft,  Autopilots  and  Gyroscopic  Flight  Instruments, 
Inertial  Guidance  and  Automatic  Landing  of  Aircraft,  R.  A.  E.  Library 
Bibliography  lio.  22h,  Ministry  of  Aviation,  Sept.  I90O  ( RESTRICTED 
DISCREET) 


Airplane  in  level  flight  Airplane  d*ves  Pitch  control  illustrated  os  a 

Gyro  axis  vertical  Gyro  axis  vertical  feedback  system 

Elevator  in  trim  position  Elevator  deflected  trailing 

edge  up 


(Mark  I)  and  later  (Mirk  VII  and  Mirk  VIII)  versions  the  British  pursued 
the  design  of  two -axis  controls  with  great  diligence.  The  Mark  I  used  a 
single  free  gyroscope  measuring  heading  and  pitch  to  control  the 
rudder  and  elevators  by  means  of  low  pressure  pneumatic  servos .  An 
account  of  the  results  of  the  early  efforts  was  presented  by  the  pioneers 
Meredith  and  Cook  of  the  Royal  Aircraft  Establishment  in  1937**  This  ' 
account  describes  the  use  of  the  automatic  pilot  in  aerial  map-making 
and  suggests  its  superiority  over  the  Sperry  three-axis  derign  for 
applications  requiring  maneuvers.  It  also  shows  the  considerable 
acquaintance  of  the  authors  with  the  theory,  methods,  and  conclusions  of 
their  colleagues  at  the  Royal  Aircraft  Establishment  who  had  been  engaged 
in  the  study  of  the  dynamic  stability  of  airplanes.  The  action  of  the 
automatic  pilot  was  clearly  explained  in  those  terms.  In  fact  the  methods 
of  dynamic  stability  analysis  had  been  applied  in  the  design  of  the  R.A.E. 
flight  control  equipment  from  1924  on,  but  very  few  results  were  ever 
published  in  the  open  literature. 

Following  in  the  footsteps  of  Bair stow*  and  Glauert*  andjusing  a 
method  developed  by  S.  B.  Gates,®  who  employed  it  in  the  obscure  R.A.E. 
Reports  BA  487  and  BA  494,  Garner,"  in  1926,  made  an  analysis  of  the 

4 

lateral/directional  motion  of  an  airplane  under  the  influence  of  feed¬ 
back  control.  Gates  assumed  that  the  controls  were  moved  according  to 
certain  "laws, "  e.g.,  in  proportion  to  certain  output  variables  and 
their  derivatives.  He  also  stressed  that  good  stability  was  not  enough, 


*F.  W.  Meredith  and  P.  A.  Cooke,  "Aeroplane  Stability  and  the 
Automatic  Pilot,"  J.  Roy.  Aeron.  Soc.,  Vol.  6l,  No.  3l8,  June  1937, 
pp.  419- 

*1.  Bairstow,  Applied  Aerodynamics,  1st  ed.,  Longmans  Green  and  Co.. 
London,  1920. 

*H.  Glaucrt,  Summary  of  the  Present  State  of  Knowledge  with  Regard 
to  Stability  and  Control  of  Aeroplanes,  A.R.C.  R&M  7 1 0,  Dec.  1920. 

®S.  B.  Gates,  Notes  on  the  Aerodynamics  of  Automatic  Directional 
Control,  R.A.E.  Rept.  No.  BA  TJ$7>  19  Feb.  19$i,  and  Notes  on  the'Aero- 
dynamics  of  an  Altitude  Elevator  Control,  R.A.E.  No.  BA"  "494,  ~19  Mar.  19?)). 
(The  latter  report  discusses* the  instability  of  altitude  control  with 
elevator  at  speeds  below  the  speed  for  minimum  power  required.) 

^  H.  M.  Garner,  Lateral  Stability  with  Special  Reference  to  Controlled 
Motion,  A.R.C.  R&M  107'^  Oct.  192& 
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Fig.  1-9.  Assembly  Sketch  of  Sperry  Stabilizer 

it  being  essential  also  to  consider  the  amplitudes  of  the  several  modes 
of  motion.  With  similar  assumptions,  Garner  calculated  the  stability  of 
the  undisturbed  motion  and  the  transient  motion,  following  an  initial  dis¬ 
turbance,  under  the  influence  of  the  feedback  control  system.  It  was 
specifically  pointed  out  that  the  movements  of  the  controls  might  be 
regarded  as  made  either  by  the  (human)  pilot  or  by  some  mechanical  means. 
Garner  then  further  had  the  wit  and  vision  to  make  provision  in  the  theo¬ 
retical  treatment  for  "lag"  in  the  application  of  controls,  and  was  able 
to  point  to  a  qualitative  correspondence  between  his  analytical  results 
and  flight  tests  of  an  R.A.E.  (automatic)  rudder  control  which  had 
appreciable  "reaction  lag."  Only  shortly  after  Garner's  report  there 
appeared  a  further  contribution  by  Cowley*  which  proposed  more  elaborate 
methods  of  taking  into  account  the  time  lag  in  the  application  of  control. 
Both  a  pure  time  delay  and  a  second-order  lag  were  successfully  treated. 


*W.  L.  Cowley,  On  the  Stability  of  Controlled  Motion,  A.R.C.  R&M  1?33> 
Dec.  19?8.  •  - 
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It  no \r  seems  surprising  that  these  papers  are  not  given  more  promi¬ 
nence  in  accounts  of  the  development  of  the  theory  of  automatic  control 
systems.  Perhaps  they  were  simply  too  far  ahead  of  their  time.  Perhaps, 
on  the  other  hand,  it  was  only  in  Great  Britain  where  automatic  flight 
control  system  development  was  the  responsibility  of  a  government  research 
establishment  that  it  was  thought  to  be  desirable  to  make  response  calcu¬ 
lations  in  connection  with  the  design  of  "practical"  systems.  In  spite 
of  an  apparently  adequate  theory,  however,  stability  difficulties  attended 
the  early  flight  trials  of  the  R.A.E.  Mark  IV  automatic  pilot  circa  193^.* 
A  solution  to  the  problera  was  apparently  not  found  by  analysis  or  simula¬ 
tion.  The  problem  went  away  when  the  autopilots  were  installed  in  the 
larger  aircraft  for  which  they  were  intended,  no  doubt  because  of  the  . 
larger  inertia  and  slower  response  of  the  multiengined  bombers. 

Comprehensive  details  of  subsequent  British  Automatic  pilot  develop¬ 
ment  ( 1 937  ~ 1 9^  7 )  as  well  as  comments  on  American  and  German  efforts  are 
set  forth  in  the  report  by  Hopkin  and  Dunn. *  Included  there  is  the  story 
of  the  uniquely  conceived  Mark. VII  autopilot.  In  this  device  the  elevator 
was  moved  in  response  to  airspeed  error  and  error  rate,  while  the  ailerons 
were  actuated  by  a  combination  of  yaw  and  roll  signals  detected  by  a  free 
gyroscope.  The  rudder  was  left  free.  Calculations  showed  that  the 
stability  properties  of  this  arrangement  should  have  been  satisfactory, 
as  indeed  they  were.  Unfortunately,  although  the  performance  in  average 
weather  was  good,  in  very  rough  air  and  in  some  aircraft  at  low  speed, 
the  elevator,  responding  to  detected  changes  in  the  airspeed  and  air¬ 
speed  rate,  caused  violent  changes  in  pitch  attitude.  These  were  large 
enough  in  some  eases  so  that  the  acceleration  on  the  fuel  system  caused 
the  engines  to  stop  marnentar  y.  Later  the  matter  was  investigated 


*H.  R.  Hopkin  and  R.  W.  Dunn,  Theory  and_  Development  of  Automatic 
Pilots,  1 937 ~  1 9*1 If  Royal  Aire.  Kstab.  Kept.  T.A.pT  ’i^^9,~i''"oYiograph 
?"O.03>  Aug.  19)17. 

t Hopkin  and  Dunn,  however,  omit  any  mention  of  the  J 'oil ock /Brown 
all  hydraulic  automatic  pilot.  This  again  was  a  two-axis  unit  driving 
the  elevators  «,nd  rudder.  It  is  described  in  the  article  "A  Row  Auto¬ 
matic:  Pilot,"  Flight,  Vol.  £7;  Ho.  1>j0,  Li  Mar.  1933* 


theoretically  by  Ncumark*  and  by  Sudworth  and  Hopkin.*  They  were  quite 
able  to  identify  the  source  of  the  difficulty  and  to  show  that  the 
calculation  of  damping  factors  alone  was  not  sufficient  to  insure 
satisfactory  performance.  At  the  R.A.K.  similar  calculations  were 
made  both  by  hand  and  with  a  mechanical  differential  analyzer.  Very 
few  of  the  results,  however,  were  published.  The  understanding  of 
response  to  specific  disturbances  which  Gates  had  stressed  and  for 
which  B.  Melvill  Jones  had  predicted  was  thus  only  modestly  enhanced. 

Interestingly,  by  192?  the  German  firm  of  Siemens  had  developed  an 
elevator  control  which  successfully  used  an  airspeed  reference,  and  a 
rudder  control  with  one  of  the  earliest  magnetic  compass  tie-ins.* 
Hydraulic  positioning  servos  were  employed  to  move  the  surfaces,  but  the 
key  feature  in  both  cases  was  the  use  of  a  rate  gyro  feedback.  The 
rudder  "course  control"  was  an  independent  unit.  In  Germany  it  was 
argued  that  only  the  largest  and  heaviest  airplanes  would  require  a  com¬ 
plete  automatic  pilot,  but  that  practically  all  small  and  medium  machines 
could  make  good  use  of  a  course  control.8 

The  firms  of  Siemens  and  Askania  both  developed  three-axis  automatic 
pilots  which  included  an  independent  course  control,^  but  during  the  war 
they  concentrated  on  the  production  of  the  single-axis  units.  Eventually 
more  than  80  percent  of  the  aircraft  in  the  German  Air  Force  were  equipped 


*S.  Neumark,  The  Disturbed  Longitudinal  Motion  of  an  Uncontrolled 
Aeroplane  and  of  an  Aeroplane  with  Automatic  Control,  A.R.C.  R&M  90'(Q, 

Jan.  1943. 

* J.  Sudworth  and  H.  R.  Hopkin,  Influence  of  Automatic  Pilots  in 
Stabilization  and  Dynamic  Stability  in  Pitch,  R.A.E.  Tech.  Note 
No.  Instil.  775,  July  19^3* 

*Fr.  Haus,  Automatic  Stabilization,  NACA  TM  80?,  Aug.  1 936.  Sec  also 
"Siemens  Autopil ot, 11  Flight,  Vol.  27,  No.  1599;  10  Jan.  1955,  PP*  ^1-}l2. 

®G.  Klein,  "Bcdeutung  automat i scher  Flugzeugsteuerungcn  fur  den 
Flugzeugbau, "  Jehrbuch  1953  der  Deut scher luftfahrtf or schung,  Evganzungsband, 
R.  Oldenbourg,  Munich  an-J  Berlin,  1 9337"  PP*  237—f^?» 

Me.  Flschel,  "Vefahrcn  und  Buuglicdcr  automatischer  Flugzeugsteuonmgan, 
Jahrbuch  1958  der  Bout  seller  Luftfuhrtforschung,  Erganzungsband,  R.  Ol.dcn- 
bourg,  Munich  and  Berlin,  1*9*38,  pp.  25 1  ~25o7~ 
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with  similar  automatic  stabilizers.  A  schematic  diagram  of  the  Siemens 
K-12  unit  is  shown  in  Fig.  1-10.  It  was  recognized  at  an  early  date  that 
such  a  control  could  be  used  to  supplement  any  deficiency  in  the  aerody¬ 
namic  damping  about  the  yaw  axis,*  and  that  the  course-holding  feature, 
providing  the  airplane  with  a  heading  sense,  would  permit  unattended 
operation,  to  a  degree,  so  that  even  a  pilot  inexperienced  in  instrument 
flying  could  conduct  operations  in  instrument  weather  in  comparative 
safety.  It  may  be  noted  that  the  methods  of  mathematical  analysis  which 
were  introduced  by  Oppelt*  for  the  study  of  automatic  course-holding 
were  rather  sophisticated  for  their  time.  While  he  used  much  simplified 
linear  equations  to  represent  the  aircraft  in  the  1937  paper,  he  also 
used  phasor  diagrams  and  approximate  describing  functions  for  friction 
and  hysteresis  to  explore  the  deleterious  effects  on  the  action  of  the 
automatic  control  of  these  and  other  imperfections  in  the  system, 
such  as  quantized  signals,  and  he  pointed  to  the  use  of  a  rudimentary 
simulator  as  a  means  for  exploring  the  effect  of  nonideal  equipment 
characteristics  in  practice. 

loiter,  during  the  war,  the  Germans  introduced  the  rate-rate  principle 
in  the  Siemens  K-23  and  Askania  PKS-12  "fighter"  course  controls,  and  also 
in  the  experimental  Pat in  three-axis  automatic  pilot.  (Here  the  surfaces 
were  made  to  move  at  a  rate  proportional  to  the  rate  of  body  axis  rotation 
measured  by  a  rate  gyro,  but  damping  was  insured  by  electrical  differentia¬ 
tion  of  the  signal  in  the  case  of  the  Siemens  and  Askania  units  and  by 
special  design  of  the  gyros  to  pick  up  a  component  of  angular  acceleration 
in  the  case  of  the  Patin  design.  No  feedback  units  measured  the  output  of 
the  servos.)  All  three  of  these  control  systems  were  all-electric. 

It  can  be  appreciated,  even  from  this  abbreviated  account,  that 
airplane  automatic  pilot  development  proceeded  quite  independently  in 


•  • 

*K.  Wilde,  "Uber  neucrc  Arbeiten  auf  dem  Gcbiet  der  automatischer 
Steuerungeri, "  Jahrbuch  1938  dor  Deutscher  Luftfahrtfors chung,  Ergnnzungsband, 
R.  Oldenbourg,  Munich  and  Berlin,  I93B,  pp.  ?li3-^7* 

*W.  Oppclt,  "Die  Flugzeugkursteucrung  ira  Geradeausflug, "  Jahrbuch 
1937  der  Deutscher  Luftfabrtforschung,  R.  Oldenbourg,  Munich  and  Berlin, 

1957’,  PP*  ii"i  -PP  —  III- 3^1  j  also  Comparison  of  Automatic  Control  Systems, 

NACA  'ill  9(f>}  Feb.  19)11.  .  . . .  ' 
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German}'’  from  its  course  in  the  United  States  and  in  Great  Britain.  Some 
idea  of  how  it  migvt  have  evolved  can  be  obtained  from  Dudenhausen’ s# 
description  of  a  three-axis  rate-rate  automatic  flight  control  system 

actually  built  in  1 955  but  based  to  a  large  extent  on  developments  carried 

*  . 

out  *ist  before  the  final  collapse  of  Hitler’s  armies,  (it  is  further 
amusing  to  note  in  the  same  issue  of  Luftfahrttecknik  in  which  the 
Dudenhausen  article  appears  that  a  speaker  from  an  American  company, 
tracing  the  history  of  automatic  pilot  development,  says  that  course 
control  was  easily  added  after  the  more  difficult  problem  of  stabilizing 
the  aircraft  in  pitch  and  roll  was  accomplished.  His  German  translator 
felt  constrained  to  correct  him.  From  the  German  point  of  view  the 
course  control  came  first.* ) 

The  Germans  were  also,  of  course,  very  active  in  the  development  of 
pilotless  aircraft  and  missiles.*  The  V-1  flying  bomb  had  a  conventional 
two-axis  (elevator  and  rudder)  automatic  pilot  with  altitude  and  compass 
tie-ins  (see  Fig.  1-11).  An  air  mileage  counter  determined  when  the 
fir**l  dive  should  begin.  And  in  spite  of  its,  in  many  ways,  very  advanced 
technology  the  V-2  (A-4)  simply  used  two  free  gyros — the  master  control 
gyro  to  control  yaw  and  roll,  and  the  "verticant"  to  control  pitch  by 
means  of  hydraulic  servo-driven  vanes  in  the  exhaust  blast  of  the  rocket 
engine  (see  Fig.  1-12).  A  pitch  maneuver  was  preprogrammed  and  thrust 
was  cut  off  by  an  integrating  accelerometer.  Provision  was  made  for 
monitoring  and  correcting  the  course  with  a  radio  beam.  The  gyro  and 
vane  arrangement  was  somewliat  similar  to  the  one  evolved  some  time 


#H.  J.  Dudenhausen,  "Dreiachsen-Flugregelung  fur  Hochleistungsflugzeuge 
mit  Integrations-Wendekreiseln  als  Hauptrichtgeber, "  Luftfahrttecknik, 

Band  4,  Nr.  3,  18  Mar.  1938;  PP*  49-58* 

tj.  F.  Wiren,  "Geschichtliches  zur  Entwicklung  der  Flugregelungen, " 
Luftfahrttecknik,  Band  It,  Nr.  3;  18  Mar.  1958,  pp.  46-68,  and  notes 
by  the  translator,  Dpi.  Ing.  Manteufel. 

*T.  H.  Benccke  and  A.  ".  Quick,  eds.,  History  of  German  Guided  Missiles, 
Vei lag  E.  Appelhans  and  Co.,  Brunswick,  Germany,  1939* 

J.  N.  Thiry,  Control  Projects  in  tho  German  Arty,  Air  Force,  and  Navy, 
unpublished  translation  of  a  German  report  with  the  same  title  written  in 
Aug.  1944,  10  Sept.  1958. 
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earlier  (1932)  by  the  pioneer  H.  H.  Goddard  for  the  control  of  his 
rockets.* 

Beginning  in  1941  there  was  a  considerable  amount  of  activity  in 
the  United  States  aimed  at  the  development  of  electric  automatic  pilots 
ultimately  capable  of  accepting  maneuvering  commands  either  from  the 
human  pilot  or  from  some  other  source  of  guidance  information,  such  as 
a  bcmbsight.  The  first  of  these  "all-electric"  automatic  pilots  was  the 
C-1  built  by  the  Minneapoli b -Honeywell  Regulator  Company?  It  was 
installed  in  all  the  American  four-engined  bombers,  such  as  the  B-17, 

B-24,  and  B-29.  In  the  C-1  deviations  from  the  reference  attitude  in 
pitch,  roll,  and  yaw  were  measured  with  vertical  and  directional  gyro¬ 
scopes,  as  in  the  Sperry  A2  design,  but  the  amplified  signals  were 
applied  to  electrical  positioning  servomotors  driving  the  elevators, 
ailerons,  and  rudders.  The  automatic  pilot  unit  was  specifically 
designed  to  slave  the  aircraft  to  coranands  originating  in  the  bombardier's 
operation  of  the  bombsight,  but  a  single-knob  turn  control,  and  later  a 
"formation  stick,"  was  also  provided  for  the  pilot.  Erection  cutout  in 
turns  was  one  of  the  novel  features  of  this  automatic  pilot.  The  elec¬ 
trically  driven  gyroscopes  were  not  intended  to  be  used  as  flight  instru¬ 
ments.  later,  in  the  C-1  A  (l9’+5),  a  number  of  improvements  were  introduced 
including  the  addition  of  a  yaw  rate  gyro  signal  to  the  rudder. 

This  unit  was  closely  followed  in  time  by  the  General  Electric  design/ 
which  was  similar  to  the  Sperry  pneumatic/hydraulic  A2  unit  in  its  func¬ 
tions,  and  which  differed  from  the  C-1  in  its  design  mainly  in  that  the 
electrically  driven  gyroscopes  were  also  the  panel-mounted  flight  instru¬ 
ments,  and  in  that  electrohydraulic  positioning  servomotors  provided  the 
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final  stage  of  power  amplification.  At  first  the  controls  were  merely 

trim  knobs,  one  for  each  axis,  but  later  a  single-knob  turn  control  was 

introduced.*  This  automatic  pilot  was  notable  for  its  light  weight 

(7^*5  lb)  so  that  it  was  suitable  for  installation  in  fighters  and 

*  „ 

light  attack  aircraft. 

The  Sperry  Gyroscope  Company  also  developed  an  electric  automatic 
pilot  during  the  war,  the  A5*  It  had  a  number  of  novel  features  such  as 
altitude  control,  automatic  elevator  trim  by  means  of  an  additional  trim 
tab  servo,  and,  notably,  equalizing  circuits  which  provided  for  phase 
advance  of  the  servo  actuating  signals.  The  servos  were  electrohydraulic 
units  with  force  feedback.  This  was  thought  to  be  a  desirable  feature  in 
that,  since  control  surface  effectiveness  and  aerodynamic  hinge  moment 
vary  in  much  the  same  way  with  speed  and  altitude,  the  closed- loop 
response  with  force  feedback  should  tend  to  be  invariant  with  flight 
condition.*  Early  flight  tests  in  a  Eairchild  22  were  encouraging. 
Unfortunately,  as  it  turned  out  in  practice,  the  deleterious  effect  of 
control  cable  friction  made  it  extremely  difficult  to  secure  satisfac¬ 
tory  operation  in  the  large  aircraft,*  such  as  the  B-24E  "Liberator," 
for  which  this  automatic  pilot  was  intended. 

The  Eclipse-Pioneer  Division  of  the  Bendix  Corporation  began  work 
on  the  "flux-gate"  compass  in  1939  and,  about  194-5,  introduced  automatic 
heading  control  from  the  "flux-gate"  compass  in  the  all-electric  P-1 
(A-10)  autopilot.  This  equipment  obviated  the  very  tiresome  necessity 
of  frequently  resetting  the  directional  gyro  by  reference  to  the  magnetic 
compass.  The  P-1  also  featured  a  yaw  rate  gyro  signal  fed  to  the  rudder, 
automatic  synchronization  so  that  it  could  be  engaged  in  any  attitude, 
and  a  computed  up -elevator  signal  in  turns. 
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Somewhat  later  considerable  effort  was  expended  in  designing  auto¬ 
matic  pilots  specifically  for  fighter  aircraft,  and  Lear,  Incorporated, 
introduced  the  F-5  automatic  pilot  about  1 950  .*  In  the  F-5  the  problem 
of  supplying  power  amplification  for  the  control  surface  positioning 
servos  was  solved  with  magnetic  powder  clutches.  The  use  of  these  units 
eliminated  much  relatively  heavy  equipment,  such  as  electronic  or  rotat¬ 
ing  power  amplifiers,  and  provided  for  high  performance  servomechanisms 
in  a  compact  and  lightweight  package.  The  gyroscopic  references,  how¬ 
ever,  were  the  conventional  vertical  and  directional  gyroscopes,  and  the 
maneuvers  which  could  be  made  under  automatic  control  were  limited  by 
the  phenomenon  of  "gimbal  lock."  This  problem  was  attacked  by  Westinghouse1 
and  the  Instrumentation  laboratory  at  the  Massachusetts  Institute  of 
Technology, *  both  of  whom  constructed  laboratory  models  of  fighter  air¬ 
plane  all-attitude  sensors  using  different  kinds  of  single-degree-of- 
freedom  gyroscopes. 

Improvements  were  also  made  in  providing  for  guidance  tie-ins. 
Immediately  after  the  war  the  Sperry  Gyroscope  Company  brought'  out  the 
A-12  automatic  pilot  and  Bendix  introduced  the  PB-loJk  Both  of  these 
were  equipped  with  approach  couplers  and  the  Bendix  system  had  automatic 
throttle  controls  for  the  control  of  airspeed  on  the  approach  to  the 

runway.  In  England  the  Smith's  firm  brought  out  the  all-electric  rate-rate 

to  # 

SEP-2  automatic  pilot  and  approach  coupler. 
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All  the  elements  of  a  modern  automatic  pilot  were  new  at  hand,  and 
in  19^7  the  U.  S*  Air  Force  All-Weather  Flying  Division's  C-^4  "Robert  E. 
Lee,”  equipped  with  a  Sperry  automatic  pilot  and  approach  coupler  and 
Bendlx  throttle  controls,  made  a  dramatic  demonstration  of  completely 
automatic  flight.  Taking  off  from  Stephenville,  Newfoundland,  on  the 
evening  of  21  September,  it  flew  through  the  night  across  the  Atlantic 
and  landed  the  next  day  at  Brize-Norton  in  England.  From  the  time  the 
brakes  were  released  for  the  takeoff  roll  until  the  landing  roll  was 
complete,  no  human  hand  touched  the  controls.  Selection  of  course, 
radio  station,  speed,  flap  setting,  landing  gear  position,  and  the  final 
application  of  wheel  brakes  were  all  accomplished  automatically  from  a 
program  stored  on  punched  cards.  The  complete  automation  of  aircraft, 
flight  seemed  to  be  at  hand,  /.nast*  described  the  performance  and  the 
prospects  early  in  1948. 

While  the  development  of  automatic  pilots  up  to  1950  had,  in  general, 
been  responsive  to  the  needs  of  potential  users,  and  while  such  features 
as  single-knob  turn  control,  erection  cutout,  automatic  trim,  altitude 
control,  synchronizers,  rate  gyro  feedbacks,  compass  tie-in,  and  approach 
coupling  served  useful  purposes  in  some  applications,  in  many  cases  they 
were  introduced  only  as  the  technology  became  readily  available  and  cer¬ 
tainly  not  because  they  were  required  for  any  particular  airplane.  The 
automatic  pilot  was  almost  universally  regarded  as  a  useful  but  hardly 
an  essential  item  of  equipment,  and  the  day  had  not  yet  derived  when  an 
automatic  pilot  would  be  designed  for  a  specific  airplane  by  taking  into 
account,  right  from  the  beginning,  particular  and  peculiar  features  of 
the  mission  of  the  airplane  and  of  the  design  of  its  control  system. 

Perhaps  because  of  the  obvious  necessity  for  a  special  design  of  the 
flight  control  system  in  a  missile  and  the  successes  which  were  achieved 
with  that  approach,  and  certainly  further,  in  part,  because  the  postwar 
generation  of  jet  airplanes  almost  invariably  needed  some  form  of  stability 
augmentation  whose  particular  nature  was  often  dictated  by  the  unique 
configuration  or  mission  of  the  vehicle,  the  most  common  design  practice 
later  came  to  be  based  on  a  careful  enumeration  of  requirements  to  be  met 
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and  fraction*  to  be  performed  by  etch  system.  This  alteration  in  the 
aethods  of  design  was  only  one  of  several  which,  together,  radically 
dianged  the  nature  of  work  in  sutaaatic  flight  control. 

1.6  THE  JOINING  0?  CONTROL  TECHNOLOGY  AND  DYNAMIC  ANALYSIS 

While  the  mathematical  tools  for  performing  analyses  of  automatic 
flight  control  systems  for  aircraft  had  existed  in  at  least  a  rudimentary 
form  before  the  war  of  1959“  1945;  there  has  been  occasion  to  remark  that 

* 

they  did  not  seem  to  be  much  used.  The  work  of  Gates,  Garner,  and  Cowley 
seems  to  have  been  nearly  forgotten.  Oppelt, *  even  though  translated  into 
English,  does  not  seem  to  have  attracted  much  attention,  while  Minorsky's 
paper*  on  the  steering  of  ships  was  fairly  widely  known  but' did  not  seem 
to  inspire  other  workers  to  follow  similar  lines.  There  had  appeared, 
here  and  there,  papers  or  monographs  on  the  theory  of  servomechanisms, 8 
the  regulation  of  prime  movers,  ®  process  control,  #  the  dynamics  of 
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lartWMBtto,*  and  the  Qauchy/taeavisld*  operational  calculus  applied  to 
the  dynamic  response  of  aircraft,*  but  apparently  the  need  to  study  the 
feedback  control  of  aircraft  for  practical  reasons  was  sot  yet  felt* 

The  subject  of  the  theory  of  automatic  control  of  aircraft  did 
receive  some  attention  in  the  universities,  technical  institutes,  and 
research  laboratories,  however.  Longitudinal  stability  of  an  airplane 
under  the  action  of  a  control  system  of  the  Sperry  A2  or  A3  automatic 
pilot  type  was  investigated  by  Klemin,  iapper,  and  Wittner*  at  New  York 
University,  and  H.  K.  Weiss®  at  MIT  performed  a  comprehensive  study  of 
the  stability  of  an  automatically  controlled  airplane,  including  both 
the  free  longitudinal  and  lateral  motions  and  the  response  to  gusts,  as 
his  thesis  research  for  the  Master's  degree.  There  was  also  a  very 

n 

original  contribution  from  Imlay  who  explored  the  problem  of  selecting 
"optimum"  gearings,  but  all  this  barely  carried  the  matter  further  than 
the  state  in  which  it  had  been  left  by  the  British  authors  nearly  15  years 
before.  The  difficulty,  as  Weiss  pointed  out,  lay  in  the  necessity  for 
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factoring  characteristic  functions  of  the  fifth,  sixth,  and  seventh 
degree.  The  same  problem,  of  course,  plagued  students  of  other  feedback 
control  devices,  and  a  considerable  effort  was  made  to  find  convenient 
methods  for  accomplishing  the  tedious  algebra.* 

In  1944,  discussing  the  subject  of  automatic  flight  and  airplane 
stability  (which  he  treated  separately),  Zand*  still  found  the  situation 
very  unsatisfactory.  He  wrote,  "...a  thorough  knowledge  of  the  stability 
of  the  airplane  is  a  prerequisite  toward  the  successful  solution  of  the 
problem  of  automatic  flight.  We  have  sketched  the  difficult  path  which 
led  airplane  designers  toward  the  understanding  of  fundamentals  of 
dynamic  stability.  An  equally  thorny  road  full  of  obstacles  has  been 
conquered  by  the  instrument  engineer  who  succeeded  against  such  odds  as 
space  and  weight  limitations,  lack  of  power,  etc., ....  In  many  instances 
the  airplane  engineering  field  and  the  instrument  engineering  fraternity 
have  worked  independently  on  the  problem  which  concerns  both  branches 
directly.  Pooling  the  knowledge  of  dynamic  stability  with  the  knowledge 
of  instrument  design  for  the  general  betterment  of  aeronautics  is  essen¬ 
tial....  Experience  has  shown  that  if  the  matching  is  performed  theore¬ 
tically  first  the  number  of  experimental  flying  hours  will  be  reduced  to 
a  minimum  and  che  results  obtained  superior."  Indeed,  the  theoretical 
matching  of  the  two  subjects  was  shortly  to  become  not  merely  a 
desideratum  but  an  absolute  necessity. 

The  war  had  seen  the  advent,  on  both  sides,  of  the  turbojet  engine, 
so  that  suddenly  the  limits  of  the  flight  envelope  were  enormously 
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extended  in  both  speed  end  altitude,  with  concomitant  configuration 
changes  involving  increased  wing  loadings,  mass  distributions  concen¬ 
trated  in  long  thin  fuselages,  and  the  aerodynamic  benefits  of  short 
span,  swept  wings.  These  things,  taken  together,  led  to  a  marked 
defeat  in  the  damping  of  the  longitudinal  short-period  and  dutch  roll 
oscillations  in  the  airplanes  of  the  immediate  postwar  period.  However, 
it  was  not  only  the  "classical"  modes  which  were  deficient  in  stability, 
previously  unknown  coupled  modes  made  their  appearance.  Among  these  were 
fuel  slosh  and  the  rolling  instability.  Furthermore,  thinner  wings,  and 
finer  fuselages  combined  with  advances  in  materials  and  manufacturing 
processes  made  for  increased  structural  flexibility.  Power-boosted 
controls  had  also  come  into  use  to  handle  the  large  hinge  moments  of- 
the  control  surfaces.  Early  hydraulic  power  units  had  stability  diffi- 
culties  of  their  own,  and  the  inevitable  lag  was  inimical  to  the 
stability  of  automatic  flight  control  systems.  All  these  trends  were 
bad  news  for  the  automatic  flight  control  system  designer,  who  now 
desperately  wanted  analytical  help. 

The  intimate  joining  of  control  technology  and  vehicle  dynamic 
analysis  which  would,  no  doubt,  have  come  about  in  any  event,  was  forced( 
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Apr.  1952,  pp.  217“ 228. 

*F.  D.  Graham  and  R.  C.  Uddenberg,  The  Dynamic  Stability  and  Control 
Problem  of  a  Pivoted-Wing  Supersonic  Pilotless  Aircraft,  Boeing  Airplane 
Co.,  Document  D-88IO,  Feb.  19^8* 

W.  H.  Phillips,  Effect  of  Steady  Rolling  on  Longitudinal  and 
Directional  Stability,  NACA  TN  1627,  June  1948. 

*D.  J.  Lyons,  "Present  Thoughts  on  the  Use  of  Powered  Flying  Controls 
in  Aircraft,"  J.  Roy.  Aeron.  Soc.,  Mar.  19H9,  PP*  253-277* 

T.  A.  Feeney,  "Powered  Control  System  Design  Practice  at  Northrop 
Aircraft,"  Proc.  of  the  BuAer  Symposium  on  Analysis  and  Design  of  Power 
Boosted  and  Power  Operated  Surface  Control  Systems,  6-7  Oct'.  19^9. 

“D.  T.  McRuer,  "An  Analysis  of  Northrop  Aircraft  Powered  Flight 
Controls, "  ibid. 
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Iqr  the  marked  deficiencies  la  stability  of  tbs  new  jet  aircraft  and 
also  by  the  advent  of  the  guided  missile  where  it  was  obviously  essential 
to  match  the  dynamics  of  the  airframe  and  the  control  system  from  the 
first  flight  on**  One  of  the  first  children  of  the  marriage  was  the 
"stability  augmenter, "  a  feedback  control  designed  to  modify  the  inherent 
aerodynamic  stability  of  the  airframe,  "augmenting"  one  or  more  of  the 
stability  derivatives  by  imposing  forces  or  moments  through  actuation 
of  the  controls  in  response  to  motion  variables.  Thus,  in  short  order, 
there  were  invented  or  reinvented  the: 

•  Taw  damper 

•  Sideslip  stability  augmenter 

•  Pitch  damper 

•  Roll  damper 

a 

•  Transonic  trim  shifter 

•  Autothrottle 

and  other  devices.  Since  both  the  problem  and  the  solution  were 
inevitably  connected  with  a  particular  aircraft  and  its  control  system, 
the  old  methods  of  designing  general  purpose  equipment  were  totally 
Inadequate.  Extensive  analysis  and  simulation  for  each  application 
to  a  piloted  aircraft  or  missile  was  found  to  be  required. 

In  the  interim,  wartime  pressures  for  very  high  performance  servo¬ 
mechanisms  and  regulators  for  such  uses  as  servo- controlled  aircraft 
wing  spar  milling  machines,  *  process  controls  in  the  manufacture  of 
fissionable  material,  *  and  particularly  for  fire  control  and  navigation 


•While  it  seems  surprising  that  the  developers  of  the  V-2  were  able 
to  make  do  with  stability  diagrams  and  a  rudimentary  simulator,  they  did 
not  entirely  neglect  analysis  in  the  design  of  the  control  and  guidance 
equipment.  The  frequency  response  method  and  Nyquist  stability  criterion 
were  known  but  were  not  "popular."  See  0.  Muller,  "The  Control  System  of 
the  V-2,"  in  T.  Benecke  and  A.  W.  Quick,  eds.,  History  of  German  Guided 
Missile  Development,  Verlag  E.  Appelhans  and  Co.,  Brunswick,  Germany, 
1959* 

* Electronics,  Oct.  19^4. 

*H.  Smyth.  Atomic  Energy  for  Military  Purposes,  Sections  7  and  27 
and  Appendix  4,  Princeton  University  Press,  1 9^5* 
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the  widespread  adoption  of  analytical  daaifn  techniques  originally  devel- 
opad  for  long  distance  telephone  aaplifiera.t  While  Janes,  Nichols,  and 
Fhillipa  credit  John  F.  Taplin,  at  NIT,  with  working  with  frequency 
response  techniques  for  servomechanisms  as  early  as  1937#  substantially 
nothing  concerning  the  matter  appeared  in  public  print  until  after  the 
war  was  over.  It  seems  clear  that  the  same  or  very  similar  ideas  were 
shared  by  widely  separated  investigators.  At  both  the  Bell  Telephone 
Laboratories  and  MIT  classified  memoranda  were  prepared  on  the  eve  of 
the  United  States'  involvement.*  As  far  as  the  present  authors  know, 
these  historic  documents  have  still  not  been  seen  in  the  light  of  day. 


#I.  A.  Greenwood,  Jr.,  J.  V.  Hold&m,  Jr.,  and  D.  MacRae,  Jr., 
Electronic  Instruments,  McGraw-Hill  Book  Co.,  New  York,  1948. 

tH.  M.  James,  N.  B.  Nichols,  and  R.  S.  Phillips,  Theory  of  Servo¬ 
mechanisms,  McGraw-Hill  Book  Co.,  New  York,  1947. 

+H.  Nyquist,  "Regeneration  Theory,"  Bell  Systems  Tech.  J.,  Vol.  11, 
No.  1,  Jan.  1932,  pp.  126-147*  see  also  "The  Regeneration  Theory, " 

Trans.  ASME,  Vol.  7 6,  No.  8,  Nov.  1954,  p.  1151. 

H.  S.  Black,  "Stabilized  Feedback  Amplifiers, "  Pell  System  Tech.  J., 
Vol.  13,  No.  1,  Jan.  1934,  pp.  1-18/  see  also  U.S.  Patent  No.  2,102,671, 
Dec.  1937. 

E.  Peter soni  J.  G.  Kreer,  and  L.  A.  Ware,  "Regeneration  Theory 
and  Experiment,"  Bell  System  Tech.  J.,  Vol.  13#  No.  10,  Oct.  1934, 

pp.  680  -  700. 

H.  W.  Bode,  Amplifiers,  U.S.  Patent  No.  2, 123#  17  #  12  July  1938; 
see  also  "Relations  Between  Attenuation  and  Phase  in  Feedback  Amplifier 
Design,"  Bell  System  Tech.  J.,  Vol.  19,  No.  3#  July  1940#  pp.  421  -454j 
Network  Analysis  and  Feedback Amplifier  Design,  Van  Nostrand  Co.,  New 
York,  1945;  and  "Feedback  —  The  History  of  an  Idea, "  in  Active  Net¬ 
works  and  Feedback  Systems,  Polytechnic  Press,  Brooklyn,  New  York, 

T9 • 

*D.  C.  Bcmberger  and  B.  T.  Weber,  Stabilization  of  Servomechanisms, 
Bell  Telephone  Laboratories  Restricted  Publication  M.M.-41-1 10152, 

Dec.  10,  1941. 

•  H.  Harris,  Jr.,  The  Analysis  and  Design  of  Servomechanisms,  OSRD, 
NDRC  (Sec.  D-2),  Rept.  454,  Jan.  1942.  (Brown  and  Campbell  give  the 
date  of  this  report  as  Dec.  1941,  but  other  authorities  agree  on  the 
one  given  here.) 


later,  at  MIS,  Hall*  prepared  a  dissertation  which  was  initially  classified' 
Inst  which  was  released  In  1 947.  The  effort  to  keep  all  this  information 
classified  probably  did  more  harm  than  good.  Certainly  it  did  not  prevent 
the  duplicate  development  and  use  of  the  ideas  on  several  sides.  Almost 
simultaneously  with  Hall's  dissertation,  Prof  os*  contributed  his  own  at 
Zurich,  while  only  a  little  later  the  book  which  we  know  in  translation 
as  The  Dynamics  of  Automatic  Control  *  was  published  in  Munich.  The 
System  wasn't  even  airtight  on  our  own  side.  The  earliest  published  work 
in  English  which  makes  reference  to  the  frequency  response  method  in  con-  " 
trol  seems  to  have  been  the  19M  paper  by  Prinz.* 

Immediately  upon  the  cessation  of  hostilities  there  appeared  a  rash 
of  papers  by  the  original  contributors,  and  others,  who  had  been  kept 
silent  for  more  thar  five  years.®  Almost  simultaneously  with  the  papers 


*A.  C.  Hall,  The  Analysis  and  Synthesis  of  Linear  Servomechanisms, 
Technology  Press,  Cambridge,  Mass. ,1 943. 

*P.  Profos,  Die  Behandlungen  von  Regel  Problemen  vermlttels  des 
Frequenzganges  des  Regelkrelses ,  Ph.D.  Dissertation,  A.  G.  Gebr.  Leeman 
and  Co.,  Zurich,  19*0;  also  "A  New  Method  of  Regulating  System  Design," 
Sulzer  Tech.  Rev. ,  No.  2,  1945. 

*R.  C.  Oldenbourg,  and  H.  Sartorius,  Dynamlk  Selbsttatlger  Regelung, 
R.  Oldenbourg,  Munich,  1944;  see  also  The  Dynamics  of  Automatic  Control, 
ASME,  New  York,  1 948. 

*D.  G.  Prinz,  "Contributions  to  the  Theory  of  Automatic  Controllers 
and  Followers,"  J.  Scl.  Instr.  (London),  Vol.  21,  No.  4,  Apr.  1944, 
pp.  55-64. 

*D.  P.  Campbell,  "Theory  of  Automatic  Control  Systems,"  Industrial 
Aviation,  Sept.  1945,  pp.  62-64,  94,  95. 

E.  £■  Ferrell,  "The  Servo  Problem  as  a  Transmission  Problem," 

Proc.  IRE,  Vol.  35,  No.  11,  Nov.  1945,  pp.  763-767. 

G.  S.  Brown  and  A.  C.  Hall,  "Dynamic  Behavior  and  Design  of  Servo¬ 
mechanisms,"  Trans.  ASME,  Vol.  68,  1946,  pp.  503  -  524. 

A.  C.  Hall,  "Application  of  Circuit  Theory  to  Design  of  Servomecha¬ 
nisms,"  J.  Franklin  Inst.,  Vol.  242,  No.  4,  Oct.  1946,  pp*  279-307;  see 
also  "Early  History  of  the  Frequency  Response  Field,"  Trans.  ASME, 

Vol.  76,  No.  8,  Nov.  1954,  pp.  1153-1154. 

H.  Harris,  Jr.,  "Frequency  Response  of  Automatic  Control  Systems," 
Trans.  AIEE,  Vol.  65,  1946,  pp.  539-545. 

R.  E.  Graham,  "Linear  Servo  Theory,"  Bell  System  Tech.  J. ,  Vol.  25, 
No.  4,  Oct.  1946,  pp.  616-651. 

H.  T.  Marcy,  "Parallel  Circuits  in  Servomechanisms,"  Trans.  AIEE, 
Vol.  65,  1946,  pp.  521  -529. 


1-55 


there  also  began  to  appear  a  growing  number  of  books,  many  of  which  are 
almost  as  valuable  today  as  when  they  were  first  published.*  Typically, 
these  books  not  only  expounded  the  new  theory  of  the  frequency  response 
of  automatic  control  systems,  but  further  connected  it  to  the  perform* 
ance  in  the  time  domain  via  the  correspondence  between  the  transfer  func¬ 
tion  and  the  transient  response  as  revealed  by  the  Zaplace  transform 
method.  Operational  techniques  were  not  new,  but  thc.tr  rigorous  and 
respectable  foundation  in  the  Laplace  transformation  was,  at  that  time, 
a  comparatively  recent  development/ 

There  also  appeared,  Immediately  after  the  war,  accounts  of  the 
Improved  mechanical  analog  computer  developed  at  MET*  and  of  the  digital 


*L»*A.  McColl,  Fundamental  Theory  of  Servomechanisms,  Van  Nostrand  Co., 
New  York,  1945. 

H.  Iauer,  R.  Lesnick,  and  L.  E.  Matson,  Servomechanism  Fundamentals, 
McGraw-Hill  Book  Co.,  New  York,  I9V7. 

H.  M.  James,  N.  B.  Nichols,  and  R.  S.  Phillips,  Theory  of  Servo¬ 
mechanisms,  McGraw-Hill  Book  Co.,  New  York,  194-7. 

W.  K.  Ahrendt  and  J.  F.  Taplin,  Automatic  Regulation,  Vol.  I, 

Ahrendt  and  Taplin,  P.0.  Box' 4675,  Wash.,  D.  C.,'  1947. 

I.  A.  Greenwood,  Jr.,  J.  V.  Holdam,  Jr.,  and  D.  MacRae,  Jr., 

Electronic  Instruments.  McGraw-Hill  Book  Co.,  New  York,  1948. 

G.  S.  Brown  and  D.  P.  Campbell,  Principles  of  Servomechanisms, 

John  Wiley  and  Sons,  New  York,  1948. 

*G.  Doetsch,  Theorie  und  Anwendung  der  Laplace  Transformation, 

Springer- Verlag,  Berlin,  1937. 

N.  W.  MacLachlan,  Complex  Variable  and  Operational  Calculus. 

Cambridge  University  Press,  London,  1939. 

H.  S.  Carslaw  and  J.  C.  Jaeger,  Operational  Methods  in  Applied 
Mathematics,  Clarendon  Press,  Oxford,  1 941 . 

M.  F.  Gardner  and  J.  L.  Barnes,  Transients  in  Linear  Systems,  Vol.  I, 
John  Wiley  and  Sons,  New  ork,  1942. 

R.  V.  Churchill,  Modem  Operational  Mathematics  in  Engineering, 
McGraw-Hill  Book  Co.,  New  York,  1944. 

*V.  Bush  and  S.  H.  Caldwell,  "A  New  Type  of  Differential  Aralyzer," 

J.  Franklin  Inst.,  Vol.  240,  No.  4,  Oct.  1945,  pp.  255-526. 
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scientific  calculators  developed  at  Harvard  University,*  at  the  Bell 
*  t  Telephone  laboratories/  and  at  the  University  of  Pennsylvania . *  These 

machines  had  originally  been  employed  primarily  to  compute  ballistic 
tables,  but  their  potentialities  for  the  solution  of  other  problems. 
Including  the  design  of  feedback  control  systems  for  aircraft,  was  quite 
plain.  Furthermore,  requirements  for  fire  control  computers  had  led  to 
the  development  of  a  variety  of  new  or  improved  components.  Among  these 
was  the  d-c  or  operational  amplifier.  In  a  prophetic  paper  published  in 
19^7,  Ragazzini,  Randall,  and  Russell*  pointed  out  that  these  might  be 
used  in  a  general-purpose  machine  for  solving  differential  equations,  an 
electronic  analog  computer.  A  number  of  firms  almost  immediately  developed 
such  machines  for  sale  or  their  own  use,  and  by  1950  they  were  fairly  common. 
Several  universities  also  developed  their  own  machines.  Among  the  first 
was  the  University  of  Michigan.  In  an  early  report"  on  the  feasibility 
of  electronic  analog  computation,  autopilot  control  of  the  longitudinal 
motion  of  an  airplane  was  given  as  one  of  the  illustrative  examples. 

Knowledge  of  the  development  of  the  new  methods  of  analysis  and  of 
the  newly  available  computers  spread  very  rapidly,  and  one  could  almost 


*H.  H.  Aiken  and  G.  M.  Hopper,  "The  Automatic  Sequence  Controlled 
Calculator  -  I,"  Elec.  Eng.,  Vol.  65,  No.  8-9,  Aug. -Sept.  1946,  pp.  384  -  391; 
"The  Automatic  Sequence  Controlled  Calculator  -  II,"  Elec.  Eng.,  Vol.  65, 

No.  10,  Oct.  1946,  pp.  449  -  454;  "The  Automatic  Sequence  Controlled 
Calculator  -  III,"  Elec.  Eng.,  Vol.  65,  No.  11,  Nov.  1946,  pp.  522-528. 

*F.  L.  Alt,  "A  Bell  Telephone  laboratories  Computing  Machine  -  I," 

Math.  Tables  and  Other  Aids  to  Compuation,  Vol.  3>  No.  21,  Jan.  1948, 
pp.  1-13;  "A  Bell  Telephone  laboratories  Computing  Machine  -  II,"  Math. 

Tables  and  Other  Aids  to  Computation,  Vol.  3>  No.  22,  Apr.  1948, 
pp.  69-84. 

*H.  H.  Goldstlne  and  A.  Gcldstinep  "The  Electronic  Numerical  Inte¬ 
grator  and  Computer  (ENIAC),"  Math.  Tables  and  Other  Aids  to  Computation, 

Vol.  2,  No.  15,  July  1946,  pp.  97-110. 

*J.  R.  Ragazzini,  R.  H.  Randall,  and  F.  A.  Russell,  "Analysis  of 
Problems  in  Dynamics  by  Electronic  Circuits,"  Proc.  IRE,  Vol.  35#  No.  5, 

May  1947,  pp.  442  -  452. 

"d.  W.  Hagelbarger,  C.  E.  Howe,  and  R.  M.  Howe,  Investigation  of  the 
Utility  of  an  Electronic  Analog  Computer  in  Engineering  Problems, 

External  Memo.  28,  Eng.  Res.  Inst.,  Univ.  of  Mich.,  Ann  Arbor,  Mich., 

1  Apr.  19^9* 

i 

* 

* 
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■ay  that  e  new  bzmnch  of  the  engineering  profeMloo  ceae  suddenly  Into 
being!  Men  were  proud  to  call  themselves  a  feedback  system  engineer, 
or  "systems  engineer"  for  shjrt,  and  not  a  few  of  these  became  aircraft 
control  system  engineers.  Application  of  the  frequency  response  (or 
transfer  function)  technique  to  the  design  of  aircraft  and  their  control 
systems  was  pointed  out  early,*  and  it  quickly  became  a  part  of  the  design 
process  for  actual  aircraft  (or  missile)  control  systems. * 

Further  improvements  and  extensions  to  the  analytical  techniques 
were  also  discovered.  By  no  means  the  least  of  these,  Evans'  locus  of 
roots  method*  was  inspired  by  consideration  of  the  problems  of  aircraft 
and  missile  flight  control.  In  the  classic  Fourteenth  Wright  Brothers 
Lecture  for  the  year  1950,  Bollay  summarized  the  then  existing  state  of 
the  art  and  pointed  to  the  use  of  the  Laplace  transformation,  frequency 
response  techniques,  the  Nyquist  stability  criterion,  the  root  locus 


*W.  F.  Milliken,  Jr.,  "Progress  in  Dynamic  Stability  and  Control 
Research,"  J.  Aeron.  Sci.,  Vol.  14,  No.  9,  Sept.  1947,  pp.  493-519. 

J.  B.  Rea,  Automatic  Tracking  Control  of  Aircraft,  Sc.D.  Thesis, 

Mass.  Institute  of  Technology,  1947 . 

H.  Greenberg,  Frequency-Response  Method  for  Determination  of  Dynamic 
Stability  Characteristics  of  Airplanes  with  Automatic  Controls,  RACA 
TN  1229,  Mar.  1947. 

R.  C.  Seamans,  Jr.,  B.  G.  Bromberg,  and  L.  E.  Payne,  "Application 
of  the  Performance  Operator  to  Aircraft  Automatic  Control,"  J.  Aeron.  Sci., 
Vol.  15,  No.  9,  Sept.  1948,  pp.  535-555. 

J.  R.  Moore,  "Application  of  Servo  Systems  to  Aircraft,"  Aeron.  Eng. 
Rev.,  Vol.  8,  No.  1,  Jan.  1949,  pp.  32-43,  71 . 

* 

C.  L.  Seacord,  "Application  of  Frequency  Response  Analysis  to  Air¬ 
craft  Autopilot  Stability,"  J.  Aeron.  Sci,,  Vol.  17,  No.  8,  Aug.  1950, 
pp. 481  -498. 

*?.  A.  Noxon,  "Flight  Path  Control,"  Aeron.  Eng.  Rev.,  Vol.  17,  No.  8, 
Aug.  1 9^-8,  pp.  38-45. 

R.  J.  White,  "Investigation  of  Lateral  Dynamic  Stability  in  the  XB-47," 
Airplane,"  J.  Aeron.  Sci.,  Vol.  17;,  No.  3,  Mar.  1 950,  pp.  133-148. 

*W.  R.  Evans,  Servo  Analysis  by., Locus  of  Roots  Method,  North  Amer. 
Aviation,  Inc.,  Rept.  AL-787,  Nov.  1 ,  1948;  "Graphical  Analysis  of  Con¬ 
trol  Systems,"  Trans.  AIEE.  Vol.  67,  1948,  pp.  547—551 ;  "Control  System 
Synthesis  by  the  Root  Locus  Method,"  Trans.  AIEE,  Vol.  69,  1950,  pp.  66-69; 
"The  Use  of  Zeros  and  Poles  for  Frequency  Response  or  Transient  Response," 
Trans.  ASME,  Vol.  76,  No.  8,  Nov.  1954,  pp.  1335-13^2;  Control  System 
Dynamics,  McGraw-Hill  Book  Co.,  New  York,  1954. 
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method,  analog  computers,  and  other  tools  of  the  systems  engineer  in 
the  design  departments  of  the  major  aircraft  manufacturers.* 

At  Northrop  Aircraft,  Inc.,  based  in  part  on  the  experiences 
gained  with  the  power  controls  and  stability  augmentation  system 
developments  needed  for  tailless*  and.  other  advanced  designs,  and 
in  a  comprehensive  study  of  the  F-5  automatic  pilot  for  the  F-89A 
aircraft,  *  an  attempt  was  made  to  summarize  the  most  useful  aspects 
of  the  new  knowledge  of  aircraft  control  system  engineering  in  a  series 
of  seven  volumes,  prepared  for  the  U.  S.  Navy  Bureau  of  Aeronautics.® 
These  volumes  began  to  appear  in  March  1952*  The  genealogy  of  the 
present  work  can  be  traced  directly  to  several  of  the  "Northrop  Volumes." 
In  fact,  it  began,  some  ten  years  after  the  initial  summary,  as  an  effort 
to  revise  and  update  Volumes  II  and  VI  and  to  provide  between  a  single 
pair  of  covers  a  comprehensive  account  of  the  theory  and  application  of 
analytical  techniques  in  the  design  of  automatic  fligjht  control  systems. 


*W.  Bollay,  "Aerodynamic  Stability  and  Automatic  Control,"  J.  Aeron. 
8cl«,  Vol.  18,  No.  9,  Sept.  1951,  pp.  569-  624. 

tD.  T.  McRuer,  "An  Electronic  Tail  for  the  Flying  Wing,"  Flight 
Lines,  Nov.  1950. 

*  Analysis  Final  Report;  Analysis  of  Type  F-5  Automatic  Pilot  Applied 
to  the  Type  F-89  Aircraft  and  Control  System,  Northrop  Aircraft,  Inc., 
Servomechanisms  and  Dynamics  Section,  Rept.  SMD-3,  13  Sept.  1950. 

1  Fundamentals  of  Design  of  Pilot  Aircraft  Flight  Control  Systems, 
BuAer  Rept.  AE-6l-4;  Vol.  I,  Methods  of  Analysis  and  Synthesis  of 
Piloted  Aircraft  Flight  Control  Systems,  Mar.  1952;  Vol.  II,  Dynamics 
of  the  Airframe,  Sept.  1932,:  Vol.  Ill,  The  Human  Pilot,  Aug.  1954; 

Vol.  IV,  The  Hydraulic  System,  Mar.  1953;  Vol.  V,  The  Artificial  Feel 
System,  May  1 953;  Vol.  VI,  Automatic  Flight  Control  Systems  for  Piloted 
Aircraft,  Apr.  1956;  Vol.  VII,  Methods  of  Design  and  Evaluation  of 
Interceptor  Fire  Control  Systems,  Oct.  1959*  ” 

Available  at  cost  from  Northrop  Corporation,  Specifications  and 
Data  Department,  1001  East  Broadway,  Hawthorne,  California. 
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CHAPTER  2 


MATHEMATICAL  MODELS  OF  LINEAR  SYSTEM  ELEMENTS 

2.1  INTRODUCTION 

A  major  tack  in  systems  analysis  is  the  estimation  of  system  response 
to  commands  or  disturbances.  The  most  concrete  way  to  determine  behavior 
is  to  test  the  actual  system.  This  direct  experimental  approach  is 
precluded  in  the  early  phases  of  design,  when  the  "system"  may  be  but  one 
of  a  number  of  competing  possibilities,  or  when  the  physical  system  may  be 
unavailable.  Fortunately,  many  of  the  potential  results  of  actual  physi- 

by  performing  "experiments"  utilizing 

system  models,  consider  the  block  diagram 
input,  stimulus,  command,  disturbance,  or 
forcing  function  elicits  an  output  or 
response  from  the  "system."  The  "system" 
might  be  one  of  a  very  large  number  of 
things  including  a  human  being,  an  air¬ 
plane,  or  a  society,  and  the  words 
appropriate  to  the  several  portions  of 
the  diagram  of  Fig.  2-1  are  quite  different  in  these  different  contexts. 
Nevertheless,  it  is  assumed  here  that  we  are  dealing  with  cause  and  effect 
elements,  perhaps  combined  into  larger  systems;  and  that  an  input  and  out¬ 
put  of  a  particular  element  can  always  be  identified.  It  is  further 
assumed  that  the  relationship  between  the  input  and  output  can  be  repre¬ 
sented  by  one  or  more  ordinary  differential  equations.  These  equations 
become  the  mathematical  attorneys  for  the  physical  elements  or  systems, 
and  it  is  through  them  as  intermediaries  that  the  transactions  in  which 
we  are  to  engage  will  ordinarily  be  conducted. 

Many  physical  elements  and  systems  are  practically  linear  and 
time-invariant;  that  is,  they  can  be  described  adequately  over  a  limited 
range  by  linear  differential  equations  with  constant  coefficients. 


cal  measurements  can  be  foreseen 
various  models  of  the  system. 

As  the  underlying  basis  for 
representation  of  Fig.  2-1 .  The 


Input 
x  — 
(Cause) 


System 


Output 

(Effect) 


Fig.  2-1,  A  Rattern 
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Examples  of  linearization  abound  in  the  literature,*  and  Chapter  4 
presents  an  example  of  the  assumptions  and  techniques  which  are  employed, 
in  this  case,  to  linearize  the  equations  of  motion  of  an  aircraft.  It 
can  be  demonstrated  that  feedback  control  Itself  has  the  property  of 
linearizing  the  performance  of  the  systems  or  elements  to  which  it  is 
applied/  so  that  while  all  systems  and  elements  are  in  fact  nonlinear, 
the  assumptions  of  our  analyses  are  often  not  so  restrictive  as  they  may 
at  first  appear. 

Proceeding  on  the  assumption,  for  the  moment,  that  we  need  only  be 
concerned  with  systems  which  are  linear  with  constant  coefficients,  or 
which  my  legitimately  be  linearized,  we. shall  introduce  in  this  chapter 
the  powerful  and  convenient  concepts  of  the  Laplace  transformation.  The 
rudiments  of  response  calculations  are  first  reviewed,  including  approxi¬ 
mate  calculations  and  modal  response  ratios.  Following  this  is  a  discus¬ 
sion  of  the  system  descriptors  —  the  weighting  function  or  impulse  response 
and  its  transform,  and  the  transfer  function.  Graphical  representations 
for  both  these  functions  are  emphasized:  time  vectors  for  the  weighting 
function,  and  pole-zero  plots,  Jo>-Bode  diagrams,  and  a- Bode  diagrams  for 
the  transfer  function. 


2.2  LAPLACE  TRANSFORMATION 


The  system  of  Fig.  2-1  is,  according  to  our  assumptions,  described 
by  the  equation 


,m+n  jDH-n-1  . 

d  d  ,  d 

+  b>  ~ i+nH  *  +  Wl  St 


m+n 


dt 


/dn  d0”1 

t?  +  S1  5* 


+  anj 


x  d 

+  an-1  dt 


x(t)  (2-1) 


*D.  Graham  and  D.  McRuer,  Analysis  of  Nonlinear  Control  Systems, 

John  Wiley  and  Sons ,  Inc . ,  New  York,  1961,  pp.  9-12,  Wj-hyi. 

R.  W.  Jones,  "Stability  Criteria  for  Certain  Non-linear  Systems," 
in  A.  Tustin,  ed.,  Automatic  and  Manual  Control,  Buttcrworths  Scientific 
Publications,  London,  19!>2,  pp.  31 9“  524. 

tj.  C.  West,  Analytical  Techniques  for  Non-linear  Control  Systems, 
English  Universities  Press,  Ltd.,  London,  1 955,  pp.  l6-2J. 
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For  any  physical  system,  m  ^  1 .  We  are  interested  in  discovering  certain 
aspects  of  the  performance  of  the  system,  such  as  the  stability,  accuracy, 
and  speed  of  response  of  the  output  for  certain  inputs.  The  analysis 
problem  is  defined  as  follows:  Given  the  input  and  the  differential 
equation,  find  the  output.  If  the  analysis  problem  were  solved  for  all 
the  inputs  to  which  the  system  might  be  subjected  and  these  solutions 
were  tabulated  as  input -response  pairs,  the  analyst  would  have  a  complete 
description  of  the  performance  of  the  system.  Very  luckily  this  turns 
out  to  be  unnecessary  for  linear  systems. 

In  modern  engineering  analysis  an  equation  such  as  Eq.  2-1  is  most 
often  solved,  if  it  has  to  be,  by  a  digital  or  an  analog  computer.  On 
the  other  hand,  a  great  deal  of  information  concerning  the  nature  of  the 
solutions  for  a  variety  of  inputs  can  be  found  without  solving  the  equa¬ 
tion  itself.  The  techniques  which  are  commonly  employed,  however,  are 
intimately  related  to  the  method  of  solving  Eq.  2-1  by  means  of  the 
Iaplace  transformation. 

The  Laplace  transformation  of  a  function  of  time  is  defined  as 

£[f(t)]  *  F(s)  =  lim  2  f(t)e~st  dt  ^2-2) 

T,  —  0  1 

where  s  is  the  complex  variable  s  =  a  +  Jco.  Application  of  the  definition 
allows  the  construction  of  tables  of  the  transforms  of  operations,  such  as 
differentiation  and  integration,  and  tables  of  the  transforms  of  functions, 
such  as  an  impulse  or  a  sine  wave.  The  inverse  trsnsformation  [i.e.,  <f{t), 
given  F(6)]  is  usually  carried  out  by  finding  the  appropriate  pair  in  a 
table  so  arranged  that  f(t)  can  be  associated  with  a  particular  F(s). 

The  most  interesting  and  useful  properties  of  the  Iaplace  transforma¬ 
tion  are  summarized  (without  proof)  in  Table  2-1 .* 

*For  more  details  on  the  properties  of  the  transformation  and  its 
upog,  see  for  example:  M.  F.  Gardner  and  J.  L.  Barnes,  Transients  in 
Linear  Systems,  John  Wiley,  N.  Y.,  1 9^2;  J.  A.  Aseltine,  Transform 
Method  in  Linear  System  Analysis,  McGraw-Hill,  N.  Y.,  1958;  R,  vT~Churchill , 
Operational  Mathematics,  2nd  eel.,  McGraw-Hill  Book  Co.,  N.  Y.,  1958; 

W.  Kaplan,  Operational  Methods  for  Linear  Systems,  AcHison-Wesley,  Reading, 
Mass.,  1 962 ;  G.  Dootsch,  Guide  to  the  Applications  ol  Laplace  Transforms, 

Van  Nostrand,  Jordon,  1 961 . 


Table  2-1  (Continued) 
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T  has  a  non-negative  real  part 


F(s)  coth  (Ts/2) 


Common  transform  pairs  for  the  time  functions  which  occur  in  the 
analysis  and  testing  of  feedback  control  systems  are  cataloged  in  the 
short  illustrated  table  of  transform  pairs  presented  in  Table  2-2.*  It 
may  be  noted  that  in  many  cases  two  alternative  forms  are  given  for  the 
transform.  In  some  problems  one  form  is  more  suitable  than  the  other, 
so  they  are  used  interchangeably  as  convenience  may  dictate.  To  emphasize 
the  physical  interpretations  of  the  f(t)— F(s)  dichotomy,  graphical 
representations  of  f(t)  are  given  as  an  integral  part  of  the  table.  A 
knowledge  of  the  details  of  these  time  histories  enables  the  analyst  to 
picture,  either  mentally  or  by  a  sketch,  the  behavior  of  a  system  element 
characterized  by  a  given  F(s)  or  f(t). 

It  is  also  necessary  to  point  out  that  the  integral  which  defines 
the  Laplace  transformation  may  fail  to  converge.  For  transformable 
functions  this  situation  is  avoided  by  defining  an  abscissa  of  absolute 
convergence,  o^,  which  is  set  Just  large  enough  to  assure  the  convergence 
of  the  transform  integral.  This  is  the  minimum  value  which  the  real  part 
of  the  complex  variable  s  *  cr  +  Ja>  may  take.  In  the  case  of  a  function, 
such  as  f(t)  »  t^,  no  value  of  o&  can  be  found  which  will  assure  conver¬ 
gence  of  the  integral.  The  function  is  then  said  to  be  not  Laplace 
transformable . 

8.3  RESPONSE  DETERMINATION 

When  the  definition  of  the  transform  for  the  operation  of  differen¬ 
tiation  is  applied  to  Eq.  2-1 ,  if  it  is  assumed  that  all  Initial  conditions 


A  table  of  transform  pairs  of  particular  value  for  vehicular  control 
problems  is  S.  Neumark's  Operational  Formulae  for  Response  Calculations. 
ARC  Tech.  Rept.  R&M  3075*  Her  Majesty’s  Stationary  Office,  London,  1 958. 
This  report  comprehensively  treats  operational  fractions  of  the  first, 
second,  third,  and  fourth  order  and  has  additional  tables  on  the  reduction 
of  every  fraction  of  fifth  or  sixth  order  to  a  combination  of  fractions 
of  lower  order.  Other  useful  tables  of  transform  pairs  are  the  references 
on  the  Laplace  transformation  and  its  uses  cited  previously  and: 

F.  E.  Nixon,  Principles  of  Automatic  Controls,  Prentice-Hall,  Inc., 
New  York,  1953*,  The  same  table  has  also  been  published  separately  as 
Handbook  of  Iaplace  Transformations.  Prentice-Hall,  Inc.,  New  York,  i960. 

A.  Erd6lyi/  F .  Oberhettinger,  and  F.  G.  Tricomi,  Tables  of  Integral 
Transforms,  Vol.  I,  McGraw-Hill  Book  Co.,  Inc.,  New  York,  1934. 
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Table  2-2  (Continued) 
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ORDER 


Table  2-2  (Concluded) 


are  zero',  the  transformed  equation  is : 


s“™  +  b,s' 


ra+n-1 


+  “•  +  bm+n-1s  +  Vn)Y(s) 


=  /c[sn  +  a-j  s11  ^  +  •••  +  +  anjx(s) 


(2-3) 


The  Iaplace  transformation,-  lias  reduced  the  linea.r  differential  equation 
with  constant  coefficients  to  an  algebraic  equation  in  the  transform 
•variable,  s.  For  any  transformable  input  x(t),  which  has  the  transform 
X(s),  Eq.  2-3  may  be  solved  for  Y(s). 


(s11  +  StB11"1  +  ••*.+  an-is  +  an) 


/.m+n  m+n-1 

^8  +  D*  8  +  •  •  • 


X(s)  (2-4) 


+  WiB+bJ 


In  principle,  then,  the  inverse  transformation  yields  y(t)  -£_1[y(.)]. 

IbCRiaple :  The  procedure  can  be  illustrated  with  an  elementary 
example.  Consider  the  (rotary)  spring-mass-damper  system  of 
.■  Fig.  2-2.  This  device  is  the  all-mechanical  analog  of  a 
simple  servomechanism.  The  equation  of  motion,  obtained  by 


Fig.  2-2.  Spririg-Mass-Damper  System 


summing  torques  on  the  wheel,  is: 


Iy  +  By  +  Ky  =  Kx 


(2-5) 


If  this  ordinary  differential  equation  with  constant  coeffi¬ 
cients  is  Iaplace  transformed,  it  may  be  written  as: 

[is2  +  2a  +  k]y(s)  ■  KX(s)  +  [lsy(0+)  +  ly(0+)  +  By(0+)]  (2-6) 

where  y(0+)  and  y(0+)  are  the  initial  conditions.  Note  that 
the  action  of  the 'initial  conditions  is  equivalent  to  that 
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of  an  input  made  up  of  delta  functions  and  higher  order  delta 
functions.  That  is,  lsy(0+)  amounts  to  a  doublet  of  weight 
ly(0+),  while  ly(0+)  and  Ey(0+)  are  equivalent  to  a  delta  func¬ 
tion  input  with  weight  [ly(0+)  +  Ey(0+)]  •  Solving  for  Y(s), 

(-y-)x(s)  sy(0+)  +  fy(0+)  +  *!•  y(0+)l 

Y(s)  =  — ^ -  +  - - - - - -  (2-7) 

s2+|s+A  s2+|s+|- 


Letting  x(t)  =  5(t),  the  unit  impulse,  so  that  X(s)  =  1v,  set¬ 
ting  the  initial  conditions, ,to  zero,,  and  defining  an  "undamped" 
natural  frequency, "  ox,  -  m  and  a  "damping  ratio," 

S=B/(2VKI), 


Y(b)  - 


S2  +  2£a>nS  4-  aug 


Y(s)  .  -g 


«  4  SSL  +  i 


(2-8a) 


(2-8b) 


Inverse  transformation  of  this  function  can  be  carried  out  by 
recognizing  that  the  right  side  of  Eq.  2-8  is  a  pair  in 
Table  2-2  and  that: 

y(t)  -  -~==  e-to*  sin  Vi  “  t2  t  }  t  <  1 

VI  "  X2 


(2-9) 


When  the  response  transfora  has  a  more  complex  denominator,  the 
transform  can  be  broken  down  into  a  sum  of.  partial  fractions  before 
inverse  transforming.  Suppose  that  the  algebraic  solution  for  the  trans¬ 
form  of  the  response  is  given  in  the  form 


Y(s)  =  K 


(sn  +  s11  ^  +  •  •  •  +  s  +  anj 

/  m+n  ,  ,  m+n~1  ,  ,  .  „  ,  v  \ 

\B  +  b1s  +  +  Vfn~1s  +  bm+n) 


(2-10) 


where  ra>  1.  The  polynomials  can  be  factored.  Then, 


n  (e  +  zj) 


n  (•  +  qi) 

i«i 


■  *£& 


(2-11) 
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or 


Nl(s) 


!T<H 


(2-12) 


and  the  numerator  and  denominator  roots,  ~zj  and  -q^,  are  respectively 
called  zeros  and  poles.  For  reasons  which  will  appear  later,  the  first 
style  of  the  transform  factors  is  called  the  root  locus  form  and  the 
second  style  is  called  the  Bode  form.  Both  are  used  extensively. 

In  principle,  the  right  side  of  Eg..  2-1 1  or  2-12  can  be  reformulated 
in  a  partial  fraction  expansion  and  elementary  inverse  Iaplace  transforma¬ 
tions  can  then  be  carried  out  on  each  term.  This  yields  the  time  response, 
y(t). 


ratn  n. 

y 

£-'  [y(»)] 


m-rn  . 

E  qe^i1 


(2-15) 


(2-14) 


Thus,  any  response  transform  which  is  a  ratio  of  rational  polynomials  with 
real  coefficients  results  in  a  time  domain  response  which  is  a  sum  of  real 
or  complex  conjugate  exponentials.  The  amount  or  magnitude  of  each  mode 
which  is  present  in  the  total  response  is  indicated  by  the  partial 
fraction  coefficient,  Cj> 

When  the  response  transforms  have  either  of  the  equi valent  rational 
proper  fraction  forms 


S  +  Zy  H  B  +  7.2  J  •  •  • 

s  +  q.'j  j  |,s  +  qg  J  •  •  • 


Cl  .  c2 

■  .  T  ■  —  ■  "  ■  T  •  •  < 

s  +  q^  s  +  qg 


(2-15) 


N,(s) 

Bfisy 


(Tas  +  l)(TfaS  +  l) 
(t1s  +  i)(t2c  «  l) 


— — - +  ■ — +  » « »  (2-1 6) 

T'j  s  + 1  T2C+I 


the  coefficients  C±  or  c[  may  be  evaluated  as  shown  in. Table  2-5. 


TABLE  2-3 

PARTIAL  FRACTION  COEFFICIENTS 


FIRST-ORDER'  POLES 


General:  The  coefficient  of  the  component  involving  l/(s  +  q1 )  or 
l/(Tvs  +  l)  will  be 


Cl  - 


N(sj(  s.  +  q<  ) 


[Hi(s)(T,6  +  1)1 

’  ’  ‘  l  »>(*) 


First-Order  Pole  at  the  Origin:  For  this  case. 


X(6)  "  &(s)  °V  sDifs)  '  C°  "  5(0)  *  D,(0) 


sD^s) 


D(0)  DV(0) 


First-Order  Poles  on  the  Inn.cinr.ry  Axis  (at  s  =  ± jo>| ) :  The  inverse 
transform  of  this  component  of  X(s)  will  be 


<b2  +“?>  K(.)  st 


8  D(  8 


s  "  Je>j 


-s[(s2/o|) 


+  ’]»lW  ,t 

e) 


8  =  JO>) 


5-Complex  Pair  with  N  Real  First-Order  Poles: 


VlS'l*1+VN+’,,+V  +  a0  £  _£i_  As  +  B 

N  “  i“4  s+qj  62  +  bs  + 

ft  (s  +  q*)  (s2+bs  +  c) 


K  a«  N  q. 

w  ^  H 

HIGHER  ORDER  FOIES  lcl 

D(s)  will  corjfeiin  terns  such  as  (s  +  q^)m,  and  Dj(s)  will  contain  terms 
such  as  (Ti s  +  l)m.  The  coefficients  Cm-k  and  Cj|j_k,  for  the  components 
l/(c  +  qj)m”k  and  1  /(T^ n  +  l)m"'^  of  the  X(s)  expansion,  will  be: 


±  iL  (B  +  qi)BW0  .  r  _1_  d^  (Ttb  +  1)”nt(b) 

k!  ar.k  s *  m~1;  k!T&  dck  V\(*)  _  s--l. 


wiM  ft  lu  1:  1. 


If  the  explicit  differential  equation  which  describes  the  system  is 
of  low  order,  the  polynomials  in  the  system  transfer  f unction  are  of  the 
same  low  degree.  Then  the  task  wf  factoring  the  polynomials  and  of  find¬ 
ing  the  partial  fractiur  coefficients  can  be  carried  out  without  diffi¬ 
culty.*  On  the  other  hand,  if  the  characteristic  (denominator)  polynomial 
is  of  the  fourth  degree  or  higher,  the  algebraic  factoring  of  the  poly¬ 
nomial  and  the  determination  of  the  partial  fraction  coefficients  nay  be 
excessively  tedious.  It  was  partly  to  avoid  roost  of  the  tedious  labor 
involved  in  the  solution  of  the  equations  of  motion  of  linear  systems 
that  the  semlgraphical  methods  of  linear  feedback  system  analysis  dis¬ 
cussed  in  Chapter  3  were  developed. 

2.4  SIMPLIFIED  METHODS  TO  OBTAIN  AN  APPROXIMATE  f(t) 

PROM  PTS  UNFACTOHED  TRANSFORM  7(o) 

A  major  source  of  practical  difficulty  in  solving  linear  constant- 
coefficient  differential  equations  arises  in  finding  the  time  response, 
f(t),  after  its  transform,  F(s),  is  known.  This  occurs  because  the  poles 
of  F(s)  must  usually  be  found  as  a  necessary  preliminary  to  the  partial 
fraction  expansion  or  to  entry  into  a  transform  table,  factoring  the 
polynomials  of  F(s)  to  find  its  poles  and  zeros  may  be  more  time  consuming 
than  warranted.  Therefore,  schemes  which  avoid  this  operation,  yet  still 
allow  the  extraction  of  spme  information  about  the  time  response,  f(t), 
directly  from  its  transform,  F(s),  are  valuable  techniques  for  many 
applications. 

In  this  section  three  ways  are  described  to  find  information  about  a 
time  function,  f(t),  from  its  transform,  F(s),  in  unflactored  form.  The 
first  two  are  fundamental  properties  of  the  Laplace  transformation,  the 
initial  and  final  value  theorems.  Application  of  these  properties  gives 
the  values  of  f(t)  at  t»  0  and  as  t  -►».  In  essence,  these  theorems 
state  an  equality  between  two  particular,  values  of  f (t)  and  two  particular 

^Concise  summaries  of  preferred  methods  appear  in: 

J.  J.  D’Azzo  and  C.  H.  Houpis,  Feedback  Control  System  Analysis  and 
Synthesis,  McGraw-Hill  Book  Co.,  Inc.,  New  York,  1$kS6  (Appendix  B) 

Y.  H.  Ku,  Analysis  and  ^Control  of  linear  Systems,  International 
Textbook  Co.,  Scranton,  Pa.,  1  pp.  171— fBT. 


values  of  its  transform,  F(f.).  The  initial  value  theorem  can  also  be 
used  to  obtain  the  derivatives  of  the  initial  time  response,  thereby 
permitting  its  expansion  in  a  lfeclaurin  series.  The  third  method  involves 
the  expansion  of  the  response  transform  in  a  Maclaurin  series,  which  has 
a  degree  of  validity  in  the  steady  state  after  transients  have  become 
insignificant,  or  in  cases  where  the  input  can  be  approximated  as  a  power, 
series.  This  series  is  the  basis  of  the  error  coefficients  so  valuable 
in  some  phases  of  servo  design. 

She  Initial  Value  Theorem.  The  initial  value  theorem  is  a  basic 
property  of  the  Iaplace  transformation  which  allows  the  value  of  f(t)  and 
its  derivatives  at  t  =0  to  be  found  from  its  transform,  F(s).  Specifically, 
if  f (t)  and  its  first  derivative  have  Laplace  transforms  and  the  limit 
as  s  of  sF(s)  exists,  where  F(s)  is  the  transform  of  f(t),  then 

lira  sF(s)  ^  lim  f(t)  (2-17) 

s -*-<*>  t-*-0 

For  example,  if  F(s)  *=  k/(e3  +  as^  +  bs  +  c),  then 

lim  f(t)  =  lim  -= - ~ -  (2-18) 

t-»-0  s-^»  +  as*  +  bs  +  c 

and 

f(0)  «=  0 

If  the  derivatives  of  f(t)  are  Inplace  transformable,  they  have  Laplace 
transforms  given  by 

£[f(t)]  -  sF(s)-f(0+)  (2-19) 

£[f(t)]  «  s8F(s)  ~  sf(0+)  -  f(0+)  (2-20) 

£[  f  ]  -  s5p(s)  -  c2f (0+)  -  sf (0+)  -  f (0+)  (2-21 ) 

£[  f  ]  «  s^Ffs)  -  s5f(0+)  -  s2f(0+)  -  nf(0+)  -  f'(0+)  (2-22) 

and  so  forth.  Use  of  the  initial  value  theorem  to  evaluate  the  deriva¬ 
tives  for  the  example  proceeds  as  follows. 


Since  f (0+)  *=  0, 


lim  'f(t)  =  lim  s[sF(  b  )] 

t~»-0  6— 


lim  6  -r: - §2 - -  =  0  (2-23) 

B_*.«  s^  +  as^+bs +C 


and  similarly,  since  f(0+)  and  f  (0+)  are  zero, 


lim  f(t)  =  lim  s[s%(s)]  =  lim  s 

t— ►•Q  8“ S— 


B^  +  as^+bs  +  c 


K  (2-24) 


Because  f  (0)  <=  K,  the  initial  value  of  the  third  derivative  will  be 


lim  f(t) 
t-*-0 


lim  b[s3f(b)  -  f(0+)] 


lim  - k] 

j_^6o  |s->  +  a8‘I  +  bB  +  c  J 


.  u*  [.  ^ 

s-*-co  L  e^+as^  +  bs  +  c 


(2-25) 


For  the  initial  value  of  the  fourth  derivative, 
lim  f(t)  b  lim  sfs^Ffs)  -  sf(0+)  -  f(0+) ] 

t-*-0  8— ►"“>  L  J 


-  '  lim  b  -= - ^ ;  -  sK  +  Ka 

B>^.w  Iv+as^  +  bs  +  c  J 


Urn-  K[(ag-HB?  +  |ab~c)s2*H  ■-  K(a?-  b)  (2-26) 
i  op  b >  +  as2  +  bs  +  c 


and  bo  forth. 


The  derivatives  evaluated  in  the  fashion  illustrated  above  are 
valuable  as  check  points  and  to  enhance  one's  physical  grasp  of  the 
initial  character  of  a  response.  Also,  several  derivatives  can  be  com¬ 
bined  into  a  J&claurin  series  to  give  an  approximation  to  the  Initial 
response.  The  Maclaurin  series,  in  general,  is  . 
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l 


(2-27) 


f(t)  «  f(o)  +  tf(o)  +  ^?(o)  +  |r?(o)  +••• 


For  the  example  above  this  series  would  be 


k[t  -  s  t  +  k  +-~' ' '] 

4\ ['  -  f  +  +  -] 


(2-28) 


This  initial  response  version  of  the  Maclaurin  series  supplements  the 
Maclaurin  series  developed  later  for  the  steady-state  response. 

The  Final  Value  Theorem.  The  final  value  theorem  equates  the  value 
of  a  time  function*  f (t) ,  as  t  approaches  infinity  to  that  of  the  func¬ 
tion  sF(s)  as  s  approaches  zero.  Obviously,  there  must  be  more  restric¬ 
tions  on  the  application  of  this  theorem  than  there  were  on  that  for  the 
initial  value.  For  example,  .an  F(s)  which  has  poles  in  the  right  half 
plane,  or  on  the  axis  of  imaginaries  (both  allowed  in  the  Initial  value 
theorem),  gives  rise  to  an  f(t)  which  has  no  final  value.  So  in  addition 
to  the  requirement  shared  with  the  initial  value  theorem,  i.e.,  that  the 
function  f (t)  being  evaluated  at  t  «=  0  and  its  derivative  are  Iaplace 
transformable,  it  is  also  necessaxy  to  specify  that  the  function  sF(s)  is 
analytic  on  the  axis  of  imaginaries  and  in  the  right  half  plane.  Then, 
with  these  restrictions, 


lim  sF(s) 
s-*0 


lim  f(t) 


(2-29) 


Using  the  previous  example  and  assuming  that  F(s)  has  no  poles  in 
the  right  half  plane  or  on  the  imaginary  axis, 


lim  f(t)  lim  s  -r - - -  «  0 

t-*r»  s-*-0  +  a®*  +  bs  +  c 

Similarly,  all  higher  derivatives  also  have  zero  final  values. 


(2-30) 


As  another  example,  consider 


,K 

s^(s  +  a) 


(2-51) 
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The  initial  -value  theorem  gives  f  (0)  =  0,  but  the  application  of  the 
final  value  theorem  to  find  f(t)]t_^m  is  not  possible  because  sF(s)  has 
a  pole  at  the  origin  (on  the'  imaginary  axis) .  However,  if  a  is  positive, 
the  derivative  f(t)  does  have  a  final  value,  i.e.. 


lim  f(t)  =  lim  s  -a-  - - 

t— s-*-0  8  (8  +  a) 


(2-52) 


Further,  since  the  theorem  would  show  that  f(t),  *f(t),  and  all  the  higher 
derivatives  are  zero  as  t  goes  to  infinity,  it  is  apparent  that  f (t)  can 
be  approximated  for  laige  values  of  t  by 


f(t)  «  -f-  t 


’  (2-33) 


In  addition  to  giving  the  type  of  particular  answers v illustrated 
above,  the  initial  and  final  value  theorems  may  be  regarded  as  a  basis 
for  establishing  the  intuitive  feeling  that  the  steady-state  time  response 
is  determined  largely  by  the  behavior  of  F(s)  at  small  values  of  the 
complex  frequency,  s,  and  that  the  time  response  at  small  values  of  time 
depends  largely  on  F(n)  at  large  values  of  s.  This  is  often  a  helpful 
concept  (although  the  restrictions  of  the  two  underlying  theorems  should 
be  kept  thoroughly  in  mind  whenever  it  is  uBed). 

As  a  case  in  point  consider  a  distinction  between  the  so-called  Bode 
and  root  locus  gains.  A  response  transform,  or  some  one  of  its  deriva¬ 
tives  or  integrals  if  more  than  one  power  of  free  s  is  present,  may  be 
written  either  as 


( sn  +  a-|  sn  ^  +  •  •  •  +  an^  s  +  an) 
m+n  .  m+n-1  ,  ,  .  „  ,  v  \ 

s(b  +  bi  8  +  +  Vn-1s  +bm+n) 


(2-34) 


or  as 


\an  an 


+  •  •  •  +  ■  r  ~  s  + 


_/ sm+n  ,  bl  _m+n-1  ,  .  bn-ta-' 

Sir -  +  r -  S  +  •  •  •  +  -r - 

\Dm+n  °m+n  Dm+n 


bm+n  / 


(2-33) 
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As  introduced  by  Eq.  2-10,  et  seq.,  the  first  style  (Eq.  2-34)  is  in  the 
root-locus  form,  with  a  root  locus  gain,  Ky  the  second  (Eq.  2-35)  is  in 
Bode  form,  with  a  Bode  gain,  K.  Assuming  that  the  final  value  theorem 
is  applicable,  it  is  easy  to  see  that  the  Bede  gain  is  the  final  value, 
i  •  e  • , 

y(t)  =  lim  [sY(sj]  =  K  (2-36) 

s-*-0 

The  root  locus  gain,  on  the  other  hand,  is  connected  with  the  initial 
response.  It  is,  in  fact,,  the  first  nonzero  derivative  at  t=0,  i.e.. 


dtm 


t— *-0 


-  lim  s 

g-— 


[•■*(»)] 


(2-37) 


Steady-State  Response  Calculations  by  a  Maclaurin  Series.  In  the 

first  article  of  this  section  a  Maclaurin  series  having  time  as  the 
variable  was  used  to  develop  an  expression  for  the  initial  response  of 
a  system.  In  this  article  a’  Maclaurin  series  will  again  be  used,  but  in 
the  transform  domain  and  to  evolve  an  approximation  to  the  steady- state 
response.  As  a  result  of  the  two  developments,  approximate  expressions 
for  both  the  initial  and  final  phases  of  response  can  be  obtained 
directly  from  the  polynomial  ratio  f orm* of  F(s)  without  factoring.. 

As  shown  in  previous  parts  of  this  chapter,  the  output  of  an  element 
when  excited  by  some  input  is  given  by 


*(s)  -  Kf}x(s) 


W(s)X(s) 


(2-38) 


where  Y(s)  is  the  transform  of  the  output  response,  X(s)  that  of  the 
inputs  and  W(s)  »  K(s)/d(s)  is  a  ratio  of  polynomials  in  s  containing  all 
the  system  characteristics.  If  W(s)  is  expanded  in  a  Maclaurin  series 
in  s,  the  series  will  converge  for  small  values  of  s. 
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W(s)  *  V(0)  +  -s^l 


s£  d%(B) 


B  —  0  21  ds2  s  —  0 

Cq  +  Cj  s  +  C2s2  + 


+  ...  » jggw(sl  +  ... 

ni  dsn 


+  Cn6n 


where 


“m 


•  i9t  • 


•f.  •  •  • 

(2-39) 


Multiplying, the  series  by  X(s)  to  give  the  output  transform,  Y(s),  one 
obtains 

Y(s)  =  CqX(s)  +  CjSX(s)  +  C2b2X(s)  +  ...  +  (^[(b)  +  •••  (2-40) 

This  expression  is  vafld  in  the  region  near  s=  0,  where  the  series  is 
convergent.  Recognizing  that 


.fem 


dt* 


n-1. 


=  s^s)  -  sn“1x(0+)  -  sn“2x(0+)  -  -  ^Zf(0+) 

ut 


the  series  for  the  output  transform  reduces  to 

X(b)  =  Co£[x'(t)]  +  C1£[x(t)}'-+  C2(£[x(t)]  +  “•  +  Cn£ 

+  *  +' |  x(0+)  jcj  +  C2s  + 

+  |  x(0+)  [C2  +  Cjs  +  •  •  •]  |  +  • 


d“x 


dxn 


(2-41 ) 


.If  an  infinity  of  higher  order  impulse  functions  (which  occur  at  t  *  0 
and  hence  have  no  effect  on  large  t)  are  ignored,  the  inverse  transform 
is  given  by 


y(t)  =  W(0)x(t)  +  W(0)x(t)  +lw"(0)x(t)  +  •••  +^jw{n,(0)^H  + 

*=  C(jx(t)  +  C^xfa)  +  C2x(t)  +  ..*  + 

dt 

(2-42) 

where  the.  primes  denote  differentiation  with  respect  to  s.  This  series 
is  valid  only  at  those  times  corresponding  to  s  0,  i.e.,  in  the 
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neighborhood  governed  by  the  final  value  theorem,  and;  ail  of  the 
restrictions  of  the  theorem  apply.  As  a  practical  matter  the  series  is 
suitable  to  define  the  steady-state  components  of  a  system  response, 
presuming  either  that  the  transients  have  died  away  or  that  they  have 
been  otherwise  removed. 

The  Cja's  shall  be  called  general  output  response .coefficients.  In 
the  special  case  where  x(t)  is  the  system  command  input  and  y(t)  is  the 

system  error,  these  coefficients  are  the  well-known  error  coefficients 

*  \ 

of  conventional  servo  analysis. 

As  might  be  expected,  the  result  given  by  Eq.  2-42  is  the  forced 
solution  for  a  system  subjected  to  a  power  series  input.  The  transient 
component  of  the  solution  is  not  obtained,  although  all  the  output  terms 
having  time  variations  identical  with  those  of  the  power  series  input  are 
given  by  the  relation.  Because  power  series-  are  handy  devices  to  describe 
such  things  as  idealized  command  signals  derived  from  empirical  data, 
average  effects  of  random  functions  which  have  stationary  characteristics 
about  a  time-varying  mean,  etc.,  the  response  series  has  many  uses. 

To  complete  the  discussion  of  the  response  series  the  first  few 
output  response  coefficients  will  be  developed  for  a  general  system. 

For  this  purpose  let  W(s)  have  the  form 


W(s). 


bQ  +  b-j  s  +  b2S^  +  •••  +  bjjSn 


=n 


*  *  sq  +  a-|S  +  a2S&  •!•  •••  +  ans* 

b0  +  b1s.t  b2s2  +  ‘  *■-  +  bns11 


a  / 


>[’  +4( 


a-|  +  a2s  *+  a^  +  •  •  • 


+  an8”"1)  ] 


(2-45) 


For  most  input-output  combinations  the  order  of  the  numerator  will  be 
less  than  that  of  the  denominator;,  so  bn  and  perhaps  other  bp's  will  be 
zero.  In  Eq.  2-45  the  numerator  is  allowed  to  be  the  same  order  as  the 
denominator  to  include  such  Important  cases  as  input-error- closed-loop 
response  functions. 

Perhaps  the  simplest  way  to  generate  the  required  Maclaurin  series 
for  functions  like  those  of  Eq.  2r45  is  to  simply  divide  the  denominator 
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into  the  numerator.,  because  the  denominator  is  of  the  form  [l  +  z(s)] , 
this  can  be  readily  accomplished  by  expanding  [l  +  z(s)]  ^  as 
1  —  z(s)  +  z2(s)  -  and  then  multiplying  by  the  numerator  polynomial. 


Proceeding  in  this  way, 


w(s)  =  5^(b0  +  b1 8  +  b2*2  +  •  •  •  +  bnsj  |l  -  +  a2s  +  •  •  •  +  anBn_1) 

+  (iff  (a1  +  a2s  +  *  *  *  +  an «n”1)2“  (s^f  (a1  +  a2s  +  *  •  ‘  +  ansn_1  )5+  •  •  •  j 

V/'"'  . 

i  /  o  \(  ai  Tyai\2  a2  o 

-  ^o+v+V a+  — +V)(,-5JS+'[(S5)-S5j6‘! 

f/^5  fejag  ajl  5  j 

1 W  4  a°J  j 

(r/a.O  2aiap  a»l  [/a i\2  a2l  ai  )  * 

-  1114)  --^S+5ojbo-P  -4jVr>2-»5}^  -  - 

(2-44) 

Putting  this  result  in  a  somewhat  different  form,  which  is  often  easier 
to  work  with, 


bo  Pobi-aibo  [agb2 - a2bo  /aObT"albo\ 

s  +  —  .  I 

a0  a0  '  a0  ' 

| a0b3 ~ G3b0  aOb1"albof/a1  \2  a2|  _  a0b 

+ "~T”N  *- 4*" 


fl  s2 
a0 


ib2  “  a2b0  a1  . 

-  -S->  +  ... 


-  c0  +  0,6  +  CgS2  +  C + 


(2-45) 


The  dependence  of  successive  output  response  cofficients  upon  preceding 
coefficients  can  be  deduced  by  properly  associating  various  combinations 
of  terms  in  Eq.  2-45,  viz: 


* 

l 


Co 

Cl 

c2 

C3 


50 

a0 

br  a1 

55  "  4co 

bp  a2  al 

So  -  io  -  i5  °| 

b*  a*  a2  a-j 

a0  ”  Sq  C°  *"  So  Cl  ~  Sq  C2 


(2-46) 


This  form,  vhich  is  readily  extended  by  inspection,  provides  a  convenient 
algorithm  for  the  computation  of  output  response  coefficients  in  a 
sequential  fashion. 

2.5  PARTIAL  FRACTION  COEFFICIENT  RATIOS 

Higher  order  equations  come  about  through  multidegree-of -freedom 
systems .  In  many  cases  the  responses  of  more  than  one  degree  of  freedom 
are  desired.  These  can  be  found  using  the  technique  already  described, 
i.e.,  decompose  the  response  transforms  for  each  degree  of  freedom  into 
partial  fraction  expansions,  then  inverse  transform  term  by  term.  With 
this  procedure  the  labor  is  increased  in  proportion  to  the  number  of 
degrees  of  freedom  for  which  information  is  desired. 

A  far  more  efficient  way  to  determine  responses  for  the  several 
degrees  of  freedom  starts  with  the  original  equations  of  motion  for  the 
system.  In  these  the  degrees  of  freedom  are  dependent  variables  in  a 
set  of  simultaneous  constant- coefficient  differential  equations.  Trans¬ 
formation  of  the  simultaneous  differential  equations  simplifies  them  to 
a  set  of  linear  algebraic  equations.  At  this  point,  determinants  or  any 
equivalent  method  such  as  the  elimination  of  variables  between  equations 
can  be  applied  to  find  the  transform  of  each  dependent  variable.  In  the 
technique  to  be  described  the  partial  fraction  coefficients  are  determined 
for  one  degree  of  freedom.  For  all  the  other  degrees  of  freedom,  ratios 
of  partial  fraction  coefficients  are  obtained  from  the  transformed  equa¬ 
tions  of  motion.  The  partial  fraction  coefficient  ratios  can  then  be 
used  with  the  partial  fraction  coefficients  for  the  first  degree  of 
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freedom  to  determine  the  coefficients  appropriate  to  the  other  degrees 
of  freedom. 

The  procedure  outlined  above  is  best  understood  with  the  aid  of  an 
illustration.  Consider  the  following  set  of  three  simultaneous  equations: 


air(s)X(s) 

+  al2(s)Y(s) 

+  a13(s)Z(s) 

=  b^sJS^s) 

(2-47) 

a21(s)x(s) 

+  a22(s)Y(s) 

+  a25(s)Z(s) 

-  t>2(s)&2(s) 

(2-48) 

a51 (s)X(s) 

+  a52(s)Y(s) 

+  a53(s)Z(s) 

=  b3(s)63(s) 

(2-49) 

Here,  x(t) ,  y(t),  and  z(t)  are  the  dependent  variables,  the  B's  are  the 
input  forcing  functions,  and  the  equations  are  in  the  transformed  state 
so  that  the  coefficients  a^j(s)  are  polynomials  in  s.  Equations  2-47 
and  2-49  are  simple  linear  equations  and  can  be  solved  by  determinants 
or  an  equivalent  procedure.  X(s)  becomes: 

b151  al2  a15 

b262  *22  a23 

b353  ajg.  a55 

Mb)~ 


(2-51) 


(2-52) 


and  similarly,  Y(s)  and  Z(s)  are  given  by: 


a11 

b161 

a13 

a21 

b2&2 

a23 

a3l 

b5B3 

a35 

Ny(s) 

A(s) 

A(s) 

a11  al2  bls1 

a2l  a22  b252 

a31  a32  b3B3  Nz(s) 

Z(s)  - - = - 

A(s)  -  A(s) 
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where 


A(s) 


a11 

a1 2 

al3 

a2l 

a22 

a23 

a3i 

a32 

a33 

The  denominator,.  A(s),  is  the  characteristic  function  of  the  system.  When 
it  is  equated  to  zero  to  make  the  characteristic  equation  A(s)  «  0,  the 
separate  factors  yield  the  roots,  s  =  -q^,  which  determine  the  nature  of 
the  individual  exponential  motions  or  modes  of  motion.  These  equations  can 
be  solved  for  x(t),  y(t),  and  " 't)  by  performing  the  following  conventional 
steps : 


Expand  the  determinant,  A(c)  and  find  its  roots.  These 
roots,  and  the  poles  introduced  by  6f(s),  are  the  poles 
shared  by  X(s),  Y(s) ,  and  Z(s).  In  the  illustrative 
case  the  poles  will  be  denoted  by  subscripts  1,2,3, ...n. 

*A(s  +  q-,)  (s  +  Os)  (s  +  4j)  •  •  •  (6  +  qn)  =  a(s)  «=  0 

or  A  (~q-j )  =  A(-qg)  *  A(-qj)  «=  A(-qn)  =  0 

Expand  X(s),  Y(s),  and  Z(s)  as  partial  fractions,  and 
find  the  partial  fraction  coefficients  as  shown  in  the 
last  section.  Examples  of  this  for  X(s)  and  Y(s)  are 
given  below.  The  expressions  for,  X(s)  and  Y(s)  are 
continued  to  allow  for  poles  of  6v(s)>  &2(s)>  and  5j(s), 
which  are  left  as  arbitrary  functions. 

+ 

I(e)  *  rr^  + 


X2  + 

xn 

6  +  qg 

3  +  qn 

y£  + 

s  +  qg 

B  +qn 

As  the  final  step,  perform  the  inverse  transforjnation  term 
term  by  tern  by  utilizing  Table  2-2, 


XV  ) 

- 

+  Xge~^2^  +  ... 

+  x^e^n1  + 

y(t) 

-  y-je-4!* 

+  yge  ^2^  +  ... 

+  yne_<lnt  + 

In  the  above  procedure  the  partial  fraction  coefficients  xjj,  y^, 
for  each  dependent  variable  are  found  separately.  These  coefficients 


will,  of  course,  be  partially  determined  by  the  particular  type  of  input, 
requiring  some  recalculation  if  the  forms  of  the  inputs  are  clianged. 

The  simplification  promised  at  the  outset  of  thi6  section  is  made 
by  finding  the  ratios  of  the  partial  fraction  coefficients  which  describe 
a  particular  mode,  i.e.,  the  component  of  each  dependent  variable  char¬ 
acterized  by  a  particular  root  of  A(s)  =  0.  These  ratios,  say  yp/x-j  or 
zk/xk,  are  independent  of  the  input  B's,  and  can  therefore  be  found  in 
general  terms. 


To  illustrate  the  lack  of  dependence  on  input,  consider 
the  ratio  of  xk  to  yk.  For  the  mode  characterized  by  the 
roots  sk. 


Nxfs), 

■S£T(st5“?L 


s  =  -qk 


(2-55) 


Dividing  xk  by  yk, 


(2-54) 


For  a  set  of  arbitrary  input  B's,  say  51 ,  Bg,  and  by  the 
Nx(s)/Ny(s).  ratio  becomes 


Nx(s)  ^  b^iAip  -  bgBgAgj  +  bjB^Ay, 

Ny(s)  —b'jB^Ajg  +  bgBgAgg  —  b^B^jg 

where  the  are  the  minors  of  the  determinant  A(s).  A^, 
for  example, "is  obtained  from  A(s)  by  crossing  out  the  row 
and  the  column  in  which  a^  appears.  For  another  set  of 
arbitrary  inputs,  6a,  B^,  and  Bc,  the  ratio  becomes 


b1  &a^1 1  ~  b26h^g1  *  b^pA^i 

-b^^Ajg  +  bg8bAgg  -  bjBjjA^g 

The  various  B's  are  arbitrary,  so  '[Nx(s)/%(s)]i  .2,3 
is  not  equal  to  [Nx(s)/%(  s)]a  b  e  *n  General.  However, 
the  ratio  may  conceivably  be  e4uil  for  some  values  of  s. 
to  find  these  particular  values,  the  two  equations  are  set 
equal  to  one  another.  Then, 


Hx(s) 

NyTsf 


bjbaAii  -b2SbAg1  tb^ScAy  _  b^A)  ^  -bgBg^  ■tbjBgAgi  (2-y?) 
-b1  BaA|  g  +  bgBbAgg  -  b^BcA32  A,  g  +  bgBg^g  -bjB^g 
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Multiplying  the  means  by  the  extremes,  and  combining  some  terms. 


1*l1te(Al1^22  “  ^2^21)  (52Ba  “  hh) 

+  “  ^12^51)  (Me  -  B3Ba) 

+  !>2b3(A3l422  ~  ^21^32) (Me i~  Mb)  ~  0  (2_58) 

Now  the  difference  in  products  of  the  minors  can  be  identified 
as 

^1^22  ~  ^2^1  =  a33A^s) 

Aj  1 A52  “  Aj 2^31  =  -a2jA(s) 

^22^31  “  ^1^32  s  aijA(B) 
so  that  equation  (2-58)  becomes 

A(s)[a35b1b2(B25a  ~  Mb)  “  a23bib3(Mc  “  B3Ba) 

+  3b2b3  (s2bc  “  B38b)']  “  0  (2“59) 

or  A(s)  «  0 


Since  A(s)  iG  and  can  be  zero  only  at  the  roots  s  =  ~q  ,  ^q2, 

“93>  ~9n>  the  xk/yk  =  fNx(8)/Ny(s)] s =  ~qv  is' inde¬ 
pendent  of  the  input  6's.  x 


Because  of  this  lack  of  dependence  on  inputs,  the  various  ratios 
yk/xk  and  z^/x^  can  be  computed  for  any  input.  Ordinarily  the  simplest 
results  are  obtained  when  all  the  5’s  but  one  are  set  equal  to  zero. 
Thus,  the  modal  response  ratio  y^/x^  can  be  found  from  any  of  the  ratios 
of  minors  given  below  evaluated  at  s=  ~q^ : 


BBik 


(2-60) 


The  mode  of  motion  corresponding  to  q^,  will  be  represented  in  the  several 
degrees  of  freedom  by  the  terms 


xke“qk 

in 

x(t) 

(yu/xk)xke~qkt 

in 

y(t) 

(2-61) 

(zk/xi.)xke''qkt 

in 

z(t) 
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where  is  presumed  to  he  the  partial  fraction  coefficient  which  is 
individually  computed  for  the  particular  input  of  interest.  The  total 
responses  are  obtained  by  summing  the  responses  for  the  several  modes, 
e.g.,  for  y(t) 


y(t) 


/ 

yi\  *-<11*  A  n 

r2\  “22*  .  ,  (2 

rA 

■  ( 

xthe  V 

<2/  2  V 

(2-62) 


Modal  response  ratios  are,  in  general,  complex  quantities  and  can  be 
considered  as  plane  vectors.  When  the  components  for  any  one  mode  are 
Inserted  into  the  equations  of  motion,  each  term  in  the  equations  becomes, 
in  general,  complex  and  can  also  be  treated  as  a  plane  vector.  Thus,  when 
the  components  from  Eq.  2-6l  are  inserted  into  the  homogeneous  form  of 
Eq.  2-47  there  results 


0 


(2-65) 


Interpreted  graphically  as  a  vector  diagram,  Eq.  2-65  amounts  in  general 
to  a  closed  polygon.  This  provides  a  convenient  check  on  the  calculation 
of  modal  response  ratios.  As  will  appear  later,  both  the  modal  response 
ratios  and  the  vector  polygons  play  a  central  role  in  the  description  and 
physical  interpretation  of  vehicle  motion  characteristics. 


2.6  WEIGHTING  mOIIQN  AND  MODAL  RESPONSE  COEFFICIENTS 


The  preceding  sections  have  reviewed  techniques  for  finding  the 
transient  response  of  an  element  when  it  is  subjected  to  general  types  of 
analytical  input  functions.  Definition  of  such  transient  responses  for 
all  system-dependent  variables,  together  with  the  input  functions  which 
cause  them,  is  one  reasonable  way  to  characterize  the  system.  It  has 
great  virtue  as  a  direct  prediction  of  expected  system  behavior  when  the 
inputs  used  are  representative  of  those  to  which  the  system  will  be 
subjected  in  practice. 

On  the  other  hand,  the  calculation  of  a  catalog  of  input-response 
pairs  can  be  a  lot  of  trouble,  and  can  sometimes  tend  to  overcomplicate 
the  physical  picture.  For  instance,  when  the  input  is  complex  the  part 
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■‘Jf  of  the  response  dominated  by  the  system  characteristics  is  usually 

*V 

difficult  to  separate  from  that  part  which  depends  primarily  on  the  input. 
To  alleviate  the  labor  and  to  circumvent  potential  confusion,  another  way 
is  needed  to  characterize  the  transient  response.  Two  special  transient 
responses  to  simple  input  forms  are  commonly  used  for  this  purpose.  One 
is  the  weighting  function,  or  system  response  to  a  unit  impulse^  and  the 
other  is  its  integral,  the  indicial  response  or  indicia!  admittance, 
which  is  the  system  response  to  a  unit  step  function.  Because  the  inputs 
in  both  cases  are  simple,  these  standard  responses  exhibit  the  character¬ 
istic  inodes  of  the  System  in  the  simplest  ways  possible  without  contami¬ 
nation  due  to  complex  input  shapes.  Also,  with  the  weighting  function 
or  indicial  response  known,  the  time  response,  y(t),  of  the  system  to  any 
input,  x(t),  is  readily  found  by  the  use  of  superposition.  For  the  weight¬ 
ing  function  the  convolution  integral  is  used,  i.e., 

it 

y(t)  *  I  w(t“T)x(x)  dr  ,  t.J>,0 
J0 

A  modified  form  of  tMs  integral,  called  Duhamel's  integral,  is  appropriate 
'  •*''  when  the  indicial  response,  l(t),  is  available, 

y(t)  .  x(o+)i(t)  I(t-t)  g(T)  dt  (2-64) 

As  a  consequence  of  these  equations,  all  response  calculations  can  be 
carried  out  directly  in  the  time  domain  if  desired.* 

More  often  than  not  the  weighting  functions  or  indicial  responses 
are  used  as  ends  in  themselves  to  exhibit  in  a  standard  way  the  transient 
characteristics  of  the  system,  and  not  as  intermediaries  in  response 
calculations  using  the  convolution  or  Duhamel  integral.  The  latter 


*There  are  convenient  algorithms  for  numerical  convolution  when  this 
may  be  required.  See,  for  example, 

J.  G.  Truxal,.  Automatic  Feedback  Control  System  Synthesis,  McGraw- 
Hill  Book  Co.,  Inc.,  Hew  York,  1955,  pp.  65-71- 

A.  Tustin,  "A  Method  of  Analyzing  the  Behavior  of  Linear  Systems  in 
Terms  of  Time  Series,"  J.  IEEE,  Ft.  Ila,  Vol.  94,  1 9^7,  pp.  152-160. 
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procedure  is  seldom  followed  because  transient  responses  will  usually  be 
more  easily  obtained  by  working  in  the  transform  domain,  i.e.,  by  trans¬ 
forming  the  convolution  to  the  algebraic  equation 

Y(s)  =  W(s)x(s)  (2-65) 


expanding  into  partial  fractions,  and  inverting  to  the  time  domain.  There 
are  cases,  too,  where  one  finds  a  convolution  integral  itself  of  value. 
These  applications  include  situations  where: 

•  It  is  easier  to  integrate  directly  than  to  go  through  the 
other  transformation  processes 

•  Bie  input  function  or  weighting  function  does  not  possess 
a  rational  Iaplace  transform 

•  The  input  function  or  weighting  function  is  so  complex 
that  taking  its  Laplace  transform  is  Impractical 

•  The  input  function  or  weighting  function  is  known  only 
graphically  or  experimentally 

Thus  the  use  of  the  convolution  approach  is  often  a  practical  necessity. 

Like  other  transient  responses,  the  impulse  response  or  weighting 
function  will  have  a  transform  which  can  be  resolved  into  partial  frac¬ 
tions.  In  this  case  the  partial- fraction  coefficients  are  called  modal 
response  coefficients  and  are  accorded  a  special  symbol,  fy.  Thus  the 
transformed  weighting  function  will  be 


W(s) 


y  Qi 

h  8  + 


where  the  roots  are  those  of  the  system’s  characteristic  equation 
A(s)  =  0.  Upon  Inverse  transforming,  the  weighting  function  becomes 


v(t)  =  £  0ie~9i 

i=1  <  • 

Splitting  W('s)  into  partial  fractions  is  equivalent  to  replacing  the 
(m  +  n)th-ordcr  differential  equation  for  w(t)  by  m+n  first-order 
differential  equations  of  the  form 
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•  * 

*i(t)  +  qiWi(t)  =:  Qi5(t)  ,  i  -  1,  2,  ••• ,  m  +  n 

where  v±(0)  =  0  and  the  total  weighting  function  is 

w(t)  »  W'j (t)  +w2(t)  +  •••  +  wi(t) ’+  •  ‘ '  wm+n(t) 

Thus  the  total  weighting  function  is  equivalent  to  the  summed  responses 
of  m+n  first-order  systems  excited  by  an  impulse  input,  as  shown  in 
Pig.  2-3.  The  modal  response  coefficients  can  also  be  thought  of  as 
initial  conditions  on  unity-gain  elemental  systems  (the  Qj/s  in  Pig.  2-3 
replaced  by  1 ’s)  which,  with  no  other  excitation  (no  impulse  input  to  the 
system),  results  in  a  system  output  equal  to  the  weighting  function.  Por 
this  interpretation  the  elemental  differential  equations  would  be 

wA(t)  +  qiW^(t)  =  0  ,  i  =  1,  2,  m  +  n  '  (2-66) 

where  w^(0)  Qj_ 

The  output  response  coefficients  developed  in  Section  2.4  can  be 
interpreted  as  time-weighted  moments  of  the  weighting  function.  The 
Iaplace  transform  of  the  nth  time  moment,  tny(t),  of  the  output  y(t)  is 


£[t>(t>]  =  (-nn^ 

so  the  transform  of  the  integral  of  tny(t)  will  be 


dT] 


8  dsn' 


(2-6?) 


(2-68) 


Under  conditions  where  the  final  value  theorem  will  apply,  i.e.,  where 

lim  f  xny(T)  dr  exists, 
t-*r«  *X) 

Ilia  xny(t)  dr  =  lira  s  ■— =  (-1  )n 

t-*-co  •  s-*-0  8  dsn  dsn 


H) 


n 


dn 


ds1 


n 


W(s)X(s) 


(2-69) 
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Fig.  2-5.  Elemental  First-Order  Systems 
Corresponding  to  Component's  of  the  Weighting  Function 


v* 


If  the  input,  x(t),  is  taken  to  be  a  unit  impulse,  then  X(s)  =  1  and  the: 
output,  y(t),  will  be  the  system  . weighting  function,  When  these  condi¬ 
tions  are  inserted  into  Eq.  2-69,  the  result  becomes 


£  AW  ar  = 


(2VfO) 


0  I  Js-*-0 

Using  Eq.  2-39,  the  output  response  coefficients  Cq  can  be  identified  as 


C*  - 


_1_  d^s) 
nJ  dj.n 


n 


fn  r 

•'n 


dr 


(2-71) 


This  relationship  between  output  response  coefficients  and  the  time 
moments  of  the  weighting  function  is  helpful  for  physical  interpretation 
and  also  provides  the  basis 'for  simple  measurement  of  the  response  coef¬ 
ficients  using  computer  techniques. 

Other  useful  connections  between  the  output  response  coefficients 
and  weighting  function  parameters  are  relationships  involving  the  modal 
response  coefficients,  It  can  be  shown*  that 


C0 


w  »i 

m+n 

“  £  ”2 
i=i 

m+n 

S  4 


(2-72) 


Cv  -  - 


% 


l+k 


*T 


D.  T.  McRuer  and  R,  L.  Stapleford,  Sensitivity  and  Modal  Response  for 
Single-Loop  and  Multiloop  Systems,  ASD-TDR-62-812^  Jan.  1965,  pp.  19-21. 
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2.7  TIKE  VECTOR  REPRESENTATIONS  FOR  TIE  WEIGHTING  FUNCTION 

The  weighting  function  is  most  conventionally  shown  as  a  time  history. 
This  gives  a  general  view  of  system  response  characteristics  and  is  often 
all  that  is  required  on  low  older  systems.  For  higher  order  systems, 
however,  many  modes  make  up'-  the  composite  motions,  come  more  dominant  than 
others.1  Also,  a  giyen  mode  is,  in  general,  reflected  with  different  scales 
into  each  of  the  several  degrees  of  freedom.  For  these  reasons  attention 
must  be  focused  on  the  jncdal  components  of  the  system  weighting  functions 
if  a  complete  physical  picture  is  to,  be  obtained .  This  is  accomplished  by 
application  of  the  principles  already  described  in  the  discussion  of  modal 
response  ratios  as  enhanced  by  the  use  of  a  graphical  interpretation  using 
the  time  vectors . 

The  method  of  time  vectors  is  based  on  the  concept  of  rotating  vectors 
to  represent  component  or  total  motion  quantities.  It  ip  particularly 
useful  in  representing  the  amplitude  and  phasing  relationships  between  such 
quantities  in  oscillatory  motion.  The  concepts  of  time  vectors  stem  from 
harmonic  motion  analysis  and  alternating  current  theory,  with  minor  modi¬ 
fications  to  handle  time-variable  amplitudes.*  The  basic  ideas  are  readily 
grasped  with  the  aid  cf  simple  examples,  so  this  procedure  will  be  adopted 
here. 

Consider  the  second-order  system-described  by  the  differential  equation 

*3  +  at  +  -  “nVl  -  C8  *  to  (£-73) 

at  r 

If  the  desired  response,  x,  is  to  be  the  weighting  function,  w(t),  then  the 
forcing  function,-! (t) ,  is  replaced' by  the  unit  impulse,  6(t),  and  Eq.  2-75 

*R.  K.  Mueller,  "A  Graphical  Solution  of  Stability  Problems,"  Jour. 
Aeron.  Sc.,  June  1957? 

M.  F.  Gardner  and  J.  L.  Barnes,  Transients  in  linear  Systems,  John 
Wiley  and  Sons,  Inc.,  New  York,  1942  pp.  174"ff. 

K.  II.  Doetcch,  The  Time  Vector  Method  for  Stability  Investigations, 

ARC  R  and  M  29Ji5,  1957. 

W.  0.  Breuhaus,  Resume  of  the  Ti-ins  Vector  Method  as  a  Means  for 
Analyzing  Aircraft  Stability , ’WAiTc-TR-52-299,  Nov.  1952. 
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becomes 


+  2£%  S  +  «§*  =  %Vl  -  i2  &(t) 


(2-7^) 


The  right  side  of  this  equation  is  zero  for  t  >  0,  and  most  of  our  inter¬ 
est  will  be  centex’ed  on  the  solutions  in  this  region.  When  Laplace 
transformed,  Eq.  2-jk  becomes 

W(s)  =  — - 

s2  +  2£o^s  +  a|j 


m  i  —  1 1  i  in.  -  ■  ■■  «■  "  ■  ■  gy  «J*  »  .  -i  ■■■  ■■  .....i  .  ■  ,»  ...  .  - 

s  +  (c%  -  J%Vi-52)  B  +  (&%  +  V1  -  s2 ) 


(2-75) 


where  x-j  =  1  /2j  and  xg  =  -1  /2  j .  The  inverse  transform  can  be  written 
either  as  a  real  function  or  as  a  sum  of  the  two  modes  involved  repre¬ 
sented  as  complex  numbers.  Both  forms  are  useful  for  time  vector  con¬ 
siderations;  each  one  is  given  below. 


w(t)  »  e  sin  <on\^1  -  £2  t  ,  t  >  0 


(2-76) 


w(t)  u  Wj (t)  +  Wg(t) 

.  x,<rf«>nte  J%\/rrFt+X£e-5!»nte-Ja.nvC?t  (  ti0  (2.77) 


+  xge 


The  two  complex  modes  in  Eq.  2-77  when  combined  become  the  damped  real 
oscillation  of  Eq.  2-76.  Either  mode  can  be  used  to  represent  the  real 
weighting  function  by  considering  only  their  real  parts.,., i.e., 

w(t)  =  2  Re  w^ (t)  =  2  Re  vg(t)  (2-78) 

To  remove  the  t  >  0  restriction  on  the  weighting  function  given  as 
Eq.  2-76,  the  form  there  can  be  multiplied  by  the  unit  step  function, 
u(t).  This  makes  w(t)  zero  for  t  <  0  and  equal  to  the  damped  oscillation 
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thereafter.  This  will  be  of  no  consequence  for  the  time  vector 
representation,  although  it  is  required  in  order  that  w(t)  satisfy  Eq.  2-74. 
Using  this  form,  the  weighting  function  and  its  first  and  second  deriva- 


tives  become 

v(t)  =  [•e*-£ato‘fc  sin  (a>n\/l  -  t)]u(t) 

(2-79) 

w(t)  =  sin  (cDr,Vl  -  £2  t  +  ~  +  o)]u(t) 

(2-80) 

w(t)  -  |a)2e  ^a>n'fc  sin  ~£2  +  K  +  2e))ju(t)  +  a^^T- 

^  6(t)  (2-81) 

where  0,  the  so-called  damping  angle,  is  given  by  the  equivalent  exp res- 

sions 

0  »  sin"1  £ 

-  cos”"1  ^1  - 

(2-82) 

~  tan  1  - ** - 

■i  i 


Insertion  of  Eqs.  2-79  through  .2-81  into  the  differential  equation 
for  the  weighting  function  identically  satisfies  the  latter..  Without  the 
unit  step  function  multiplier,  the  6  function  term  in  w(t)  (Eq.  2-81) 
would  not  have  arisen  and  Eq.  2-74  would  then  be  satisfied  only  for  t  >  0. 
Now  that  this  point  has  been  made,  we  will  drop  the  awkward  u(t)  multipliers 
and  the  6  function  in  w  and  consider  only  those  times  greater  than  Kero. 


The  first  mode  of  Eq.  2-77  and  its  derivatives  are 

w,(t)  .  x,  c-C<%V®nVl  -  S2  1 

t  £  0 

(2-83) 

v,  (t)  ,  e-t-nte4^VT?  t  +  «/2  +  o]  ( 

t>  0 

(2-84) 

w1  (t)  =:  a>^e-?“nV[“»V'-^t  +  ”+se]  , 

t  >  0 

(2-85) 
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Comparing  these  three  equations  with  their  equivalents  for  the  real 
oscillation  provides  the  basis  for  a  very  useful  and  simple  rule,  to  wit: 
When  any  derivative  of  a  component  of  motion  is  differentiated,  the- 
amplitude  is  multiplied  by  (nn  and  the  phase  angle  is  increased  by  «/2  +  0 
| when  applying  the  rule  to  the  second  mode,  the  phase  angle  would  be  con¬ 
sidered  as  all  of  the  exponent  multiplied  by  — j;  thus,  jt/2  +  0  is  added  ’ 
to  o^Vl  t). 

The  fundamental  concept  of  time  vectors  is  that  either  periodic  or 
aperiodic  motions  can  be  considered* as  generated  by  a  time  vector  rotat¬ 
ing  with  constant  angular  velocity  about  a  fixed  point.  When  the  motion 
is  a  constant-amplitude  oscillation  the  time  vector  is  of  fixed  length, 
whereas  its  length  varies  with  time  for  subsiding  or  diverging  oscilla¬ 
tions  and  aperiodic  motions.  The  generating  motion  of  the  time  vector 
for  the  damped  sinusoidal  weighting  function  is  illustrated  in  Fig.  2-4 
for  a  damping  ratio  of  0.3.  As  the  time  vector  rotates  at  a  constant 
velocity,  <on^/l  its  amplitude  decreases  exponentially,  so  that  the 

trace  of  the  tip  is  a  logarithmic  spiral.  At  any  time,  the  angle  between 
the  tangent  and  the  -normal  to  the  radius  vector  of  the  spiral  is  just  the 
damping  angle,  0. 

The  connection  between  the  generating  vector  and  the  weighting 
function  can  be  appreciated  by  considering  the  projection  of  the  vector 
onto  the  vertical  axis.  At  each  instant  the  projection  is  equal  to  the 
value  of  the  weighting  function  at  that  time.  The  derivatives  of  the 
weighting  function  can  be  considered  in  a  similar  fashion. 

As  illustrated  in  Fig.  2-4,  V  is  displaced  by  rt/2  plus  the  damping 
angle  from  w,  and  t/  is  further  displaced  by  this  same  increment  from  V. 
Also,  the  generating  vectors  are  longer  than  that  for  the  weighting 
function  by  the  factors  o.'n  and  respectively.  If  there  were  no 
damping,  0  would  bo  zero  and  the  system  would  be  a  simple  harmonic 
oscillator  wherein  the  velocity  and  acceleration  are,  respectively,  90° 
and  100°  out  of  phase  with  the  displacement. 

Figure  2-3  reproduces  the  time  vectors  for  the  weighting  function 
and  its  derivatives,  and  also  indicates  the  scaling  of  quantities  in  the 
differential  equation  proportional  to  there  terms.  When  these  individual 
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Time  Histories  and  Their  Generating  Time  Vectors  fora  Second -Order  System 


Polygon  of  Forces  for  Second-Order  Systems 


components  of  the  differential  equation  are  added  together,  they  form  a 
time  vector  diagram  which  represents  in  graphical  fashion  the  equation 
and  its  components.  For  the  second-order  system  this  is  always  an 
isosceles  triangle.  The  vertex  angle  is  equal  to  20,  which  indicates  the 
degree  of  damping  in  the  system.  The  ratio  of  the  altitude  of  the  triangle 
to  an  isosceles  side  is  equal  to  the  cosine  of  0  and  is  therefore  a  measure 
of  the  frequency  of  the  damped  motion,  -  £2,  as  compared  with  that 

of  the  undamped  motion,  The  length  of  each  time  vector  in  the  triangle 
and  thus  the  entire  triangle,  shrinks  at  the  same  rate  as  the  parameters 
of  motion.  The  relative  relationships,  however,  are  unmodified  so  it  is 
usual,  to  consider  the  time  vector  triangle  to  be  frozen  at  a  particular 
instant. 

These  explanations  have  been  carried  out  using  the  real  form  of  the 
weighting  function,  although  the  wi  complex  component  could  have  been  used 
Just  as  well.  For  that  matter,  the  wg  component  can  also  serve,  although 
conventions  would  have  to  be  changed  because  its  direction  of  rotation  is 
opposite  that  assumed  in  the  figures. 

The  illustrative  problem  has  thus  far  been  treated  as  a  one-degree- 
of- freedom  system.  Since  it  is  secondrorder,  however,  it  can  as  well  be 
considered  a  two-degree-of- freedom  system  and  thus  serve  as  the  simplest 
example  of  the  use  of  modal  response  ratios  in  construction  of  time  vector 
diagrams.  A  two-degree-of -freedom- system  having  the  weighting  function 
already  described*  is  given  by 

(s  +  £<%)  x(s)  -  ~  i2  Y(b)  -  0 

, _  (2-86) 

UnV1  “  C2  x(s)  +  (s  +  g<%)  Y(o)  =  F(s) 

The  characteristic  function  is,  of  course,  A  =  s2  +  2£o>ns  +  and  the 
numerators  of  the  X  and  Y  response  transforms  are 

Nx(s)  =  F(s)  C0nVr^2 
Ny(s)  -  F(s)  (s  .+  &a) 


2-»i2 


(2-87) 


The  modal  response  ratios  are  given  by 
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Considering  the  first  mode  only,  the  time  vectors  for  x-j  and  x-j  and  the 
modal  response  ratio,  y-j  /x^ ,  are  shown  in  Fig.  2-6a.  Also  given  there 
are  scaled  quantities  involved  in  the two  equations  of  motion.  The  two 
vector  triangles  shown  in  Figs.  2- 6b  and  2-6c  illustrate  the  time  vector 
diagram  for  the  two  equations  of  motion.  The  point  illustrated  here  over 
and  above  those  described  previously  is  that  the  terms  involving  y  are 
derived  from  xj  or  x-j  by  using  the  modal  response  ratio  y-|  /x; .  Because 
all  variables  have  the  same  phase  angle  (jt/2  +  0)  and  the  same  multiplying 
factor  (a>n)  between  successive  derivatives,  the  ratio  of  two  derivatives 
of  different  components  is  not  affected  by  increasing  or  lowering  the 
order  of  differentiation  simultaneously  for  both  components;  that  is, 
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Thus,  the  modal  response  ratio  y^ /x^  can  be  used  to  obtain  either  y1  or  y^ 
by  multiplying  by  xi  and  x^,  respectively. 

While  the  above  developments  have  used  the  simplest  possible  example 
to  provide  clarity  of  explanation,  the  greatest  benefits  of  the  time  vector 
method  appear  for  higher  order  systems  with  several  degrees  of  freedom.  The 
vector  diagrams  in  these  cases  become  polygons  of  forces  or  moments,  with, 
for  each  mode,  one  polygon  per  equation  of  motion.  Because  of  cross-coupling 
forces  or  moments  linking  the  different  degrees  of  freedom,  these  polygons 
are  generally  more  complicated  than  simple  triangles.  The  graphical  nature 


of  the  polygons,  however,  still  allows  the  ready  visualization  of  key 
physical  relationships.  Thus,  the  diagrams  show  the  relative  amplitudes 
and  phasings  between  the  different  variables  of  oscillatory  motion  modes 
and  provide  a  direct  physical  appreciation  for  the  effects  of  individual 
parameters  on  the  motion. 

\ 

2.8  TRANSFER  FUNCTION  KODEIfi 

The  discussion  of  mathematical  models  to  this  point  has  emphasized 
the  transient  response  performance  of  an  element  when  subjected  to  vari¬ 
ous  inputs.  This  has  been  done  because  the  usual  end  result  of  a  system 
study  is  a  prediction  of  the  physical  performance  of  a  system,  and  tran¬ 
sient  responses  are  as  physical  a  result  as  can  be  attained.  However, 
analytical  models  should  not  be  restricted  to  those  of  the  transient 
response  variety  alone  because  transient  response  models  have  several 
defects.  First,  the  transient  response  to  a  particular  input  is  usually 
dominated  by  one  or  two  modes,  even  though  the  system  may  be  of  higher 
order,  because  of  differences  in  time  and  amplitude  scale  factors  among 
the  several  modes.  Modes  that  might  be  important  in  responses  to  differ¬ 
ent  inputs,  or  that  might  have  pronounced  effects  on  performance  if  system 
parameters  were  slightly  changed,  i.  ,y  be  suppressed  to  a  large  extent. 
Second,  it  is  seldom  easy  tp  combine  directly  the  transient  response 
models  of  several  complex  elements  into  a  single  one  describing  the 
combination  of  the  elements  in  a  system.  Even  to  combine  two  or  more 
series  elements  having  known  weighting  functions  into  an  over-all  weight¬ 
ing  function  using  repeated  convolution  is  an  irksome  computational  task. 
Third,  and  finally,  it  is  sometimes  troublesome,  using  the  convolution 
integral,  to  modify  the  transient  response  model  obtained  for  simple 
inputs  to  one  consistent  with  other  more  complex  inputs.  To  overcome 
these  difficulties  a  different  form  of  mathematical  model  is  desired  which 

•  Defines  the  element  as  an  entity  by  exhibiting  with 
equal  emphasis  all  of  the  element  characteristic  parame¬ 
ters  and/or  modes 

•  Allows  the  models  of  individual  elements  to  be  combined 
simply  into  those  of  the  combination 

•  Can  be  directly  applied  in  the  transform  domain  for  the 
intermediate  stages  of  transient  response  calculations 


The  transform  of  the  weighting  function,  which  is  the  transform  of 
the  output  (with  aii-  initial  conditions'  zero)  divided  by  the  transform 
of  the  input-,  is  a  model  which  fulfills  these  requirements.  This  func¬ 
tion, -has  a  supreme  theoretical  and  practical  importance,  and  again  a 
special  name .  It  is  called  a  transfer  function  of  the  system.  For  the 
general  system  of  Eqs.  2-1  through  2-k  the  transfer  function  will  be 
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Although  the  transfer  function  is  one  step  removed  from  a  transient 
response  model,  it  still  has  a  direct  interpretation  in  transient  response 
terms.  All  the  information  necessary  for  the.  construction  of  weighting 
function  time  responses  or  time  vector  diagrams  is  implicitly  contained 
in  the  transfer' function  in  all  its  forms.  This  information  is  explicit 
in  only  the  third  form  given  above  (Eq.  2-89c) .  The  factored  form 
(Eq.  2-89b)  provides  all  the  time  history  information,  i.e.,  the  system 
characteristic  roots,  -q-p  but  the  modal  response  coefficients  are  one 
step  away.  Finally,  the  first  form  (Eq*  2-89a)  cannot,  in  general,  be 
interpreted  in  time  response  terms  without  additional  operations.  Of 
particular  interest  in  this  connection  is  the  application  of  tests  which 
can  describe  the  general  position  of  the  poles  without  factoring  the 
polynomial.  These  tests  will  be  covered  later  under  the  subject  of 
stability. 

The  transfer  function  contains  only  parameters  which  stein  from  the 
system;  it  does  not  depend  on  the  inputs.  In  this  sense  the  system. as 
an  independent  entity  is  equivalent  to  the  (m  +  n)r  transfer  functions 
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corresponding  to  its  m+n  independent  degrees  of  freedom  when  subjected 
to  r  independent  inputs.  Alternatively,  it  can  be  stated  that  the 
gains  (*c),  zeros  (— zj),  and  poles  (-q^)  of  the  transfer  functions  com¬ 
pletely  define  the  system. 

Because  input  transforms  are  converted  to  output  transforms  by 
multiplication  with  the  appropriate  transfer  functions,  it  is  convenient 
to  characterize  the  input  and  output  of  the  "pattern"  of  Fig.  2-1  by 
their  Iaplace  transforms,  and  to  represent  the  system  by  its  transfer 
functions.  The  "pattern"  of  Fig.  2-1  in  the  case  of  the  example  system 
of  Fig.  2-2  then  becomes  the  block  diagram  of  Fig.  2-J. 


Input 

A 

Output 

<i|  *a 

e±(o) 

®q(e) 

Fig.  2-7.  Block  Diagram  Of 
the  Spring-Mass-Damper  System 


The  ease  of  combining  element  transfer  functions  to  form  the  transfer 
function  of  the  combination  can  be  illustrated  by  considering  two  elements, 
in  series.  If  the  first  has  a  transfer  function 


w,(?)  - 

and  the  second  a  transfer  function 

W  2(s) 


Z(s) 

"  5(B) 


(2-90) 
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then  the  combination  has  a  transfer  function  which  is  the  product  of  the 
individual  transfer  functions 
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Contrast  this  with  the  same  operation  using  the'  time  domain  models.  Since 
the  weighting  function  is  the  inverse  transform  of  -the  transfer  function 
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and 
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then,  by  the  convolution  theorem  of  the  Laplace  transform, 
w(t)  =  v^(t)  *  Wg(t)  -  JT1  v,'-|  (r)w2(t- t)  dT 

=  W2(t)v^  (t- t)  dr 


(2-93) 


Because  convolution  is  ordinarily  much  more  difficult  to  perform  than 
simple  multiplication,  the  transfer  function  is  generally  the  most  con¬ 
venient  form  of  mathematical  model  to  use  for  manipulations  of.  tha.s  type . 

Although  the  transfer  function  is  fundamentally  a  system  descriptor, 
it  does  have  a  physical  interpretation  as  response  components  in  the  out¬ 
put  response  to  the  hypothetical  signal  eB^.  When  such  an  input  is 
applied,  the  differential  equation  of  the  system  takes  the  form 
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Transforming., with  initial  conditions  zero,  this  becomes 


X(s)  « 


K  (sn  +  a-j  su  1  +  • . .  +  a 


,n-l 


n-1 s  +  Gn) 


(sm+n  +  b.,s 


Ci 

Zj  >  — ; + 

i~o  e+<4l 


m+n-1 


+  •-  +  bm+n-1r’  +  bm+n)(s  ~  sl) 


sn  +  a^s3^”-1  +  •••  +  ani.-|S  +  an) 
(smwn  +  bl  gin+n-1  +  . . .  +  s  +  bw.,nj 


Jit  ~  i3-| 


»«>  Cl  H(s,) 

L. - + -  for  s,  i  -qj 

?  -i  s  +  qj  s  —  Si 


3=0 


(2-95) 


2-48 


or,  in  the  time  domain. 


m+n  , ,  . 

x(t)  =:  2  C^e  qi  +  WCs^e^  (2-96) 

i=1 

The  term  in  brackets  in  Eq.  2-95  is  seen  to  be  the  transfer  function 
evaluated  at  s  =  s-j .  In  essence,  this  is  the  partiai.  fraction  coefficient 
for  the  forced  mode  of  the  system,  i.e.-,  that  mode  having  a  time  history 
identical  to  the  input  eS^.  The  summation  represents  the  effect  on  the 
output  of  the  system's  natural  modes  as  excited  by  the  forcing  function. 

It  is  instructive  to  consider  Eq,.  2-96  for  several  special  values 
of  s-j .  First,  if  s-j  is  a  real  number,  either  +a  or  -a,  then  the  forced 
component  in  the  time  response  is  either  W(+c)e'tot  or  W(-a)e  a^.  Here, 
the  amplitude  of  the  forced  component  is  the  transfer  function  for  the 
particular  values  of  s  represented  by  +cr  or  --a. 

More  generally,  s-j  will  be  complex,  as  will  W(sj ) .  In  this  event, 
eB^  ^  is  one  of  the  two  complex  conjugate  components  of  a  damped  sinusoidal 
or  damped  cosinusoidal  wave.  Alternatively,  es1 ^  may  be  considered  as  a 
generating  vector  resulting  in  a  damped  sinusoidal  or  cosinusoidal  time 
history.  In  cither  event,  the  real  response  to,  say,  a  damped  sinusoidal 
input,  e  ^  sin  iOjt  ,  can  be  seen  to  be 

m+n  .  . 

x(t)  =  £  cie*~<li  +  |VJ(si )  |e~0lt  sin  [coyt  +  &  W(si )] 

i=1 


where  s-j  =  -a-|  + 

Here,  the  transfer  function  W(r.j )  appears  as  a  magnitude  and  phase  angle 
in  the  forced  component  of  the  response. 

In  all  of  the  cases  examined  above  the  transfer  function  could,  in 
principle,  be  measured  from  the  responses  to,  various  Z  input  forms 
to  the  extent  that  the  forced  response  can  be  separated  from  the  transients 
represented  by  the  summation .  Ordinarily  this  is  frustratingly  difficult 
or  practically  impossible.  However,  for  stable  or  just  slightly  unstable 


systems  the  reparation  is  readily  accomplished  for  the  special  case  s  -  jo>. 
Then  the  forced  response  is  a  sinusoid  which  is  separated  from  the  total 
response  by  the  simple  expedient  of  waiting  for  the  transients  to  become 
insignificant  for  the  stable  case,  or  by  subtracting  out  the  slightly 
divergent  mode(s)  in  the  unstable  case.  The  motion  component  remaining 
consists  of  a  sinusoidal  oscillation  at  frequency  o>  characterized  by  an 
amplitude  equal  to  the  magnitude  of  the  transfer  function  evaluated  at  jc», 
and  a  phase  angle  relative  to  the  input  given  by  the  angle  of  W(jm).  The 
special  transfer  function  form,  W(jm),  obtained  in  this  nanner  is  called 
the  frequency  response  because  of  its  connection  with  the  system  response 
to  oscillatory  inputs. 

2.9  REPRESENTATIONS.  OP  TRANSFER  FUNCTIONS 

The  transfer  functions  of  systems  or  elements  can  be  represented  in 
several  useful  ways.  Among  the  more  prominent  of  these  are  the  algebraic 
representation,  the  pole-zero  plot,  and  several  varieties  of  the  Bode 
diagram.*  These  all  explicitly  reflect  part  or  all.  of  the  system’s  pole 
and  zero  characteristics.  Other  possible  representations,  such  as  the 
polar  plot  of  the  frequency  response  function,  implicitly  contain  the 
same  information,  but  pole  and-  zero  data  are  more  difficult  to  dissect 
from  the  total  representation.  Because  our  emphasis  is  on  traiisfer' func¬ 
tion  representations  which  maximize  the  easily  extractable  information, 
such  forms  will  not  be  considered  here. 

The  transfer  functions  of  concern  are,  as  we  have  seen,  ordinarily 
ratios  of  rational  polynomials  in  which  the  denominator  is  of  a  higher 
degree  than  the  numerator.  When  the  polynomials  are  factored,  they  may 
be  vritten  in  the  alternative  forms: 

*H.  V/.  Bode,  Network  Analysis  and  Feedback  Amplifier  Design,  D.  Van' 
Nostrand  Co.,  Inc.,  New  York,  1 9^5 • 

N.  L.  Kusters  and  W.  J.  M.  Moore,  "A  Generalization  of  the  Frequency 
Response  Method  for  the  Study  of  Feedback  Control.  Systems,"  Automatic  and 
Manual  Control,  Butterworths  Scientific  Publications,  London,  193*2. 

D.  T.  McRuer,  Unified  Analysis  of  linear  Feedback  Systems, 

ASD-TR-61 -1 1 8,  Wright-Patterson  Air  Force  Base,  Ohio,  July  1 9S1  . 

F.  P.  De  Kello,  "Evaluation  of  Transient  System  Response,"  AIEE  Trans. , 
Pt.  II,  Vol.  78,  Sept.  1959,  pp.  177-186. 
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Equations  2-97  and  2-98  display  the  algebraic  representation  of  the 
transfer  functions.  The  s^  style .is  appropriate  when  some  (k)  of  the 
poles,  are  zero.  The  s^  style -can  also  serve  for  zeros  if  the  k  in  the 
denominator  product  superscript  is  shifted  to  the  numerator. 

The  function  G(s)  is  a  function  of  a  complex  variable,  -which  can  be 
characterized  by  its  poles  and  zeros.  G(s)  itself  then  can  be  represented 
by  plotting  its  poles  and  zeros  on  the  complex  s-plane.  This  would  consti- 
tute  a  pole-zero  plot.  The  pole-zero  plots  of  the  most  common  transfer 
functions  or  transfer  function  factors  are  shown  in  Table  2-9,  where  an 
open  circle  represents  a  zero  and  a  cross  represents  a  pole. 

Because  G(s)  for'.a  particular  value  of  s  is  a  complex  number,  A  +  jB, 
it  can  be  represented  by  a  modulus  or  magnitude,  |g|  -  \IJ?-  f  B2,  and  an 
argument  or  phase  angle,  4.G  =  tan"1  (b/A)..  It  is  particularly  convenient 
for  the  purpose  of  graphical  constructions  to  plot  201og1Q  | G |  and  4.  G 
against  log10  |s|  while  letting  the  complex  variable,  s  =  a+  ja),  take  on 
special  values  in  the  s-plane.  The  simplest  special  values  of  s  are 
obtained  by  letting  s  vary  along  a  straight  line  in  the  s-plane.  When 
this  is  done  the  transfer  function  plot  comprising  201og1Q  | G j  and  4 G 
-versus  log10  |s|  is  called  a  generalized  Bode  diagram.  The  term  201og10  |g| 
has  the  dimensions  of  decibels  (dB)  and  is  abbreviated  as  I G I d B •  A  chart 
for  converting  magnitudes  to  dB  and  vice  versa  is  given  as  Fig.  2-8. 

There  are  four  types  of  generalized  Bode  diagrams  which  are  often 
used,  corresponding  to  four  different  s -plane  pathways  along  which  s  is 
compelled  to  vary.  First"  is  the  one  in  which  s  o  +  jen,  called  the 
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jo>Bocie  diagram,  or  simply  Bode  diagram.  This  is  the  classical  plot 
introduced  by  Bode.  Second  is  the  diagram  for  which  s=  +a  or  s  =  -a. 

These  are  called  o'- Bode  diagrams,  or  "siggy"  diagrams  for  short.  For 
the  ja>-Bode  and  ±cr-Bode  diagrams,  s  takes  on  its  simplest  values  as  either 
an  imaginary  or  a  real  number,  and  the  s-plane  pathways  are  along  the 
imaginary  or  real  axes  (Fig.  2-9).  These  are  both  special  cases  of 
general  radial  'pathways  along  which  s  =  | s  |(-|  +  i.e.,  for 

s  =  jo,  |=0,  whereas  for  s  =  ±o,  |  =  +1.  Third  are  the  type  of  Bode 
diagrams  based  on  these  general  radials,  called  i -Bodes.  These  are  use¬ 
ful  in  concept  and  principle,  -but  practical  constructions  require  a  very 
large  number  of  |  -templates  as  graphical  aids .  Because  most  of  the 
information  obtainable  using  § -Bodes  can  be  found  just  as  well  with  other 
types  of  conventional  templates,  we  shall  not  consider  I -Bode  plots 
further  here."x'  Fourth,  and  finally,  is  the  diagram  in  which  the  complex 


Fig.  2-9,  s-Plane  Pathways  for  Generalized  Bode  Pda gram 


WA*  comprehensive  set  of  %  -Bode  diagrams  for  first-  and  second-order 
elements  appears  in  McRuer,  loc.  clt. 
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variable  has  a  constant  real  part,  o-j ,  and  a  variable  imaginary  part, 

8  =  °1  +  ja>.  Such  diagrams  are  called  shifted  Bode  diagrams.  The  jco-Bode 
diagrams  and  the  siguo  diagrams  for  the  common  -transfer  function  factor's 
are  also  suconriKcd  in  Table  2-h . 

As  is  apparent  in  Table  2-5,  trie  Bod.e  magnitude  diagrams  are  closely 
approximated  for  wide  ranges  of  the  independent  variable  by  straight-line 
segments  with  slopes  which  are  integral  multiples  of  ±20  db/decade.  This 
fact,  a  simple  consequence  of  the  way  in  which  the  diagrams  are  defined, 
represents  one  of  the  principal  practical  advantages  of  the  Bode  diagram. 
The  actual  functions  "depart"  from  the  straight-line  "asymptotes"  only  in 
the  vicinity  of  changes  in  the  slope  of  the  asymptotic  approximation. 

The  breakpoint  in  slope  occurs  at  the  magnitude  of  the  pole  or  .zero,  e.g. , 
l/T  or  <%.  For  the  second-order  jco-Bodes  the  departure  of  the  amplitude 
ratio  at  the  breakpoint  is  -|2^|^b  for  a  pole  or  |2£ |db  for  a  zero.  These 
and  other  properties  of  the  first-  and  second-order  amplitude  ratio  compo¬ 
nents  are  shown  in  Fig.  2-10.  Also  at  the  breakpoint  (o>n) ,  the  phase 
slope,  d.  4  G/d(ln  a>/a>n) ,  is  equal  to  —I  /£  (-1  31 . 92/ £  deg/decade)  for  a 
second -order  pole  and  +1  /£  for  a  second-order  zero.  This  provides  the 
basis  for  phase  asymptotes-,  as  illustrated  in  Fig.-  2-11,  which  are  almost 
as  convenient  as  the  amplitude  ratio  asymptotes.  As  indicated  by  the 
slope  formula  above,  and  the  jco-Eode  summaries  in  Table  2-5,  the  direction 
of  the  phase  shift  depends  on  the  sign  of  £ .  In  both  the  table  and  the 
figures  described  here  the  abscissa  is  a  log  scale  but,  since  semilog 
graph  paper  is  customarily  used,  the  quantities  called  out  along  the  scale 
are  expressed  in  linear  units. 

'For  a- Bodes,  illustrations  similar  to  those  of  Figs.  2-10  and  2-11 
are  given  in  Fig.  2-12.  Only' the  amplitude  ratios  are  shown  because  the 
phase  is  always  zero  for  second-order  factors  and  shifts  abruptly  from 
zero  to  ~l80°  at  a  -  l/T  for  first-order  factors.  Items  10  and  1 4  in 
Table  ,2-5  indicate  the  -lack  of  symmetry  be; tween  the  siggy  plots  in  the 
left  and  right  half  planes.  This  has  to  be  taken  into  account  when  right 
half  plane  poles  or  zeros  are  present.  In  an  actual  problem  the  presen¬ 
tation  with  suppressed  zero  and  both  right  and  left  half  plane  | G (—  a) | 
shown  separately  is  awkward.  When  the  need  arises  it  is  usually  more 
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(b)  Amplitude  Ratio  for  ist  Order  Lag ,  6  (-cr) ^ 
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Fig.  2-1^.  PJxnce  Angies  for  jo-Bode, 
First-  ond  Second-Order  Poicc 


'ccsvcnicriL  to  flip  tie  right  ho. ^ T  jOunc-  {c(~-o}  j  ^-n>  plot  :;o  Mist  it.  pi otr- 
-ttilong  the  nctwc  f>x:  **o  the  left  bll1  plane;  ciggy  fend  the  jo-Bede. 

.'.Cliarts  which  accurately  chow  the  "departures"  for  bcii%  -the  iiode.  and 
ei&ia  diagrams  as  well  an  the  acttial  4  0  curves  for  the  Bode  diagrams  of 
.first-  and  second-order  factors  are  given  in  Figs.  2-13 >  2-1 4,  and  2-15. 

2.10  COMBmNO  MBKIR  FUNOHOES 

i 

'  I 

i  . 

A  great  advantage  is  enjoyed  by  the  transfer  function  representation 

when  the  output  of  one  of  the  elements  or  subsystems  is  the  input  to 

i, 

another;,  -then'  thfe  simple  subsystem  transfer  function  models  are  easily 
combined  Into  the- transfer  function  of  the  whole  system.  Thus,  as  already 
shown,  the  transfer  function  of  the  cascaded  elements  is  simply  the  product 
of  the  transfer  function  of  the  individual  elements; 


X(s) 

r; 

Y(s). 

c 

Z(s)  _  X(s) 

Z(s) 

*** 

fc.,  t»2 

c 

m>-4.  A' 

ir— i—ra.-.rf.a:. 

Fig..- 2-1 6.  Combining  the  Transfer  Functions  of  Cascaded  Elements 

/ 

It  shorid  be  clear  that  the  multiplication  of  concatenated  transfer 
functions,  illustrated  in  Fig.  .2-16,  is  carried  out  on  the  pole-zero 
diagram  by  simply  superposing  the  polt-n  and  zeros  of  the  component  trans¬ 
fer  functions.  On.  the  j«>  and  cr-Bodfe  diagrams  the  individ’jal  transfer 

function  factors  arc  represented  by  a  quantity  proportional  to  the  loga- 

’  . 

rithm  of  the  magnitude  and  an  angle .  Recalling  that  complex  numbers  are 
multiplied  together  by  multiplying  their  magnitudes  and  adding  their 
angles,  it  can  be  appreciated  that,  the  multiplication  of  transfer  func¬ 
tions  is  carried  out  by  addition  of  the  logarithmic  magnitude  curves 
together  with  addition  o.f  the  phase-angles. 

Since  the  lup‘ ace  transformation  is  a  linear  operation,  wc.  can 
justify  the*  use  of  summers  and  differentials  in  the  block  diagram  which 
show  how  the  transfer  functions  of  system  elements  may  be  combined .  The 
summer,  differential,  and  takeoff  point  are  graphically  illustrated  in 
Fig.  2-17, " 


'  Summer 


Differentia / 


Take  -Off -Point 


Z(s)*X(s)+ Y{s)  Z($)  =  X(s)-Y(s) 


Pig.  2-17.  Block  Diagram  Representations 
of  the  Summer,  Differential,  and  Takeoff  Point 

With  the  rules  for  combining  the  transfer  functions  of  cascaded 
elements  and  the  use  of  the  symbols  for  the  summer,  differential,  and' 
takeoff  point,  it  is  possible  to  redraw  block  diagrams  in  a  variety  of 
ways  by  means  of  block  diagram  algebra  .*  The  algorithms  of  block  diagram 
algebra  are  justified  by  showing  that  two;  different  configurations  repre¬ 
sent  the  same  transformed  equation.  For  example,  the  system  of  Fig.  2-2 
could  be  represented  in  block  diagram  form  by-  the  configuration  displayed 
in  Fig.  2rl8. 


Fig.  2-1 8.  Mathematical  Block  Diagram 
of  the  Spring-Mass-Damper  System 


The  most  important,  algorithm  of  the  block  diagram  algebra  of  feedback 
systems  is  the  series  of  identities  displayed  in'  Figs.  2-19  and  2-20. 


*T.  D.  Graybeal,  "Block  Diagram  Network  Transformation , "  Electrical 
Engineering,  Vol.  70,  No.  11,  Nov.  1951,  pp.  985- 990. 

D.  T.  McRuer,  ed.,  Methods  of  Analysis  and  Synthesis  of  Piloted 
Aircraft  Flight  Control  Systems,  BuAer  Rept.  AE-6T44-I,  Bureau  of 
Aeronautics/Wash.,  D.  C.,  1952. 
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Fig.  2-19.  Feedback  System  Block  Diagram  Identities 

figure  .2-20  shows  the  special  case  in  which  the  feedback  transfer  function, 
G2>  is  unity.  The  use  of  the  identities  of  Figs.  2-19  and  2-20  allows  the 


Fig.  2-20.  Reduction  of  the  Unity  Feedback  System 

Block  Diagram 


the  reduction  of  the  diagram  of  Fig;  2-1 8  to  the  equivalent  form  shown  in 
Fig.  2-7,  for  example. 

Figure  2-21  shows  the  general  block  diagram  of  a  feedback  control 
system  and  the  terms  used  to  describe  the  several  parts  and  signals.  The 
algebraic  derivation  of  the  closed-loop  transfer  functions  is  also  shown. 

The  transfer  functions  of  the  several  blocks  in  the  forward  path,  Gj , 
and  the  feedback  path,  Gg,  are  often  known,  or  are  easily  found  in  factored 
form,  but  both  the  error-input  arid  output-input  transfer  functions  involve 
a  denominator  which  appears  as  1  +G.  Thus  the  problem  inherent  in  linear 
feedback  system  analysis  is  to  find  the  factors  of  1  +  C.arid  other  informa¬ 
tion  about  the  closed-loop  system,  such  as  the  modal  response  coefficients, 
when  given  the  open-loop  characteristics,  G.  The  'means  to  accomplish  this 
are  discussed1  in  the  next  chapter. 
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Fig:  2-21 .  Elements  in  a  General  Single-Loop  System  - 


3.1  XHZRGDUCTION 


OBAPSER  3 

redback  B&m  akaltsis 


The  early  development  of  automatic  flight  controls  evolved  substan¬ 
tially  independently  of  the  use  of  any  mathematics.  By  1947,  however,  it 
was  widely  recognized  that  the  dynamic  problems  of  vehicle  control  could 
not  be  mastered  by  cut-and-try  techniques  or  engineers*  rules  of  thumb. 

To  fill  the  need,  the  elaborate  and  extensive  theory  of  linear  feedback 
systems  was  further  developed  and  then  quickly  applied  to  an  increasingly 
vide  range  of  flight  control  problems.  There  was  a  dramatic  Interplay 
between  theory  and  practice  where,  in  many  cases,  aircraft  and  missiles 
provided  both  the  inspiration  for  the  theoretical  developments  and  the 
examples  of  practical  application. 

In  the  intervening  years,  there  have  been  a  large  number  of  both 
introductory  and  advanced  texts  written  on  the  subject  of  feedback  control 
systems.  Indeed  it  is  assumed  that  the  reader  will  have  already  acquainted 
himsfclf  with  the  contents  of  one  or  more  of  these.*  In  order,  however,  to 

*See,  for  example: 

H.  M.  James,  N.  B.  Nichols,  and  R.  S.  Phillips,  Theory  of  Servo¬ 
mechanisms,  McGraw-Hill  Book  Co.,  Inc.,  New  York,  1 9^7. 

H.  S.  Tslen,  Engineering  Cybernetics,  McGraw-Hill  Book  Co.,  Inc., 

New  York,  1 95^. 

J.  G.  Truxal,  Automatic  Feedback  Control  System  Synthesis,  McGraw- 
Hill  Book  Co..,  Inc-,  New  York,  1955. 

H.  Chestnut  and  R.*  ,W.  ifayer,  Servomechanisms  and  Regulating  System 
Design,  Vol.  I,  2nd  ed.,  McGraw-Hill  Book  Co.,  Inc.,  New  York,  1.959. 

J.  J.  D'Azzo  and  C.  H.  Houpis,  Feedback  Control  System  Analysis  and 
Synthesis,  McGraw-Hill  Book;  Co.,  Inc.,  New  York,  I960. 

R.  N.  Clark,  Introduction  to  Automatic  Control  Systems,  John  Wiley 
and  Sons,  Inc.,  New  York,  1 962. 

E.  C.  Barbe ,  Linear  Control  Systems ,  International  Textbook  Co., 
Scranton,  Pa.,  1963*  ~ 

I.  M.  Horowitz,  Synthesis  of  Feedback  Systems,  Academic  Press,  Inc., 
New  York,  19^5* 

C.  J.,  Savant,  Jr.,  Control  System  Design,  McGraw-Hill  Book  Co./ 

Inc.,  New  York,  1964. 
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allow  a  connected  account  of  our  subject,  it  is  necessary  to  review 
briefly  some  of  the  mathematical  and  physical  bases  on  which  it  rests. 

This  chapter  continues  in  sequence  from  the  last>  which  discussed  the 
characterization  of  physical  systems  and  system  elements  by  means  of 
mathematical  models.  The  sections  which  follow  contain  condensed  exposi¬ 
tions  of  those  elements  of  linear  feedback  control  system  theory  needed 
to  understand  the  later  discussions  of  flight  control  systems. 

All  of  these  topics  are  involved  with  system  analysis  which,  for 
linear  constant-coefficient  systems  typified  by  the-  single-loop  system 
shown  in  Fig.  3-1 ,  consists  of  five  essential  steps : 

1.  Delineation  of  nominal  open-loop  system  characteristics. 

This  ordinarily  starts  with  the  differential  equations 
..which  describe  the  nominal  controlled  element  and  one  or 
more  of  the  controller  possibilities.  This  stage  is 
concluded  when  one  or  more  nominal  open- loop  transfer 
functions,  G(s),  are  available,  in  factored  form,  for 
further  analysis. 

2.  Determination  cf  nominal  closed-loop  transfer  functions, 

Gcr(s)  and  Ger(s) ,  from  the  open-loop  transfer  function, 

0(b)- 

3-  Calculation  of  nominal  closed-loop  system  responses  for 
pertinent  Inputs. 

4.  Determination  of  the  changes  in  G(s)  resulting  from  the 
expected  variations  in  the  controller  and  controlled 
element  characteristics. 

.  .  / 

5-  Consideration  of  the  effects  of  open-loop  system  varia¬ 
tions  on  closed- loop  behavior  / 

The  topics  considered  in  the  next  two  sections  are  concerned  with  Step  2 
for  single-loop  systems.  The  similar  analysis  of  multiloop  systems  is 
taken  up  in  Section  3 .5-  Response  calculations  (Step  3)  have  already  been 
treated  in  Chapter  2,  and  receive  further  attention  in  Chapter  10.  Tech¬ 
niques  for  accomplishing  Step  3  are  discussed  in  Section  3.6  for  both 
■  single-loop  and  multiloop  systems.  The  discussion  of  Steps.  1  and  4  is 
for  the  most  part  deferred  to  subsequent  chapters. 

The  first  step  above  —  delineation  of  the  open-loop  characteristics 
in  terms  of  a  transfer  function,  G(s)  —  is  relatively  easy  for  linear 
time-invariant  systems  because  transform  methods  can  be  used  to  convert 


Open-Loop  Transfer  Function: 

0(f) 


C(s 

E7 


sn  +  a-j  s0"1  +  +  •  *  • 


n  . 

i-”A  Of 


a"™  +  V""'’ 


■  K 


i°Q 


)tt+n 
1-0 


,-i 


.  -%(iL 

'8kB(s) 


n  (s  +  *,j) 

-  K& - - - 

*  m+n 

n  («  +  p<) 

t-i 

k  8 

■1-1  V  4  / 

k  /  8  A 

^  A  (w + ’) 


Output /input  transfer  Function: 

0Cr(8) 


n 


lus. 


1  +^g}s)  “  S(s)  +  Ka(sT 


k  n  (®  +  *j) 

4-i _ I - 

«  »+n 

(1  +  /C8®)  n  (»  +  Qi) 

1-1 


0,  1/4 
1,  i  -  4 


(3-lb) 


OHc) 


(3-2; 


Error/Input  Transfer  Function; 


»er(*> 


m 


1  +  0(sj 


e(s) 

0(8)  +  J»(s) 


B+n 

n  (s  +  Pi) 
i-i _ 


a+n 

(i  +  &l)  n  (« +  oi) 

i-i 


(3-3) 


Fig.  3-1«  Single-Loop  Linear  Feedback  System  and  Basic  Notation 


3-3 


the  system  differential  equations  to  algebraic  equations.  Th-is  conversion 
permits  the  intermediate  steps  in  an  analysis  sequence  (e.g.,  reduction  of 
simultaneous  equations  using  Cramer's  rule  and  transfer  function  develop¬ 
ment,  manipulation,  and  combination)  to  be  carried  out  using  algebraic 
foims.  Most  such  forms  either  are,  or  can  be  approximated  by,  rational 
polynomials.  Thus,  the  delineation  of  open-loop  transfer  functions  in  the 
form  indicated  in  Fig.  3-1  is  basically  elementary,  with  the  possible 
exception  of  polynomial  factoring  (which  is  also  a  part  of  Step  2) . 

The  second  step  in  the  analysis  sequence  —  given  G(s),  find  Gcr(s) 
and/or  Ger(s) — is  the  central  problem  of  feedback  system  analysi  .  This 
requires  only  the  solution  for  the  roots  of 

1  +  G(s)  ■»  0  (34) 

Trivial  as  it  may  seem,  a  great  deal  of  effort  has  been  devoted  to  find¬ 
ing  methods  for  performing  this  operation  which  are  effective  and  at  the 
same  time  promote  insight. 

An  attack  on  the  linear  feedback  analysis  problem  is  usually  presented 
In  one  of  two  artificially  separated  ways  referred  to  as  the  "root  locus" 
and  the  "frequency  response."  The  intent  here  is  to  show  the  interrela¬ 
tionships  between  the  methods  and  to  present  a  "unified"  technique  which 
is  more  efficient  and  flexible  than  either  method  used  by  itself.*  Never¬ 
theless,  by  way  of  introduction  we  shall  briefly  review  the  features  of 
the  root  locus  method  both  in  two  dimensions  (wherein  gain  is  a  parameter 
along  the  plot)  and  in  three  dimensions  (where  gain  is  a  dimension), *  and 
then  discuss  the  use  of  the  two  principal  logarithmic  plots.  Only  then 

#The  two  sections  following  contain  an  abbreviated  account  of  only 
those  parts  of  a  more  complete  report  which  are  required  for  subsequent 
developments.  See : 

D.  T.  McRuer,  Unified  Analysis  of  Linear  Feedback  Systems . 

A8D-TR-61 -1 1 8,  Wright-Patterson  Air  Force  Base,  Ohio,  July  1961 . 

tW.  R.  Evans,  "Graphical  Analysis  of  Control  Systems,"  Trans.  AIEE, 

Pt.  I,  Vol.  67,  1948,  PP«  547-551;  "Control  System  Synthesis  by  Root- 
Locus  Methods,"  Trans.  AIEE,  Pt.  I,  Vol.  69,  1 950,  pp.  66-69. 

W.  R.  Evans,  Control  System  Dynamics.  McGraw-Hill  Book  Co.,  Inc., 

New  York,  1954. 
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shall  ve  emphasize  the  connections  between  the  methods  and  point  to  the 
advantages  of  their  coordinated  use. 


5-2  OQKVERX10KAL  ADD  THREE-MMEN8XCHA1  ROOT  LOCUS 

•  . 

Equation  3-4  expresses  the  fact  that  In  a  system  with  feedback  the 
poles  of  the  closed-loop  transfer  function  or  roots  of  the  closed-loop 
characteristic  equation  are  located  at  those  values  of  the  complex 
variable,  s,  where 

0(b)  *  -1  (5-4) 

Because  the  function  G(s)  is  Itself  a  complex  number,  we  can  write  in 
place  of  Eq.  3-4 

|0(s)|eJ^G^  b  e^2k+1^  ;  k  «=  0,  ±1,  ±2,  ...  (3-5) 


which  requires  the  simultaneous  satisfaction  of 


and 


4-G(s)  «  (2k  +  l)n  ;  k  -  0,  ±1,  ±2,  ...  (3-6) 

|0(s)|  -  i  (3-7) 


Each  of  the  factors  of  G(s)  can  itself  be  interpreted  as  a  complex 
number,  so  that 
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where  x^h  -)|s+zh|,  »  |m  +p^| ,  <foh  -*(8<+Zh)>  *ni  %  -4(8  +  Pi). 

Then  the  two  conditions  expressed  by  Eqs.  3-6  and  3-7  can  be  rewritten, 
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Magnitude :  |  #c| 
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or  finally,  as  is  often  more  convenient,  Eq.  3-10  can  be  expressed  as: 


n  m+n 
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which  in  shorthand  form  becomes 
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Figure  3-2  shows  how  at  any  point  on  the  s-plane  the  individual 
factors  of  the  open-loop  function  can  be  graphically  represented  as  vectors 


Fig.  5-2.  The  Graphical  Representation  of  Open-Loop  Function  Ihctors 

Note  from  the  geometry  of  the  diagrams  that  when  the  factors  are  repre¬ 
sented  by  vectors  drawn  from  the  singularities  Jfco  the  test  point,  their 
angles  may  be  measured  counterclockwise  from  a  horizontal  line  through 
the  test  point. 

The  vectors  from  the  singularity  to  all  possible  points  in  the 
s-plane  can  be  represented  by  isomagnitude  and  isoargument  (phase)  curves.* 

*Y.  Chu,  "Synthesis  of  Feedback  Control  System  by  Piiase-Angle  Loci," 
Trans.  A  IKE,  Pt.  XI,  Vol.  71,  1952,  PP*  550  -  359* 
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Isomagnitude  curves  for  first-order  factors  are  constructed  as  loci  in 
the  s-plane  for  which  |(s  +Pi)“V|  or  | s  +  z^ | ,  or  some  measures  thereof, 
are  constant.  If  the  logarithm  is  taken  as  the  base  for  the  magnitude 
measure,  the  plots  for  poles  and  zeros  show  useful  symmetrical  forms, 
and  multiplication  operations  involving  more  than  one  singularity  become 
additions.  There  is  also  a  convenient  tie-in  later  with  other  analysis 
techniques.  Consequently  the  isomagnitude  plots  for  firet-order  factors 
are  constructed  for  constant  values  of  20  logj ^  f  1  /(s  +  pj.)  |  «* 
or  201og10  |s +zh|  =  (r^)^.  The  result  is  a  series  of  concentric 
circles,  as  shown  in  Fig.  3-3*  If  log  magnitude  is  considered  as  a 
dimension  measured  along  an  axis  perpendicular  to  the  plane  of  the  paper, 
then  the  isomagnitude  loci  shown  would  occur  at  heights  appropriate  to 
the  magnitude  dimension.  The  isomagnitude  loci  are  thus  contour  maps  of 
a  surface  which  rises  to  a  point  for  a  pole  or  sinks  to  a  point  for  a 


a)  A  Pole 


b)  A  Zero 


Fig.  3-3.  Contour  Mips  and  Isoargumcnt  Curves  for  a  Pole  and  a  Zero 


The  isoarguflicnt  curves  for  the  first-order  factors  are  singly 
straight  lines,  issuing  radially  from  the  origin  which  is  located  at  the 
pole  or  zero  location  in  the  s-plane.  These  are  also  shown  in  Fig.  3-3* 
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When  more  than  one  pole  or  zero  Is  present ,  the  open-loop  function 
can  he  represented  as  a  contour  map  by  adding  logarithmic  magnitudes  of 
the  several  poles  and  zeros  so  as  to  represent  the  left  side  of  Eq.  5-1 1 . 
Points  of  equal  magnitude  throughout  the  s-plane  are  then  joined  to  make 
the  contours.  The  Isoargument  lines  are  found  similarly  by  adding  the 
angle  contribution  of  each  pole  and  zero  so  as  to  represent  the  left  side 
of  Eq.  5-9  and  then  joining  points  for  vhlch  these  are  equal.  The 
Isoargument  lines  are  always  orthogonal  to  the  contour  lines,  so  they 
are  along  the  gradient.  Several  examples,  of  such  maps  are  presented 
later  In  this  section. 

.  In  the  root  locus  method  the  roots  of  the  characteristic  equation  are 
found  with  semi graphical  techniques  based  on  the  vector  representation  of 
the  factors  in  0(s).  An  attempt  to  determine  a  root  of  1 +  0(s)  ■  0  is 
started  by  choosing  a  trial  value  of  s  (a  point  on  the  s-plane)  and 
imagining  the  vectors  drawn  to  this  point  from  each  of  the  open-loop  poles 
and  zeros.  Figure  5-4  illustrates  the  angle  measurement  convention  in 
root  locus  construction.  When  a  trial  point  is  discovered  which  satisfies 
the  phase  condition  of  Eq.  3-9,  a  possible  root  location  is  identified. 

In  principle,  this  procedure,  repeated  a  sufficient  number  of  times, 
delineates  the  locus  of  all  possible  closed-loop  roots. 


Fig.  5-4.  Angle  Measurement  Convention  in  Root  Locus  Construction 
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The  second  step  in  the  method  is  to  find  the  points  on  the  locus 
corresponding  to  the  satisfaction  of  the  magnitude  condition,  i.e., 

Eq.  5-10,  for  particular  values  assigned  to  k  * 

Although  the  root  locus  can  be  found  using  the  repetitive  process 
outlined  above,  one  of  the  most  attractive  features  of  the  method  is 
that  large  segments  of  the  locus  can  be  found  by  applying  root  locus 
construction  rules,  which  do  not  require  the  search  for  satisfactory 
trial  points.  The  rules  wnich  apply  when  G(s)  is  a  ratio  of  rational 
polynomials  are  recapitulated,  without  proof,  as  follows 

1 .  The  total  number  of  separate  branches  of  the  locus  is  equal 
to  the  total  number  of  open-loop  poles,  m  +  n. 

2.  The  root  locus  is  symmetrical  about  the  real  axis  (<o  =  0). 

5*  The  branches  of  the  locus  originate  at  the  open-loop  poles. 

4.  The  branches  of  the  locus  terminate  at  the  open-loop  zeros 
or  at  infinity. 

a.  n  (the  total  number  of  zeros)  branches  of  the 
locus  terminate  on  the  open-loop  zeros. 

b.  m  branches  approach  points  at  infinity  and  are 
asymptotic  to  straight  lines  which  originate 

at  a  point  on  the  real  axis,  commonly  called  the 
"center  of  gravity,"  given  by 


m+n  n 

£  pi  -  £  zj 

i-1  J-1 


(3-12) 


and  which  make  angles  with  the  real  axis  of 

.  K  >  o 

m 

c  or  k  *s  0,  ±1 ,  ±2,  ...  (3-1 3) 

2krt  ;  K  <  0 


*While  both  of  these  steps  could  be  carried  out  with  a  protractor, 
dividers,  and  a  slide  rule,  a  device  for  mechanically  adding  angles  and 
logarithmic  magnitudes  has  been  developed  especially  for  the  purpose. 

This  is  the  "Spirule,"  copyright  1959  by  North  American  Aviation,  Inc., 
available  from  The  Spirule  Company,  9728  El  Venado,  Whittier,  California. 

*McRuer ,  ibid.  Also:  Evans,  ibid.;  W.  R.  Evans,  "Control  System  Syn¬ 
thesis  by  Root  Locus  Methods,"  Trans.  AIEE,  Pt.  I,  Vol.  69,  1950,  pp.  66-69; 
F.  M.  Reza,  "Some  Mathematical  Properties  of  Root  Loci  for  Control  System 
Design,"  Trans.  AIEE,  Pt.  I,  Vol.  75;  195^;  PP*  105-108;  H.  Lass,  "A  Note 
on  the  Root-Locus  Method,"  Proc.  IRE,  Vol.  44,  May  1956,  p.  695. 
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5*  The  root  locus  on  the  real  axis  lies  along  alternate  segments 
connecting  real  poles  and  zeros  (or  the  point  at  infinity) . 

When  k  is  positive  (negative),  the  locus  exists  in  the  intervals 
where  there  is  ah  odd  (even)  total  number  of  poles  and:  zeros  to  the 
right  of  the  interval, 

6.  The  tangents  to  the  locus  at  departure  from; a  pole  or  arrival 
at  a  zero  are  given  by: 

Departure  angle  «  Jin' 'aSTeros)  “  (Mt*rLon  angle) 

Arrival  angle  «  -(othe^pbffsaiTeroe)  +  (criterion  angle) 

7*'  The  breakaway  of  the  locus  from  the  real  axis  (or  its  rendez¬ 
vous  thereon)  is  located  where  the  net  change  in  angle  caused 
by  a  small  vertical  displacement  of  the  trial  point  is  zero.  These 
points  correspond  to  the  real  roots  of  the  equation 

*  0  (3-1 4) 

®*  At  Junction  points  (whore  the  roots  coalesce)  the  tangents  to 
the  branches  of  the  locus  are  equally  spaced  over  2jt  rad  e  360°. 


ds 


9*  The  direction  in  which  the  locus  moves  for  Increasing  |  k\  ,  at 
the  point  ^  on  the  locus,  is  shown  by  the  orientation  of  the 
sensitivity  vector: 


m+n  .  n  T“1 

T  _ ! _ T _ _ 

j-i  Pj~*i  ft  2j-*i 


(3-15) 


Note  that  this  rule  does  not  work  to  find  the  direction  of  the  locus 

vnd  ^ndezvous  Points.  On  the  other  hand,  in  an  algebraic 
form,  it  may  be  effectively  employed  to  find  the  location  of  brSkaway 
or  rendezvous  points  when  the  poles  and  zeros  are  on  the  real  axis. 


dO.  When  m  (the  excess  of  poles  over  zeros)  >  2,  the  sum  of  the 
vI22£e  is  a  constant  equal  to  the  sum  of  the  open-loopholes, 
pien  branches  tending  to  the  left  must  be  "balanced"  by  branches 

tending  to  the  right.  When  m«1 ,  the  sum  of  the  roots  is  the  same 
constant  added  to  - k . 


11 .  The  locus  crosses  the  imaginary  axis  when  1  +G(s)  ■  0  has  pure 
i^filnary  roots.  This  corresponds  to  the  neutral  stability 
condition  Indicated  by  the  Routh-Hurwitz  criterion  or  a  similar  test 
for  stability,  and  is  indicated  by  the  vanishing  of  the  inaginary 
part  of  the  inverse  open-loop  function  evaluated  with  o*0,  i.e., 
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12.  When  a  complete  set  of  closed-loop  roots  is  available  for 
some  value  of  K,  these  roots  nay  be  used  in  the  same  fashion 
as  open-loop  poles  for  the  purpose  of  continuing  the  plot  of  the 
locus.  As  a  consequence,  for  example,  the  result  of  Rule  9  may  be 
obtained  by  using  Rule  6  in  connection  with  any  complete  set  of 
closed-loop  roots. 

13*  The  product  of  the  negatives  of  the  roots  is  equal  to  the 
sum  of  the  product  of  the  negatives  of  the  open-loop  poles, 
bm+n,  and  k  times  the  product  of  the  negatives  of  the  open- loop 
zeros,  Ma^,  *•*•> 

aH-n 

H  *1  “  Vta  +  ^n  *  m-  1  (3-17) 

i**1 

The  application  of  the  rules  for  the  construction  of  root  loci  can 
now  be  illustrated  with  the  aid  of  several  simple  examples.  These  are 
chosen  so  as  to.  clarify  the  introduction  to  the  "unified"  method. 

Example  1:  First-order  system 


a  £  , 

i 

C 

y  *■ 

s 

_ * .  — — 

Fig.  3-5*  Negative  Feedback  Around  an  Integrator 

The  open- loop  function  is  0(s)  «  k/s  and  the  only  root  of  1  +  G(s)  *0 
is  almost  trivially  found  to  be  <s  ■  -k.  The  closed-loop  function 

iS  C  G(s)  K 

t  -  rrm  "  T^TmT 

and,  if  necessary,  the  weighting  function  or  lndiclal  response 
could  be  found  by  the  inverse  Iaplace  transformation  using  Table  2-2. 

Suppose,  however,  that  the  algebra  were  not  so  easy,  and  we 
wanted  to  apply  the  techniques  discussed  so  far.  The  contour 
map  of  the  function  i/s  ha6  already  been  presented  as  Fig.  3-3* • 

The  pole-zero  plot  is  simply  a  pole  at  the  origin,  and  the  use 
of  Rules  1  to  5  tells  us  that  the  root  locus  shown  in  Fig.  3-6 
has  only  one  branch  which  lies  along  the  negative  real  axis 
between  the  origin  and  the  point  at  infinity.  Rules  6  to  9 
might  be  invoked  but  are  not-  necessary.  Rule  10  indicates  the 
algebraic  result  already  derived,  and  indeed  Eq.  3-10  may  be 
used  to  obtain  the  same  result.  The  closed-loop  roots  are 
located  along  the  locus  at  a  radial  distance  from  the  origin 
equal  to  the  gain  constant  K.  The  closed- loop  roots  are  marked 
along  the  locus  for  several  values  of  the  gain.  A  comparison 
of  Fig.  3-6  with  Fig.  3- 5a  shows  that  the  locus  of  roots,  marked 
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with  the  position  of  the  closed-loop  roots  for  seleoted  values 
of  the  gain  constant,  k,  is  the  same  thing  as  the  criterion 
angle  contour  (-«  in  this  case)  marked  with  the  intersections 
of  the  appropriate  magnitude  contours. 

1 .  Ufcere  is  one  branch  of  the  locus  jw 

2.  The  locus  is  symmetrical  about  the  real  axis 

3.  The  locus  originates  on  the  open- loop  pole  > 

4.  'The  locus  terminates  on  a  point  at  infinity  and  is 

asymptotic  to  a  line  which  originates  at '  0  =  0  and 
makes  an  angle  with  the  real  axis  of  ir  rad  > 

5.  The  root  locus  exists  in  the  interval  between  the 
pole  and  the  point  at  infinity  where  there  is  one 
(an  odd  number)  pole  to  the  right 


02  db) 

(6  db) 

(Odb)  (-12  db) 

K*  4 

h 

1 

K*Z 

rh 

*=  1  *■'/ 4 

UJ 

-4 

-3 

-2 

- H - 

Fig.  3-6.  Root  Locus  for  First-Order  System,  G(s)  *  k/b 

1  In  Fig.  3-6  gain  is  a  parameter  along  the  locus.  Alternatively, 

an  additional  dimension,  coming  out  of  the  plane  of  the  paper, 
can  be  introduced  to  show  the  variation  of  the  closed-loop  root 
with  gain.  This  leads  to  the  three-dimensional  surface  shown 
in  isometric  view  in  Fig.  3-7.  The  surface  iB,  of  course, 
identical, to  that  represented  by  the  contour  map  of  Fig.  3- 3a. 
When  the  gain  is  very  small,  i.e.,  K  0,  the  addition  of  the 
•logarithmic  magnitudes  would  remove  the  zero  db  reference  plane 
to  an  infinite  distance,  and  only  the  top  of  the  mountain  (which 
/  atretches  up  to  infinity)  would  protrude  above  the  waterline. 

The  closed-loop  root  would  be  at  the  location  of  the  open-loop 
pole,  i.e.,  s»0.  As  the  gain  is  Increased,  the  mountain  is 
shoved  up  like  a  volcano  emerging  from  the  ocean.  The  closed- 
loop  root  is  always  found  at  the  intersection  of  the  waterline 
and  the  criterion  angle  contour.  For  example,  with  #c«1,  the 
waterline  for  the  function  k/b  would  be  in  the  reference  plane 
(zero  db).  With  K* 2,  so  that  20 log^Q  K  »  +6  db,  the  waterline 
for  k/b  would  be  at  the  level  marked  -6  db  for  the  function  i/s 
itself.  The  various  positions  of  the  closed-loop  root,  as  the 
surface  is  raised  or  lowered  with  respect  to  the  reference 
plane  by  raising  or  lowering  the  gain,  k,  are  illustrated  for 
several  values  of  K  in  Fig.  3-7.  From  this  figure  it  can  be 
readily  appreciated  that  an  increase  in  the  gain,  which  raises 
the  surface  with  respect  t"  the  reference  plane,  is  entirely 
equivalent  to  lowering  the  .Jference  plane  with  respect  to  the 
;  surface.  We  si  a  11  ordinarily  take  the  latter  view  for 

-  convenience. 
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Example  2.  Unit  numerator  second-order  system 

Consider  now  the  feedback  system  Illustrated  In  Fig.  3-8. 


Fig.  3-8*'  A  Second-Order  Servomechanism 


The  closed- loop  function  is  given  by  the  expression 

C_  _  0(b)  c  k 

R  '  1  +  0(b)  c  (s2  +  pB  +  K) 

and  the  closed-loop  roots  may  be  found  from  the  quadratic 
formula 


As  long  as  the  gain,  k,  is  less  than  p2/4,  the  roots  are  real, 
while,  when  k  >  p2/4,  the  roots  are  complex  conjugates. 

The  root  locus  for  the 
function  k/b(b>  +  p)  is 
presented  in  Fig.  3-9 
for  K  >  0.  The  appli¬ 
cation  of  Rules  1  “3 f 
3,  and  6  is  straight¬ 
forward.  The  breakaway 
point  coincides  with 
the  origin  of  the  high 
gain  asymptotes,  which 
make  angles  of  +90°  and 
■’"O0  with  the  real 
../is,  so  Rules  k  and  7 
yield  the  same  result 
for  this  particular 
problem.  In  fact,  the 
high  gain  asymptotes 
are'  the  locus  in  this 
case.  The  breakaway  Fig.  3-9«  Hoot  Locus  for  Unit 

condition  is  an  example  Numerator  Second-Order  System, 
of  the  junction  point  G(s)  =  /c/rs(s  +  p)l 

(Rule  7),  and  it  is 

seen  that  the  tangents  of  both  the  coalescing  and  the  departing 
locus  branches  are  equally  spaced  over  360°.  It  is  also  easy 


to  see  that,  at  the  breakaway  point,  Rule  9  lewis  to 


This  is  an  example  of  the  blowup  of  the  sensitivity  vector  at 
multiorder  poles,  a  topic  which  will  be  discussed  more  fully 
later. 

Application  of  Rule  10  (for  m  £  2)  to  find  closed- loop  roots 
which  are  compatible  in  that  they  have  the  same  open-loop  gain 
is  extremely  easy  for  this  example  because  the;  sum  of  the 
roots  is  -p  and  there  are  only  two  roots  present.  Selection 
of  one  then  immediately  specifies  the  other  (e.g.,  see  points 
labeled  k.  and  k2  111  Fig*  3-9)*  Specific  values  for  the  gains 
must  be  found  using  Eq.  3-10,  although  one  can,  of  course, 
solve  the  characteristic  equation  at  various  values  of  gain  in 
this1  elementary  example.  Also,  the  gain  at  breakaway  will  be 
K  *=  p2/4,  found,  as  already  noted,  by  the  condition  for  two 
equal  roots. 

The  contour  map  for  the  function  l/s(s+p),  with  p  «=1 ,  is  pre¬ 
sented  in  Fig.  3-10.  The  locus  of  roots  is  identified  with  the 
-1 80°  angle  contour  which  lies  between,  the  poles  ands leaves  the 
real  axis  at  the  breakaway  point,  *  -1  /2.  The  locus  approaches 
the  points  at  infinity  along  the  two  asymptotes.  Points  on  the 
locus  corresponding  to  closed-loop  roots  for  particular  values 
of  the  gain,  k,  are  indicated  by  the  intersections  of  the 
magnitude  contours  with  the  locus.  The  values  illustrated 
(+20  db,  +12  db,  +6  db,  0  db,  -6  db,  -12  db)  correspond,  in 
decibel  measure,  to  the  inverse  of  the  gain,  i.e.,  k  •  l/lO, 

1/4,  1/2,  1,  2,  4. 

The  isometric  view  of  the  surface  corresponding  to  the  transfer 
function  l/s(s+l)  is  presented  in  Fig.  3-11*  Several  contours 
of  constant  angle  and  constant  magnitude  are  shown  on  the  sur¬ 
face.  Remembering  that  the  increase  in  gain  from  zero  is 
analogous  to  starting  the  reference  plane  at  infinity  and  moving 
it  down,  we  can  see  that  the  closed-loop  roots  at  the  intersec¬ 
tion  of  the  ±1 80°  angle  contour  and  the  waterline  move  "downhill" 
from  the  poles  toward  each  other,  coalesce  at  the  saddle  point, 
and  then  split  apart  and  continue  "downhill." 
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Xxr.  iple  J;  Second-order  system  with  a  sero 

Figure  >12  shows  smother  second-order  system  feedback  con¬ 
troller  which,  in  this  case,  contains  a  first-order  lead. 


>  E  r- 

*(s+z) 

C 

r 

** 

Fig.  >12.  A  Second-Order  Feedback  Control  with  Lead 

.The  closed- loop  characteristic  equation  is  given  by 

s2  +  kb  +  KZ  m  0 

which  has  the  roots 

*1,2  ‘  -ff1  ‘f-l] 

These  will  be  compl-..  for  0  <  K  £  4z  and  real  for  K>  kz. 

From  Rules  4  and  3  the  real  axis  to  the  left  of  the  zero  is  seen 
to  be  on  the  root  locus,  with  one  of  the  closed-loop  poles  termi¬ 
nating  oh  the  zero  as  the  other  proceeds  to  infinity  alrng  the 
-180°  (negative  real  axis)  high  gain  asymptote.  Rule  7,  i.e., 

M(8?  «  _  *(B  +  gz)  «  o 
ds  s3 

Indicates  a  rendezvous  of  two  complex  roots  at  s  *  **2z.  The 
roots  start  their  journey  into  the  complex  plane  along  pathways 
tangent  to  the  imaginary  axis,  per  Rule  6  or  8.  As  shown  in 
Fig.  3-13,  the  pathway  is  a  circle,  centered  at  the  zero  s  *=  -z. 
This  can  be  shown  analytically  by  considering  the  equation  for 
the  root  locus  as  developed  below.  k-2z 


>17 


The  statement  G(s)  =  -1  is  equivalent  to 


-K 


(3-18) 


Because  p(s)/a(s)  is  complex,  Eq.  3-18  can  be  rewritten  as 


(3-19) 


Since  K  is  real,  the  imaginary  term  oust  vanish  on  the  locus 
of  roots.  Consequently  the  root  locus  criteria  statements 
then  become 

[ofsj]  “  0  "  **  [P(®)a#(s)]  (3-2°) 


(3-21) 


These  correspond  to  Eqs.  3-9  3-10.  Equation  3-20  in  partic¬ 

ular  can  be  very  useful  when  equations  for  the  root  locus  are 
desired.*  Thus,  applying  Eq.  3-20  to  the  case  at  hand, 


Im  [p(s)a*(s)] 


Im  [s2(s  +  z)*] 

Im  [(o  +  jco)2(o-J(o  +  z)] 

Im  [o2(o  +  z) +a?(o-z)]  +  Jto[o2  +  2az  +  tt?] 
a>[(a  +  z)2  +  a?  -  z2]  ■  0 


or, 


a)  ■  0 


and 


(o  +  z)2  +  o?  ■  z^ 


*V.  C.  M.  Yeh,  "Synthesis  of  Feedback  Control  Systems  by  Cain-Contour 
and  Root-Contour  Methods,"  Trans.  AIEE,  Pt.  II,  Vol.  75,  1956,  pp.  85-95. 

H.  Banerjee  and  T.  J.  Higgins,  "Root  Locus  Delineations  for  Higher- 
Order  Servomechanisms,"  Proc.  of  the  National  Electronic  Conf.,  Vol.  XIII, 
1957,  PP-  520  -  536. 
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The  first  equation  (ad  ■  0)  is  that  of  the  locus  along  the  real 
axis,  while  the  second  is  the  circle,  centered  at  a  •  -z,  with 
a  radius  z. 

Figure  3-1 4  is  the  contour  nap  for  the  function  G(s)  *  (s+z)/s^, 
with  z  « 1 .  It  represents  the  addition  of  the  logarithmic  Magni¬ 
tudes  and  the  angle  contributions  of  two  of  the  poles  of  Fig.  3“ 3a 
located  at  the  origin  and  one  cf  the  zeros  of  Fig.  5- 3b  located 
at  e«-1.  Again,  of  course,  the  locus  of  roots  is  traced  by  the 
±100°  angle  contour. 

Figure  3-15  is  a  cutaway  isometric  view  of  the  surface  repre¬ 
sented  by  the  contour  map  of  Fig.  3-1 4.  The  view  shown  empha¬ 
sizes  the  real  axis,  the  cavity  due  to  the  zero  and  the  coinci¬ 
dent  twin  peaks  due  to  the  poles  at  the  origin.  A  conventional 
root  locus  is  also  given  in  Fig.  3-1 5  to  better  show  the  circu¬ 
lar  portion  of  the  locus  which  is  largely  behind  the  hill  on  the 
isometric  view.  Os  these  plots  the  change  in  sensitivity  of  the 
roots  to  gain  changes  is  apparent.  Starting  with  the  open- loop 
poles  at  the  origin  with  #c«0,  there  is  initially  very  little 
shift  in  the  roots  with  gain,  i.e.,  the  slope  of  the  peak  is 
very  steep  and  a  large  vertical  movement  produces  but  a  small 
horizontal  displacement.  By  the  time  a  gain  of  |#c|db  «=  0  is 
reached,  the  locus  has  only  progressed  along  an  arc  of  60°  in 
the  plan  view  (see  Fig.  3-1 5a).  From  this  point  a  mere  factor 
of  four  (12  db)  moves  the  roots  all  the  rest  of  the  way  to  the 
rendezvous  point  where  they  coalesce.  Then  a  very  small  addi¬ 
tional  increment  in  gain  separates  them  very  rapidly  as  the  one 
travels  along  the  asynptote  to  the  point  at  infinity,  while  the 
other  closed-loop  root  is  driven  toward  the  location  of  the  zero. 
The  region  of  high  sensitivity  is  readily  recognized  in  the  iso¬ 
metric  viev  because  the  surface  is  relatively  flat  there.  Note 
again  how  the  locus  appears  to  run  "downhill"  approaching,  in 
this  case,  the  point  at  infinity  and  the  zero. 

Xxaaple  4:  Unlt-Fuasrator  Third-Order  System 

Figure  3-1 6  shows  the  block  diagram  of  a  third-order  servomecha¬ 
nism; 


Fig.  3-1 6.  Block  Diagram  of  a  Third-Order  Servomechanism 


The  closed-loop  function  in  this  case  is: 


£ 

R 
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While,  in  principle,  it  is  still  possible  to  solve  the  charac¬ 
teristic  equation  algebraically,  the  job  is  now  a  little  more 
difficult  and,  conversely,  the  advantages  of  the  root  locus 
method  are  now  more  prominent.  In  the  case  of  higher  order 
systems  the  algebraic  factoring  of  the  characteristic  function 
can  only  be  done  with  repetitive  numerical  trials,  and  the 
semigraphical  methods  really  come  into  their  own. 


The  root  locus  for  the  system  of  Fig.  5-1 6  is  shewn  in  Fig.  5-17 
Rules  1,  5,  and  5  are  used  to  find  the  branches  of  the  locus  on 
the  real  axis.  Rule  4  is  Invoked  to  determine  the  origin  of  the 
asymptotes  and  the  angles  which  they  make  with  the  real  axis. 
Either  Rule  1  or  Rule  9  nay  be  used  to  determine  the  breakaway 
point, 

Ob  *  -  -y  £(a  +b)  -  ab  +b^j  ;  k>  0 


Rule  8  says  that  here  the  four  branches  are  at  right  angles  to 
one  another,  and  Rule  1 1  shows  where  the  locus  crosses  the 
imaginary  axis,  l.e.,  a?  *  ab.  [in  this  case,  the  Routh-Hurvltz 
stability  criterion  requires  ab(a  +b)  >  k  for  stability,  so  that 
the  value  of  the  gain  at  this  point  is  also  established.]:  Rule  10 
can  be  used  to  determine  the  position  of  the  third  root  when  the 
gain  is  Just  sufficient  to  produce  neutral  oscillatory  stability, 
and  Rule  12  enables  the  angle,  y,  to  be  readily  found.  To  obtain 
the  equation  for  the  locus,  Eq  5-20  is  applied: 


Im  [(ja)  +  c)(ja>+  o+a)(ja>+  c  +  b)] 
as|-co2  +  [3^2  +  2(a  +b)a  +  ab]j 


-  0 


So  the  locus  is  given  by 


0)  B  0 

a?  «  5o^  +  2(a +b)c  +  ab 


After  a  few  manipulations,  the  latter  equation  can  be  put  into 
the  conventional  form  for  a  hyperbola: 


1 

a  +  *j(a+b) 

2 

0) 

y^k^-ab  +b2 

^^yk^-ab  +b^ 

5-22 


For  higher  order  systems  the  locus  equations  become  exceedingly 
complex,  so  they  are  not  too  helpful  in  either  the  construction 
process  or  as  an  aid  to  the  more  analytically  inclined. 

With  the  choice  a  =  1 ,  b  =  5,  the  contour  map  of  the  open- loop 
function  is:  shown  in  Fig.  3-16*  The  locus  of  roots,  of  course, 
lies  along  the  angle  contour  lines  corresponding  to  ±180°  and 
±51K)°,  and  crosses  the  imaginary  axis  when  the  gain  is  just  a 
little  less  than  30  db.  K  =  5(l  +5)  =  30  =  29.5  db  is  the 
actual  gain  for  the  onset  of  instability. 

Figure  3-19  is  an  isometric  view  of  the  surface  represented  by 
the  contour  map  of  Fig.  3-1 8*  It  is  particularly  clear  here 
that  as  the  gain  is  increased  the  closed-loop  roots  do  not 
move  evenly  along  the  locus  represented  in  two  dimensions. 

Instead,  the  closed- loop  roots  move  a  large  distance  along  the 
locus  for  a  small  increment  in  gain  where  the  surface  is  flat, 
and  where  the  surface  is  steep  the  roots  move  hardly  at  all  for 
comparatively  big  increments  in  gain.  Both  this  and  similar 
observations  for  the  last  example  are  associated  with  the  con¬ 
cept  of  "sensitivity,"  to  which  we  shall  return  later. 

Snuqpla  3:  Generalization  of  the  Simple  Examples  1-3 

As  a  final  example  of  the  root  locus,  the  three  simple  systems 
described  previously  will  be  generalized  to  systems  which  have 
poles  at  locations  other  than  the  origin  (for  Example.  1 ,  a  first? 
order  lead  is  also  added) .  Loci  for  all  these  systems  are  given 
in  Fig.  3-20?  For  these  it  is  particularly  worth  remarking  that 
the  addition  of  the  same  real  part  to,  or  subtraction  from,  all 
the  open- loop  poles  and  zeros  does  not  alter  the  geometry  of 
the  locus j  it  merely  moves  the  whole  locus  right  or  left  with 
respect  to  the  lmaginaxy  axis. 

As  a  final  comment  on  the  root  locus  method,  it  should  be  noted  that 
the  technique  is  useful  not  only  to  find  the  closed-loop  roots  of  feed¬ 
back  systems,  but  also  to  factor  any  polynomial,  p(s)4m($),  a(s)  and 
0(b)  do  not  have  to  represent  respectively  the  numerator  and  denominator 
of  the  transfer  function  of  a  physical  system,  nor  does  k  have  to  be  a 
"gain."  If  a(s)  and  0(s)  are  any  polynomials  whose  factors  are  known, 
and  K  is  any  parameter  (which  appears  only  linearly  in  the  complete 
polynomials)  whose  influence  we  wish  to  trace,  we  can  put  the  problem 
into  root  locus  form,  i.e.,  write: 


\ 

\ 


0(s)  +  Ka(s) 


Bill 

W 


-1 
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3-3  BODS  BOOT  LOCUS  ARD  GENERALIZED  BODS  DIAGRAM 

We  have  had  occasion  to  note  that  for  a  given  value  of  s,  O(s)  is  a 
complex  number  which  can  be  expressed  in  terms  of  a  modulus  or  magnitude 
and  an  argument  or  phase  angle.  The  variable  s  itself  is  complex  (a+  Jm) 
so  that  a  plot  of  G(s)  as  a  continuous  function  of  s  would,  in  general, 
require  four  dimensions  or  two  plots  each  of  three  dimensions,  e.g., 

|G(s)|  versus  s  and  2^G(s)  versus  s.  The  contour  maps  presented  in  the 
last  section  are  plan  views  of  such  plots,  whereas  the  isometric  views 
directly  show  |g(s) versus  s.  Unfortunately  such  constructions  are 
imp  tactically  difficult  even  a'or  moderately  uncomplicated  cases.  Conse¬ 
quently  the  usual  practice  is  to  construct  only  the  root  locus  plan  view 
with  compatible  sets  of  gain  contour  Intersections  marked  on  each  branch; 
and  even  this  construction,  which  contains  only  the  most  essential 
information,  can  be  tedious  without  automatic  computation. 

To  obtain  more  complete  information  without  undue  labor,  the  graphical 
requirements  can  be  reduced  to  one  plot  of  three  or  two  plots  of  two  dimen¬ 
sions  if  the  real  and  imaginary  parts  of  s,  or  and  o>,  are  taken  to  be 
'  linearly  connected.  That  is  to  say,  we  would  find  it  relatively  easy  to 
"plot  | G |  and  £G  versus  s,  as  s  takes  all  values  along  a  straight  line  in 
the  s-plane.  The  simplest  and  most  practical  forms  of  such  plots  corre¬ 
spond  to  s*=±a;o)BO  and  s  «=  ±Jo;  c«  0.  Sometimes  a  plot  with 
8  ■  ci ±  Jco ;  oi  e  a  nonzero  constant  is  also  used  and,  finally,  there  is 
a  version  where  s  =  +  J  Vi  -J^)u,  |  £a  constant.  In  Bode  plot  form 

these  are  the  a- Bode,  Jo-Bode,  shifted  Bode,  and  (-Bode  diagrams  which 
have  all  been  described  in  Section  2.9. 

In  the  analysis  of  closed-loop  systems  our  objective  is  to  find  the 
roots  of  1  +G(s)  =  0.  This  may  be  accomplished  in  either  of  two  ways  by 
means  of  the  logarithmic  Bode  plots.  The  first,  and  more  direct,  pro¬ 
cedure  is  to  find  the  conditions  under  which  G(s)  =  -1 .  The  second 
procedure,  often  combined  with  the  first,  involves  two  steps:  (a)  Devel¬ 
opment  of  a  graphical  representation  of  the  closed- loop  function  and 
(b)  decomposition  of  this  closed-loop  form  into  its  zeros  and  poles.  The 
poles  of  the  closed-loop  function  are  the  roots  of  the  characteristic 
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equation.  Both  operations  can  be  clarified  by  solving  the  sane  set  of 
simple  examples  used  to  illustrate  the  root  locus  method. 

Example  1 :  First-order  system 

Consider  the  system  of  Fig.  3-5  with  the  open- loop  function 
6(s)  c  k/s.  The  surface  of  Fig.  3-7  is  symmetric  around  the 
origin.  A  section  in  a  vertical  plane  containing  the  real 
axis  would  appear  as  in  Fig.  3-21 ,  as  would  also  a  section  in 
a  vertical  plane  containing  the  axis  of  imaginaries. 


Fig.  3-21 .  A  Section  Containing  the  Real  Axis 
or  the  Axis  of  Imaginaries 

When  the  abscissas  are  distorted  so  that  20  log-|  q  |  G(-  a)  [  is 
plotted  against  logiQ  |+o|  ,  the  branch  of  the  sigma  diagram 
illustrated  in  Table  2-5,  Item  (D,  is  the  result.  It  often 
happens,  as  is  the  case  here,  that  only  the  branch  corre¬ 
sponding  to  the  section  containing  the  negative  real  axis, 
where  ss-o  so  G(s)  *G(-o),  is  of  any  interest.  Because  the 
poles  and  zeros  of  the  transfer  functions  with  which  we  are 
concerned  are  always  real  or  occur  in  complex  conjugate  pairs, 
the  Jo-Bode  diagram  is  symmetrical  about  the  origin.  The  plot 
for  negative  frequencies  is  the  reflection  of  the  plot  for 
positive  frequencies.  Therefore,  it  is  customary  to  superpose 
the  logarithmic  plot  of  G(s)  j  s  =  -o  on  the  logarithmic  plot  of 
G(s)  ;  B  =  +j(D.  This  is  done  in  Fig.  3-22,  where  it  is  seen 
that  not  only  do  |G(-o)|  and  |g(Jo)|  have  the  same  asymptotes, 
but,  in  this  case,  are  themselves  identical.  In  fact,  the 
more  general  plot  of  | G(b) | ^  versus  log  |s|  will  also  coincide 
with  the  two  special  cases  for  8=70  and  s  =  jo. 
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Amplitude  Ratio 


*G(J«) 


4-G(-cr) 


Fig.  3-22.  o-Bode  and  jo-Bode  Diagrams ;  G(s)  *=  k/s 


In  the  plot  of  Fig.  3-22  the  effect  of  adding  the  a-Bode  or 
JoBode  representation  of  the  constant,  K,  would  be  to  shift 
the  whole  plot  up  or  down  an  amount  20  log-jo  K  with  respect  to 
the  reference  zero-db  line.  This,  of  course,  has  the  same 
appearance  as  moving  the  zero-db  line.  We  can  therefore  iden¬ 
tify  positions  of  the  zero-db  line  with  values  of  the  constant. 
When  the  line  is  high  the  gain  constant,  K,  is  small;  and  when 
the  zero-db  line  is  set  low  it  corresponds  to  high  gain.  When 
the  plot  is  made  on  serailogarithmic  paper,  the  transfer  func¬ 
tion,  K/s,  is  plotted  by  making  the  line  with  -20  db/decade  slope 
intersect  the  zero-db  line  where  the  value  of  the  independent 
variable  on  the  logarithmic  scale  is  numerically  equal  to  the 
value  of  K.  Note  that  in  this  example  the  phase  angle  of  the 
JavBode  plot  is  always  -90°,  while  the  phase  angle  of  the  G(-c) 
plot  is  always  -180°.  That  this  should  be  so  has  already  been 
made  evident  in  the  contour  map  of  Fig.  3- 3a  and  the  isometric 
view  of  Fig.  3-7. 

While  it  is  somewhat  like  using  an  elephant  gun  to  kill  a  flea, 
we  can  use  the  plot  of  Fig.  3-22.  to  demonstrate  the  two  methods 
of  determining  the  closed- loop  root(s)  from  the  logarithmic 
plots.  Using  the  direct  method,  it  is  seen  that  the  condition 
G(s)  b  -1  is  satisfied  where  the  zero-db  line  intersects  the 
|G(-o)|  plot  and  2$.G(— a)  =  -180°.  Since,  in  this  case,  the  angle 
criterion  is  satisfied  over  the  whole  range  of  the  plot,  each 
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intersection  of  a  zero-db  line  with  the  sigma  diagram  represents 
a  closed-loop  factor  (s+K)  or,  alternatively,  a  closed-loop 
root,  s  =  -K.  This  result,  of  course,  is  precisely  the  same  as 
the  ones  already  obtained  by  means  of  algebra  and  the  root  locus 
method.  The  a- Bode  is  seen,  in  fact,  to  be  a  root  locus  plot 
wherein  the  negative  of  the  root  is  given  as  a  function  of  gain. 
This  is  the  simplest  example  of  the  so-called  Bode  root  locus. 


The  decomposition  method  of  using  the  logarithmic  plot  can  be 


illustrated  as  follows: 

Gcr  ** 

6(sl  r' 

f“  1  i 

G(s)  »  1 

1  +  G(b) 

1=  1  ; 

8=0 

ft  e 

G(s) 

=•  0(8) 

}  G(s)  «  1 

«cr 

1  +  G(s) 

Therefore,  the  asymptotes  of  the  closed- loop  function  lie  along 
the  zero-db  (magnitude  *  1)  line  when  G(s)  is  large,  and  along 
the  same  asymptote  as  the  open-loop  function  when  G(s)  is  small. 
Starting  from  the  low  frequency  end  where  G(s)  »  1  and  the  high 
frequency  end  where  G(s)  «  1 ,  these  asymptotes  can  be  projected 
toward  each  other.  They  intersect  at  cd=K.  This,  then,  is  the 
asymptotic  magnitude  diagram  of  the  closed- loop  function  Grc. 

It  is  shown  by  the  dashed  lines  in  Pig.  3-22  for  the  gain  K2* 

This  closed-loop  function  may  be  recognized  as  a  first-order  lag, 
Item  ©  of  Table  2-5,  with  an  inverse  time  constant  l/T  *  K. 

The  pole  of  the  closed-loop  function,  s  =  -l/T  *  -K,  is  the  root 
of  the  characteristic  equation,  and  we  have  discovered  for  the 
fourth  time  the  dependence  of  this  root  on  K. 

Xxoaple  2:  Unit-numerator  second-order  system 

Figure  3-23  shows  the  c-Bode  and  Jo-Bode  diagrams  for  the  system 
of  Pig.  3-8  with  p  =  1.  Several  possible  positions  of  the  zero-db 
line  corresponding  to  both  low  and  relatively  high  values  of  the 
gain  are  marked  on  the  diagram.  Closed-loop  roots  on  the  real 
axis  are  indicated  by  the  intersections  of  the  zero-db  line  with 
the  sigma  diagram  where  4-  G(— a)  =  -180°.  Only  the  portion  of  the 
sigma  diagram  between  a  =  0  and  a=  1  is  therefore  of  any  interest. 
The  diagram  shows  two  separate  real  roots  (marked  with  squares) 
for  a  low  value  of  gain.  As  the  gain  is  increased,  the  indicated 
positions  of  these  roots  move  toward  each  other  and  coalesce  at 
the  local  minimum  of  the  sigma  diagram.  As  the  gain  is  further 
increased,  no  real  roots  are  indicated.  In  fact,  as  we  know, 
the  roots  have  become  complex. 

The  second  procedure  is  still  applicable,  however.  The  low 
frequency  and  high  frequency  asymptotes  can  be  projected  so  as 
to  meet  at  a  point  where  there  is  a  local  change  in  the  slope 
of  the  asymptotic  approximation  of  from  zero  to  -40  db/decade. 
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Amplitude  Rotio 


The  figure  shews  this  construction  in  dashed  lines.  This  clOBed- 
loop  asymptotic  approximation  is  recognized  as  the  representa¬ 
tion  of  a  second-order  transfer  function  with  damping  ratio 
5  <  1  and  an  undamped  natural  frequency,  «£l,  indicated  by  the 
break  or  corner  frequency.  Then,  since  the  sum  of  the  roots  is 
the  sum  of  the  poles,  b  and  the  closed-loop  damping 

ratio  will  be  5ql  *  1  /^“CL* 

A  complete  root  locus,  in  which  the  magnitudes  of  the  roots 
appear  versus  gain  in  Bode  diagram  coordinates,  is  the  result  of 
the  combined  procedures  described  above.  This  is  shown  in 
Fig,  3-24,  for  the  case  where  the  pole,  -p,  is  kept  general. 

The  conventional  root  locus  of  Fig.  3-9  i®  also  given  for  com¬ 
parison  and  correlation. 

As  in  the  first  example,  the  locus  of  real  roots  coincides  with 
that  portion  of  the  o-Bode  diagram  for  which  4  G(-a)  *=  -180°. 

These  correspond  to  the  real  axis  roots  on  the  conventional 
root  locus,  with  branch  0  moving  toward  branch  0  and  meeting 
at  the  breakaway  point,  cfc.  On  this  part  of  the  Bode  root  locus 
the  abscissa  scale  used  is  log  a ,  with  the  closed-loop  charac¬ 
teristics  at  a  particular  gain,  K^,  being  read  as  the  negative 
of  the  roots,  c^  and  o>>,  i.e.,  as  they  appear  in  the  closed- 
loop  factors,  (s  +  )  (s  +  erg) . 
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(b)  Conventional  Root  Locus 


Fig*  3-24.  Bode  and  Conventional  Boot  Locuc 
for  G(s)  e  k/e^(c/p)  +lj 


For  gains  larger  than  that  for  breakaway  there  are  two  complex 
conjugate  roots,  which  have  a  damping  ratic*  £cl>  and  &  magnitude, 
given  by  the  undamped  natural  frequency,  a^.  to  this  elementary 
system  the  locus  of  agT,  versus  gain  coincides  with  the  high  fre¬ 
quency  asymptote  of  |G(Jo))|^,  and  its  extrapolation  back  to  the 
breakaway  point.  This  branch,  labeled  Q),  corresponds  to  the 
similarly  labeled  branch  on  the  conventional  root  locus.  For  a 
given  gain,  K5  (ordinate),  the  closed-loop  undamped  natural 
frequency,  a^,  is  read  as  the  abscissa  (log  |s|)  of  branch  Q). 

She  damping  ratio,  on  the  other  hand,  cannot  be  considered  as  a 
dimension;  instead,  it  must  be  treated  as  a  parameter  and  noted 
along  the  plot.  At  breakaway  it  is,  of  course,  identically  1, 
and  it  decreases  as  gain  increases.  For  the  current  example  it 
is  Just  =  p/2o£L,  so  it  is  readily  obtained. 

In  more  complicated  problems  than  this  one,  the  closed- loop 
complex  roots  are  seldom  obtained  as  simply  as  illustrated  here. 
For  these  recourse  to  supplementary  techniques  is  often  required. 
One  such  technique  is  the  shifted  Bode  diagram,  which  can  be 
readily  illustrated  by  this  example.  If,  in  the  numerical 
version  of  the  exanple,  the  variable  s  is  changed  to  s'  «  s+  (l/2), 
then  the  open-loop  function  becomes 


G(s') 


2b'  +  111 -2s'  +1 


This  shift  in  8  to  s’  corresponds  to  a  shift  in  the  origin  of 
one-half  unit  to  the  left.  Addition  of  the  logarithmic  repre¬ 
sentations  of  the  Jo-Bode  magnitude  diagrams  of  the  individual 
factors  yields  the  second-order  magnitude  characteristic* illus¬ 
trated  in  Fig.  3-25.  The  negative  sign  of  the  Bode  gain,  ~K, 
is  taken  into  account  by  making  the  phase  angle  -1 80°  at  low 
frequency.  The  phase  angle  contributions  of  the  other  transfer 
function  factors  exactly  cancel,  so  that  it  is  readily  appreci¬ 
ated  that  the  angle  criterion  is  satisfied  over  the  whole  range 
of  to.  This,  of  course,  is  to  be  expected  since  Fig.  3-25  is  a 
representation  of  the  section  through  the  transfer  function 
surface  of  Figs.  3-10  and  3-1 1  at  0  *  -l/2  where  the  angle  i§. 
always  -180°.  As  for  the  magnitude  criterion,  the  figure  shows 
that  there  is  no  intersection  of  the  zero-db  line  and  the  magni¬ 
tude  plot  for  K  £  1 ,  but  as  soon  as  K  exceeds  1 ,  there  is  an 
intersection.  The  intersection  moves  along  the  actual  magnitude 
curve  (with  the  departures  applied  to  the  asymptotes)  toward  the 
right  as  the  gain,  K,  is  increased."  A  typical  intersection  is 
shown  by  the  square.  The  frequency,  |o*  | ,  at  which  this- inter¬ 
section  occurs  is  the  damped  frequency  of  the  closed- loop  root. 

For  the  case  in  which  k  =  4,  the  intersection  is  at  a)=V572  and 
the  closed-loop  factor  can  be  written  in  terms  of  the  real  part,  a, 
and  imaginary  part,  p,  as  (s+a)2+02  *=  |s  +  (l/2)J2+  (V3/2)2  =  0. 
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Fig.  3-25*  Shifted  jto-Bode  Diagram 

Example  y  Seeond-order  system  with  a  taro 

o-Bode  and  jto-Bode  diagrams  for  the  system  of  Fig.  3-12  are 
presented  in  Fig.  3-26.  The  rendezvous  point  on  the  real  axis 
is  again  indicated  by  the  extremum  of  the,  | G(— ct) |  plot  where 
4  G(-cj)  e  -1 80° .  Also,  the  near  cancellation  of  the  zero  and 
the  closed-loop  pole  at  high  gain  is  shown  by  the  closed-loop 
asymptotic  plot  which  is  constructed  proceeding  from  both  ends. 
The  zero  of  the  open-loop  function  is  also  a  zero  of  the  closed- 
loop  function,  while  the  roots  are  poles  of  the  closed-loop 
function.  The  asymptotic  approximation  therefore  has  appropri¬ 
ate  breakpoint  corners  at  each  of  the  magnitudes  corresponding 
to  these  singularities. 

At  gains  less  than  that  for  breakaway  the  roots  are  complex 
(i.e.,  along  the  circular  part  of  the  locus  in  Fig.  3-15)*  The 
magnitudes  of  these  are  readily  found  by  decomposition,  as 
exemplified  in  Fig.  3-27  for  two  values  of  gain,  Ki  and  K2*  At 
very  small  values  of  oj  the  amplitude  ratio,  | G(  ja>)  | ,  is  very 
large  compared  with  unity,  so  the  low  frequency  closedrloop 
asymptote  coincides  with  the  open-loop  zero-db  line.  This  low 
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Pig.  3-26.  o-Bode  and  Jo>-Bode  Diagrams  for  G(s)  =  K  [(s/z)  +  l]/s2 


frequency  asymptote  of  |Gcr|db  either  runs  into  the  |G(joi)|dv 
asymptotes^  e.g.,  at  0$!^  for  Ki,  or  reaches  the  magnitude  or 
the  zero,  e.g.,  at  z  for  Kg,  before  intersecting  the  asymptote 
|g(Jcd)  |d^  plot.  ,  In  either  event  there  is  a  change  in  slope. 
Dlls  is  -40  db/decade  for  the  K-|  case,  corresponding  to  the 
closed-loop  undamped  natural  frequency  acL}  >  and  +20  db/decade 
for  the  K2  example, ^associated  with  the  appearance  of  the  zero. 
The  asymptotic  |GCr jdb  Plot  for  the  gain  case  has  its  final 
breakpoint  at  the  zero,  whereas  the  last  slope  change  for  the 
higher  gain  example  occurs  at  the  closed-loop  undamped  natural 
frequency  o^Lg.  Finally,  the  damping  ratio  is  found  from  the 
sum  of  the  roots  relationship,  which  in  this  case  is 

2ScLafeL  *  K  a  K/z 

CcL  85  K/^CL  =  K/2za£L 
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Fig.  3-27.  Determination  ;of  the  Magnitude  of  Complex  Roots 

by  Decomposition 


Gathering  the  above  data  together  into  a  common  presentation 
results,  in  the  Bode  root  locus  of  Fig.  3-28.  The  branches  shown 
thereon  correspond  with  the  similarly  numbered  ones  on  the  con¬ 
ventional  root  locus  also  shown.  The  closed-loop  natural 
frequency  is  presented  along  branch  0  of  the  Bode  root  locus, 
and  is  read  on  the  logarithmic  abscissa  scale  as  |s|.  On  this 
branch  $CL  is  a  parameter.  At  breakaway,  where  the  gain  is 
|4z®|,jv,  the  branch  0  rendezvous  with  its  mirror  image  (with 
which  it  coincides  on  the  Bode  root  locus) ,  and  the  two  branches 
then  depart  in  opposite  directions  along  the  real  axis  as 
branches  0  and  0 . 
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Amplitude  Ratio 


Example  4:  Unit-numerator  third-order  system 

When  the  a-Bode  and  joo-Bode  diagrams  for  the  system  of  Jig.  3-1 6 
are  constructed  they  appear  as  in  Fig.  3-29*  The  saddle  point 
where  the  real  roots  coalesce  and  then  break  away,  becoming  com¬ 
plex  conjugates,  is  recognized  as  the  local  minimum  of  the  | G(— a) | 
diagram  where  4-G(—(j)  —  “l80°.  The  diagram  also  shows  that  at 
the  value  of gain  where  this  occurs,  the  third  real  root  has 
hardly  moved  from  the  open-loop  pole.  The  point  where  the  locus 
of  roots  crosses  the  axis  of  imaginaries  is  recognized  as  the 
frequency  where  4G(  jcu)  is  — l80°  end  the  gain  required  is  read 
off  by  inspection.  (This  corresponds  to  the  simultaneous  satis¬ 
faction  of  the  angle  and  magnitude  cri ceria  in  the  plane  con¬ 
taining  the  axis  of  imaginaries.)  _ _ 


«r,w ,  Isl  (log  scale) 
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Fig.  3-29.  c-Bode  and  joy Bode  Diagrams; 
G(s)  =  I^s[(s/a)  +l]  f(s/b)  +l] 
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The  c-Bode  and  jo-Bode  plots  show  without  effort  the  breakaway 
points  and  the  condition  for  marginal  stability.  These  impor¬ 
tant  points  are  usually  only  tediously  determined  by  algebraic 
or  root  locus  methods.. 

Location  of  the  closed-loop  roots  for  a  typical  value  of  the 
gain  may  again  be  determined  by  decomposition  of  the  closed- 
loop  function.  The  low  frequency  asymptote  of  the  closed-loop 
function  lies  along  the  zero-db  line  and  the  high  frequency 
asymptote  lies  along  the  high  frequency  asymptote  of  the  open- 
loop  function.  At  the  frequency  at  which  the  "typical"  zero-db 
line  intersects  the  |g( — a)  curve  where  4.  G(-a)  =  -1 80°,  there 

is  a  closed- loop  real  pole,  with  magnitude  l/Tci,*  The  negative 
slope  of  the -asymptotic  approximation  therefore  changes  here  by 
-20  db/decade.  Using,  this  change  (decrease  in  slope),  the 
asymptotic  approximation  can  be  continued  back  from  the  high 
frequency  so  as  to  intersect  the  low  frequency  asymptote. 

This  intersection  gives  the  undamped  frequency  of  the  closed- 
loop  quadratic  factor,  o^.  The  damping  ratio  then  may  be 
determined  from  the  sum  of  the  roots  formula: 

5CL  e  2o £i,(a  +  b  T(jl  ) 

Again,  the  closed- loop  roots  for  a  given  value  of  gain  are  com¬ 
pletely;  determined  by  simple  operations  on  the  logarithmic  plots 
without  the  necessity  of  repetitive  trial-and-error  manipula¬ 
tions.  When  several  such  are  combined,  the  Bode  root  locus  of 
Pig.  3-30  results  (here  a  =  1  and  b  =5) •  The  branches  are  again 
numbered  to  correspond  with  the  conventional  root  locus  shown 
in  Fig.  3-1 

Now  that  the  several  examples  have  been  worked  out  using  both 
conventional  and  G(s)  logarithmic  methods  to  find  root  locus  plots  for 
the  closed-loop  system,  it  should  be  apparent  that,  as  a  practical  matter, 
the  feedback  analysis  problem  can  be  attacked  in  either  way.  Each  method 
does,  however,  present  some  difficulties  when  used  alone.  For  Instance, 
the  calculation  of  breakaway  points  or  all  the  roots  compatible  with  a 
given  gain  is  tedious  in  conventional  root  locus;  and  the  determination 
of  closed-loop  quadratic  factors  using  the  logarithmic  methods  can  be 
equally  tiresome  if  decomposition  is  not  completely  applicable  and 
auxiliary  shifted  Bodes  must  be  constructed.  Fortunately,,  the  awkward 
or  difficult  aspect  of  one  technique  is  usually  a  strong  point  of  the 
other,  so  the  methods  tend  to  be  highly  supplementary.  Consequently,  for 
many  practical  problems  an  intermix  of  techniques  often  provides  the  most 
effective  and  efficient  solution.  Since  the  best,  combination  depends  on 
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Fig.  3-30.  Bode  Root  Locus  for  G(s)  ■  K/s(s+1  )[(s/5)  +  l] 

the  specifics  of  a  given  problem,  an  example  provides  the  simplest  way  to 
illustrate  some  of  the  possibilities  for  Joint  use. 

Example  3: 

Consider  an  an  open- loop  transfer  function  given  by 


l6oo[s2  +  2(0.1 )(7.5)s  +  (7«5)2] 


[s2  +  2(0.1 )(lO)s  +  (I0)2][s2  +  2(0.1)(15)s  +  (13)2] 


The  first  step  in  the  solution  for  the  closed- loop  roots  is  the 
construction  of  the  asymptotic  |g[s)  |dv,  plot  (Fig.  3-31).  The 
departures  from  the  asymptote  of  |G(-a5|db  are  then  added,  in 
the  immediate  region  of  crossover,  to  establish  the  value  of 
the  one  real  root,  a  -  -4.4.  Portions  of  the  closed-loop 
asymptotic  plot  for  |Gcr(s) can  then  be  found.  These  include: 

1.  The  low  frequency  asymptote,  a  —  b,  which  extends  from 
zero  to  4.4 

2.  A  mid-frequency  asymptote  with  a  -20  db/decade  slope, 
b — c,  going  from  4.4  to  the  frequency  (7*5)  of  the 
complex  zeros 

3*  Another  mid-frequency  asymptote,  starting  at  c  and 
having  a  slope  of  +20  db/decade  reflecting  the 
+40  db/decade  increment  due  to  the  complex  zeros 

4.  .The  high  frequency  asymptote,  extending  back  from  f 
with  a  slope  of  -60  db/decade 

At  this  stage  only  one  closed-loop  factor  is  known,  and  only  one 
asymptote  (of  the  two  required)  is  available  for  each  of  the  two 
complex  pairs  remaining  to  be  found.  To  find  the  missing  inter¬ 
mediate  asymptote,  by  far  the  simplest  procedure  is  to  construct 
one  branch  of  the  root  locus,  and  solve  for  the  root  when  1 600 
(K*=4).  This  is  shown  in  Fig.  3-32,  where  the  high  frequency  ' 
closed-loop  factor  is  found  to  be  sf-2(0.l23)(l6.6)s  +  (l6.6)2. 
The  value  of  1 6.6  for  the  undamped  natural  frequency  establishes 
the  point  e  on  the  high  frequency  asymptote  of  Fig.  3-31 .  The 
final  intermediate  asymptote  is  then  constructed  through  e  with 
a  slope  of  -20  db/decade.  Its  intersection  at  d  with  the 
+20  db/decade  asymptote  from  c  determines  the  value  of  the  final 
undamped  natural  frequency,  8.8.  This  undamped  natural  frequency 
can  also  be  found  using  the  product  of  the  roots  relationship 
(Rule  13,  Eq.  3-17)*  The  fact  that  all  the  roots  must  sum  to  -5 
per  Rule  10  is  used  to  determine  a  value  for  the  last  remaining 
damping  ratio.  Thus,  the  final  result  for  the  closed-loop 
transfer  function  is 


The  closed-loop  transfer  function  obtained  using  this  integrated 
graphical  procedure  compares  favorably  with  the  more  precise 
version: 


obtained  by  factoring  the  characteristic  equation.  The  numerical 
differences  are,  of  course,  due  solely  to  the  graphical  processes 
involved  ar.d  are  not  fundamental. 

3-42 


Fig.  3-31 .  Solution  for  Closed-Loop  Roots  for  G( 


This  last  example  nicely  illustrates  the  efficiency  gained  by  adopt¬ 
ing  an  eclectic  viewpoint  in  which  all  available  feedback  system  analysis 
methods  are  used  in  concert.  It  can  hardly  have  escaped  the  reader  that 
the  ties  between  the  conventional  root  locus  and  the  6(s)  logarithmic 
plots  are  extremely  close.  These  have  been  emphasized  by  the  contour 
maps  and  the  isometric  views  whose  sections  would  amount  to  magnitude 
G(s)  logarithmic  plots  except  for  the  distortions  accompanying  the  use  of 
logarithmic  abscissa  scales.  Such  "distortion''  is  only  a  matter  of  con¬ 
venience  to  achieve  the  very  valuable  asymptotic  and  symmetric  properties 
exhibited  by  the  G(s)  logarithmic  plots,  and  does  not  constitute  anything 
fundamental. 


The  common  boride  revealed  by  the  various  forms  of  the  open-loop 
transfer  function  have  their  origin  in  potential  theory.  G(s)  may  be 
expressed 


G(s)  =  G(c  +  jo)  =  |G(a,o)|eJ<P^0^ 


e  U(a,o)  +  JV(a,o) 


(3-235) 


where 


|G(cr,o)|2 

<p(cr,o) 


U2(a,o)  +  V2(o,o) 
u(a,o) 


tan 


and  In  G(s)  is  given  by 


In  G(s)  =  In  1 0(0,0)  |  +  j<p(a,o) 


(3-24) 


G(s)  is  an  analytic  function  for  all  values  of  s  except  those  which 
correspond  to  poles  and  zeros.  Consequently  G(s)  and  InG(s),  or  their 
real  and  imaginary  components  in  Eqs.  J-2J  and  3-24,  will  obey  Laplace’s 
equation  in  the  two  variables  a  and  o  in  all  regions  of  the  s-plane 
devoid  of  singularities.  Thus, 


V2U(c,o) 


n2  >2 

u(o,o)  +  ^  U(c,o) 


0 


V2V(a,o)  =  0 


V2  In  |g(o,o)  I 
V2<p(o,o) 


0 
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While  In  |G(cr,a)) |  obeys  Laplace's  equation,  |g(cj,  a>)  |  and  do  not. 

This  points  out  the  theoretical  basis  for  the  vise  of  logarithmic  magni¬ 
tudes  in  the  isometric  plots.  The  fact  that  Laplace's  equation  also 
describes  a  vide  variety  of  physical  phenomena  suggests  that  physical 
analogies  be  used  to  help  delineate  the  connections  between  the  various 
forms  of  transfer  function  representations.* 

As  one  such  analogy,  consider  the  s-plane  as  an  Infinite  sheet  of 
uniformly  conducting  resistive  material.  The  open-loop  poles  and  zeros 
can  then  be  represented  as  point  sources  and  sinks  of  current,  placed  at 
the  pole  and  zero  locations,  with  strength  proportional  to  the  order  of 
the  pole  or  zero.  At  any  point  s  on  the  sheet  the  potential  4>(s),  meas¬ 
ured  with  respect  to  the  potential  0(so)  existing  at  some  reference 
point  s0,  will  be 

«(B)  «  i*  (3-25) 

Similarly,  the  current,  i,  flowing  across  a  path  between  the  two  points 
will  be 

i  cc  q>(s)  -  q>(sQ)  (3-26) 

so  that  the  lines  of  constant  current  in  the  s-plane  correspond  to  lines 
of  constant  phase. 


*V.  C.  M.  Yeh,  "Synthesis  of  Feedback  Control  Systems  by  Gain-Contour 
and  Root-Contour  Methods,"  Trans.  AIEE,  Pt.  II,  Vol.  75,  1 956,  pp.  85-95. 

P.  J.  Daniell,  Analogy  Between  the  Interdependence  of  Phase-Shift 
and  Gain  in-  a  Network  and  the  Interdependence  of  Potential  and  Current 
Flow  in  a  Conducting  Sheet,  Ref.  B39>  Ministry  of  Supply  Servo  Library, 
1952: 

A.  R.  Boothroyd  and  J.  H.  Westcott,  "The  Application  of  the  Electro¬ 
lytic  Tank,  to  Servo-mechanism  Design,"  Automatic  and  Manual  Control, 
ed.  A.  Tustin,  Butterworths  Scientific  Pub'.',  London,  1952,  pp.  87-103. 

M.  W.  Fossier  and  H.  A.  'Rosen,  "A  Field-Mapping  Method  for  Analysis 
and  Synthesis  of  Linear  Closed-Loop  Systems,  "J.  IAS,  Vol.  20,  Jfer.  1953, 
pp.  205  -  209. 

H.  S.  Tsien,  Engineering  Cybernetics,  McGraw-Hill  Book  Co.,  Inc., 

New  York,  1 954,  pp".  46-56. 
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Applying  this  analogy  to  the  elementary  third-order  system,  the 
three  poles  would  be  represented  as  unit  sources  of  current  located  at 
s  «=0,  -a,  and  -b,  as  shown  in  Fig.  5-33.  This  figure  also  shows  the 
results  which  would  be  obtained  by  measuring  the  potential  along  the 
a  and  ja>  axes,  and  along  the  line  s  s  |j,  +  From  Eq.  3-25 

it  is  apparent  that  these  potential  functions  are  proportional  to  the 
open-loop  logarithmic  amplitude  ratio  plots  for  s  =  a,  Jcu,  and 
(-t  +  jVi-e2)l  s|,  except  that  the  abscissa  is  in  linear  rather  than 
logarithmic  units.  They  correspond  directly  to  sections  through  the 
surface  of  Fig.  >19*  Lines  of  constant  potential  form  the  constant 
gain  lines  on  the  contour  sap  of  Fig.  3-1 and  the  isoargument  curves, 
or  lines  of  constant  phase,  correspond  to  constant  current  flow  lines.* 

5.4  SIMPLIFIED  SYSTEM  CHARACTERISTICS  ADD  LITERAL  APPROXIMATE  FACTORS 

In  almost  all  flight  control  problems  the  open-loop  transfer  functions 
are  of  very  high  order,  with  m+n  seldom  less  than  four,  more  often  of  the 
order  of  ten,  and  occasionally  as  large  as  twenty  or  thirty.  The  tech¬ 
niques  described  in  the  previous  sections  still  apply,  and,  in  fact,  are 
in  everyday  use  in  the  analytical  design  of  flight  control  systems.  But 
inevitably  the  price  of  complexity  in  analyses  is  a  reduction  in  the 
physical  appreciation  of  the  essential  nature  of  a  problem,  and  an 
accompanying  diminished  insight  into  potential  solutions.  Fortunately 
there  are  two  counters  available.  These  are  the  concept  of  the  simpli¬ 
fied  or  equivalent  system  and  that  of  literal  approximate  factors.  Both 
concepts  can  be  converted  into  practical  reality  by  the  application  of 
the  feedback  analysis  techniques  summarized  above. 

A  simplified  system  is,  in  essence,  a  lower  order  approximation  to 
a  higher  order  system  which  is  valid  for  specifiable  conditions.  Literal 
approximate  factors  are  approximate  expressions  for  transfer  function 

^Similar  analogies  can  be  made  with  fluid  dynamic,  gravitational, 
magnetostatic,  elastic,  or  electrostatic  potential  problems.  For  two- 
dimensional  irrotational  flow  of  an'  incompressible  fluid,  for  example, 
the  poles  and  zeros  are  again  sources  and  sinks,  In  |g(c,co)|  is  the 
potential  function,  and  cp(cr,co)  is  the  stream  function.  Phase  loci 
become  streamlines,  and  the  root  locus  is  the  one-half  streamline. 


Fig.  5 -3 3*  Potential  Surveys  Along  Various  Lines  in  the 
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poles  and  zeros  in  terms  of  the  basic  parameters  of  the  system,  defined 
only  as  symbols  rather  than  as  numbers.  Their  most  important  application 
in  flight  control  is  for  aircraft  transfer  functions>  for  which  the 
approximate  factors  are  expressions  which  relate  the  poles  and  zeros  with 
the  stability  derivatives  and  inertial  properties  of  the  vehicle.  Typi¬ 
cal  examples  of  simplified  systems  and  approximate  factors  will  be 
described  below  to  introduce  the  key  notions;  many  other  examples  will 
follow  throughout  this  book. 

Simplified  or  Equivalent  Systems 

As  long  ago  as  1 959  the  feedback  systems  analysis  pioneer,  H.  W.  Bode, 
considered  two  central  concepts  in  his  mathematical  definition  of  feedback. 
The  first  was  the  idea  of  a  loop  transmission,  or  return  of  output  to  input 
measured  by  a  "return  difference";  and  the  second  was  "sensitivity,"  or 
effective  reduction  of  open-loop  system  variations  when  seen  in  a.  closed- 
loop  context.  On  the  surface,  these  two  concepts  might  be  considered  as 
a  cause-effect  pair,  but  both  are  equally  fundamental  in  either  an 
analytical  or  physical  sense.  In  fact,  Bode's  "mathematical  definition 
of  feedback"*  had  the  two  entities  the  inverse  of  one  another,  and  subse¬ 
quent  writers  have  redefined  "sensitivity  so  that  it,  as  a  physical 
measure,  is  identical  to  the  "return  difference."  The  point  of  bringing 
this  up  is  not  to  give  a  history  of  feedback  system  definitions,  but 
instead  to  focus  attention  on  sensitivity  as  a  fundamental  concept 
inseparable  from  feedback  systems.  In  a  gross  sense,  if  there  is  no 
reduction  in  the  effects  of  open-loop  system  variations  on  closed-loop 
behavior,  there  is  no  feedback  worthy  of  mention;  whereas  large  feedback 
can  reduce  such  effects  to  negligible  levels.  This  limiting  case  of 
large  feedback  leads  directly  to  the  equivalent  system  concept,  for  if 
changes  in  certain  open-loop  parameters  have  no  appreciable  effect  on 
closed-loop  behavior,  the  open-loop  system  can  be  replaced  by  simpler, 
albeit  approximate,  descriptions  which  yield  substantially  the  same 
closed-loop  results. 

*H.  W.  Bode,  Network  Analysis  and  Feedback  Amplifier  Design, 

D.  Van  Nostrand  Co.,  Inc.,  New  York,  1 9*1-5. 


To  make  these  reimrks  more  concrete,  consider  the  elementary  feedback 
system  shown  in  Fig.  3-5^! 


Fig.  3-54.  Elementary  Feedback  System 

The  closed-loop  transfer  function,  Gcr(s) ,  is  given  in  terms  of  the  open- 
loop  transfer  function  by 


_G(s) 

1  +  G(s) 


(5-27) 


The  classical  "sensitivity"  function,  SG  (s),  which  measures  the  relative 
effects  of  open-  and  closed- loop  changes,  is  (where  Gcr(s)  and  G(s)  are 
analytic), 


Ar, 

3G 


Sow  (s) 


<^cr  (®) 
Gcrt8) 


dG 
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1  +  G(s) 


(5-28) 


It  provides  a  comparison  between  the  relative  change  in  closed-loop  char¬ 
acteristics  and  the  causative  relative  change  in  open-loop  characteristics. 

Now,  when  feedback  is  really  operable,  sensitivity,  from  the  discussion  in 
the  paragraph  above,  must  be  very  small,  i.e.,  the  percentage  change  in  closed- 
loop  characteristics  must  be  much  less  than  the  percentage  change  in  open-loop 
characteristics.  This  implies  that  G(s)  is  very  large,  which  also  implies 
that 

Gcr(s)  i  1  ,  |G(s)|  »  1  (3-29) 

When  this  condition  applies  the  closed-loop  Gcr(s)  is  insensitive  to  the 
precise  form  of  G(s)  in  the  region  of  s  where  |G(s)|  »  1,  so  the  actual  G(s) 
could  conceivably  be  replaced  by  a  simpler  form  in  this  region.  On  the  other 
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hand,  when  |g(s)|  is  not  large  relative  to  one,  the  sensitivity  approaches 
one,  Gcr(s)  approaches  G(s),  and  such  a  replacement  cannot  be  made.  All 


of  these  esoteric  remarks  amount  to  the  obvious,  i.e 

.,  that 

r4 

1 

when  s 

is  such  that 

M*)l 

»  1 

Gcr(s) « 

1 

G(s) 

when  s 

is  such  that 

|g(s)  1. 

=  0 

1  “ 

1  +  G(s) 

u 

G(s) 

when  s 

is  such  that 

|g(s)  1 

«  1 

Viewed  another  way,  the  relationships  of  Eq.  3-30  essentially  partition  the 
s  domain  into  regions  where  G(s)  needs  to  be  specified  with  little  accuracy 
(|G(s)|  »  1),  or  fairly  good  accuracy  [|  G(  s),|  =  0(1)  or  less)  if  the  closed- 

loop  G  (s)  is  to  be  known  to  a  reasonable  approximation. 


This  function  of  feedback  can  be  used  to  reduce  the  analytical  com¬ 
plexity  of  practical  problems.  The  basic  idea  is  to  replace  the  actual 
controlled-element  transfer  function  (or  equation)  with  a  far  simpler 
approximate  transfer  function  (or  set  of  equations)  which  would  yield 
approximately  the  same  closed- loop  results.  The  simpler —  "equivalent 
system  would  then  be  suitable  for  use  in  many  calculations. 


To  illustrate  the  procedure  for  equivalent  system  evolution,  consider 
the  concrete  example  of  a  high  performance  pitch  attitude  autopilot.  As 
will  be  more  thoroughly  described  in  later  chapters,  the  vehicle  transfer 
function  and  a  sensor-controller  transfer  function,  might  be  described  by 
the  following  open- loop  transfer  function: 


Equalization 


G(s)  =  K 


(  (T01s  +  1)(T02s  +  1)  j 

||  (TEb  +  1) 

IK  +  ^  +  i]  \( E  f  ♦  !^e!  + 1] 

!  |/±f  ♦5£  +  1l 

W  %  J  sp/  “sp  J 

|  ( L\v  0)0  J 

(3-51 ) 


Phugoid 
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Open-loop  G(jcu)  and  G(-0)  Bode  diagrams  of  this  sytein  are  shown,  in 
Fig.  3-yj>,  with  values  for  equalization,  l/Tjj,  and  open-loop  gain  set 
within  ranges  compatible  with  a  "good”  system.  The  complete  open-loop 
system  amounts  to  a  controlled  element  (vehicle  plus  controller)  equa¬ 
tion  of  order  six.  By  the  direct  decomposition  technique  of  Unified 
Servo  Analysis,  the  closed- loop  transfer  function  will  be 

(3-52) 

K  (T0  s  +  i)(Te s  +  1)(Tes  +  1) 

G„^(sj  =  — — - L  c 

crV  '  1  +  K  , 

(T^s  +  1)(T02s  + 

For  the  condition  shown,  the  closed-loop  denominator  factor  (T0jS  +  l)  is 
very  close  to  the  numerator  factor  (T^  s  +  1 ) . 

If  K  is  much  greater  than  one,  the  amplitude  ratio  in  the  entire  frequency 
region  to  the  left  of  about  l/T0£>  will  be  much  greater  than  one  (and,  in  particular, 
|G(ja*,)!  »  1).  This  suggests'  that  the  open-loop  system,  could  be  approximated 
by  the  transfer  function 


1)(TeS  +  l)(Tcs  +  1) 


Gi(b) 


KT01af(T02 


+ 


“sp 


n- +  l)(l’Es  +  1) 


(3-33) 


The  closed- loop  transfer  function  formed  from  this  equivalent  system, 

|G,/(1  +  G-j  )  j ,  will  be  almost  identical  to  the  exact  closed-loop  transfer 
function  given  by  Eq.  >32.  The  major  difference  will  be  that  the  closed- loop 
d.c.  gain  is  1  instead  of  K/(l  +  K),  and  the  nearly  canceling  dipole  pair, 
(T0jS  +  l)/(T01q  +  1 ),  will  not  appear  at  all.  When  |ic|^b  is  20  db  or  so 
these  effects  are  trivial.  .The  equivalent  system  is  of  order  5,  which  is-  one 
step  in  the  right  direction. 

A  further  step  can  be  taken  by  noting  that  the  complete  elosed-loop  system 
denominator  factors  (TggS  +  1 )  and  (TgS  +  1 )  are  not  far  removed  from  the 
numerator  factors  (Tq^s  +  1 )  and  (T^c-  +  1 ) .  Their  proximity  makes  them  act 
as  dipole  effects,  in  the  closed- loop  system  response,  i.e.,  the  modal  response 
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coefficients  for  the  modes  corresponding  to  Tgg  and  Tg  are  relatively  snail 
because  of  the  proximity  of  these  time  constants  to  T and  Tg,  respectively. 
Thus  these  modes  in  the  closed-loop  system  response  will  be  minor,  if  not 
negligible.  To  the  extent  that  they  can  be  ignored,  a  further  equivalent 
system  can  be  defined.  This  will  be 


G 2 (*0 


KTeTe/^sp 


(3-34) 


Equation  >34  is  a  striking  reduction  in  dimensions  to  three.  The  resulting 
closed-loop  transfer  function  will  be 


.  (3-35) 


Except  for  the  absence  of  the  two  dipoles  and  the  veiy  low  frequency 
effects,  this  closed-loop  transfer  function  differs  from  that  of  Kq.  3-32 
primarily  in  that  Tc-|  will  be  slightly  greater  than  Tc,  and  slightly 
less  than  u^.  However,  the  range  of  validity  based  on  use  of  Eq.  3-3-4 
will  be  considerably  narrower  than  that  based  on  the  higher  order 
equivalent  system  approximation  given  by  Eq.  3-34* 


?or  some,  problems  the  equivalent  systems  given  by  Eqs..  3-33  and  3-34  can  be 
further  simplified.  ?or  low-pass  inputs  the  major  gross  effect  of  the  highest 
frequency  modes,  assuming  that  they.,  are  well  beyond  the  crossover  frequency, 
is  an  initial  time  delay.  This  can  be  approximated  by  noting  that  all  high 
frequency  leads  and  lags  having  break  points  beyond  a  given  frequency  affect 
the  characteristics  below  that  frequency  primarily  in  the  phase  shift.  Thus, 
if  the  actual  system's  high  frequency  characteristics  are 
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(3-36) 


/ 


the  contributions  of  these  terms  to  the  amplitude  ratio  and  phase  at  frequen¬ 
cies,  much  less  than  l/T^  and  i/t^  are 
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These  are  the  same  contributions  as  those  of  a  pure  time  delay,  e^40*,  where 
*  cETi  -£Ti-  That  is,  for  low  frequency  equivalence  the  delay  r  is  just 
the  sum  of  the  high  frequency  leads  minus  the  sum  of  the  high  frequency  lags. 
For  the  illustrative  case,  the  servo  is  the  only  term  for  which  this  type  of 
approximation  might  apply.  In  this  case  T  would  be  -2£CT/tna,  so  the  equivalent 
systems,  for  low-pass  inputs,  could  be  further  reduced  to 


MO  4  - 


*  1)(Tes  4  0  e-(atA)»  u- 

feiV*  +  ,1 

[y^p/  “sp 


G2(s)  = 


.  (KTg1T°gTEa^a^p)  -(2^/cofl)s 


(3-39) 


Having  gene  to  this  extreme,  one  further  step  is  easy  to  take  to  obtain 
an  even  lower  order  set  of  systems  formed  by  neglecting  the  minor  high  fre¬ 
quency  effects  entirely.  This  will  often  lead  to  better  approximations  than 
the  fai rly  major  shift  from  the  first  to  the  second  equivalent  systems  in  the 
first  place.  In  other  words,  the  Cq  (s)  shown  in  Eq. >38  without  the  e“  (2£as/mo) 
term  will  ordinarily  be  a  better  approximation  to  reality  (and  of  no  higher 
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order)  then  the  GgCs)  shovm  in  Eq.  3-34.  Indeed,  a  form 


(KTe^HTegS  +  1 )  (Tgs  +  1) 

2v  ♦  ,1 

y*  p/ 

<%p: 

is  ordinarily  a  very  good  approximation  for  problems  of  pitch  attitude 
control. 

Literal  Approximate  Factors 

Transfer  functions  are  totally  specified,  with  the  exception  of  a 
multiplying. constant,  by  their  poles  and  zeros.  The  poles  and-  zeros  are 
functions  of  the  system's  constants,  and  are  therefore  directly  affected 
by  changes  in  any  of  the  constants.  Because  of  the  intimate  relationships 
between  poles  and  zeros  and  the  system  constants,  an  extremely  important 
prerequisite  to  a  rational  system  design  is  an  understanding  of  the 
effects  of  changes  in  the  physical  system  configuration  (as  reflected 
by  the  system  constants)  on  the  transfer  function  poles  and  zeros. 
Unfortunately,  in  complex  systems  the  transfer  functions  are  made  up 
of  ratios  of  higher  order  rational  polynomials,  which  are  difficult  to 
factor  in  general  and  meaningful  terms.  In  airframe  transfer  functions, 
for  example,  the  polynomials  involved  are  largely  of  third  or  fourth 
order,  having  coefficients  which  are  complicated  functions  of  the  stability 
derivatives.  The  usual  approach  to  determination  of  the  effect  on  air¬ 
craft  motions  of  varying  the  airframe  configuration  requires  numerical 
values  for-  the  derivatives  and  is  ordinarily  r  time-consuming  and  irksome 
computational  task.  To  alleviate  this  situation  we  would  like  to  have 
some  relatively  simple,  albeit  approximate,  expressions  for  the  poles  and 
zeros  in  terms  of  literal  aircraft  stability  derivatives.  But  the  deriva¬ 
tion  of  approximate  factors  depends  very  strongly  on  the  relative  magni¬ 
tudes  and  signs  of  the  various  polynomial  coefficients,  making  approxi¬ 
mations  difficult  to  determine  and  the  degree  of  approximation  difficult 
to  assess.  One  way  out  of  this  seeming  quandary  is  the  use  of  servo 
analysis  methods  where,  in  general: 
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1 .  An  algebraic  equation  can  be  manipulated  to  have  the  form 
of  a  feedback'  system  \rith: 

a.  The  open- loop  transfer  function  given  by  G(s) 

b.  The  closed- loop  transfer  function  given  by 
G(s)/[l  +G(s)] 

c.  The  chaipcteristic  equation  1  +G(s)  =  0,  identi¬ 
cal  to  the  original  algebraic  equation 

Then, 

2.  All  of  the  servo-type  methods  for  solving  for  the  roots  of 
1  +G(s)  =  0  from  a  knowledge  of  G(s)  are  applicable  to  the 
determination  of  factors  for  the  algebraic  equation. 

and,  in  particular, 

3«  A  Bode  plot  representation,  where  wide  regions  of  a  graphi¬ 
cal  representation  of  G(s)  can  be  approximated  by  asymptotes 
having  simplified  equations,  can  be  invaluable.  The 
asymptotic  and  other  properties  of  the  Bode  plot  make  the 
regions  where  simple  approximate  solutions  apply  quite  clear. 
Further,  since  exact  solutions  are  possible  using  the  plot, 
the  degree  of  error  involved  in  a  particular  case  is  readily 
determined. 

Although  a  quadratic  is  trivially  simple,  it  will  serve  to  illustrate 
the  details  of  this  "equivalent  servo"  technique  for  approximate  factor¬ 
ing.  Many  more  complex  examples  appear  elsewhere.* 

\ 

The  second-order  equation 

s2  +  2£<i^s  +  =  0 

can,  of  course,  be  factored  exactly,  i.e., 

(s  +  )(s  +  5%  -  %Vc2-i )  »  ° 

When  dealing  with  transfer  functions  containing  second-order  terms  with 
5  <  1 ,  the  unfactored  form  is  usually  suitable  as  is,  while  the  factored 
form  is  called  for  when  £  >  1 .  When  £2  »  1 ,  the  factors  become 


*1.  L.  Ashkenas  and  D.  T.  McRuer,  Approximate  Airframe  Transfer 
Functions  and  Application  to  Single  Sensor  Control  Systems,  WADC-TR-58-82, 
Juno  1958. 
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approximately 


which,  as  £  becomes  larger  still,  approaches  (s+2£%)s.  The  degree  of 
adequacy  of  these  various  approximations  can  be  seen  readily  by  consid¬ 
ering  the  second-order  equation  as  the  characteristic  equation  of  the 
closed  loop  system  shown  in  Fig.  3-36. 


I/2C 


(s/cun)  [s/(2£wn)+ 1] 


Fig.  3-36.  Closed-loop  System  with  Closed-Loop 
Transfer  Function  [(s/%)2  +  (2£s/%)  +  l]H 


Because  only  the  real  roots  will  be  of  interest  here,  only  the 
a-Bode  need  be  used.  This  is  shown  in  Fig.  3-37*  with  the  abscissa 
normalized  to  a/%.  For  £  >  0  the  phase,  although  not  shown,  will  be 
-180°  over  the  range  0  <  a/%  <  2£,  Relating  this  plot  to  the  previous 
approximations,  one  can  readily  see  that  any  value  of  the  "gain,"  l/2 £, 
which  results  in  an  intersection  of  the  zero-db  line  with  the  amplitude 
ratio  curve  when  it  is  near  the  low  frequency  asymptote  will  give  a  root 
magnitude  which  is  approximately 


of 


or 


Also,  the  magnitude  of  the  larger  root  can  be  seen  to  approach  02/%  =  2£ 
as  £  becomes  very  large  (gain  very  small).  Since  the  system  total  damp¬ 
ing,  2£%,  is  constant,  the  sum  of  the  two  real  closed-loop  roots  must 
always  be  -2£%;  therefore  the  magnitude  of  the  second  root  will  be  given 

by  .  % 

a2  =  2£o^  -  ^ 


3-58 


as  long  as  an  intersection  of  the  zero-db  line  and  the  amplitude  ratio 
occurs  near  the  lav;  frequency  asymptote.  The  error  involved  in  the 
approximate  roots  becomes  increasingly  larger  as  the  intersections  of 
the  amplitude  ratio  and  the  zero-db  line  depart  further  from  the  low 
frequency  asymptote.  The  error  will  be  a  maximum  at  open-loop  gains 
where  £  - 1 ,  i.e.,  at  the  breakaway  condition.  The  exact  root  magnitudes 
in  this  case  are  both  o>,  while  reliance  on  the  approximations  would  give 
a-j  =  ai/2  and  =  3ou>/2 .  In  all  cases  it  should  be  noted  that  the  errors 
involved  in  the  use  of  the  approximate  roots  can  always  be  determined 
readily  by  noting  the  departure  of  the  actual  amplitude  ratio  from  the 
asymptotic  plot  at  the  point -of  intersection. 
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Fig.  5-57*  cr-Bode  Diagram  for  G(s/a^)  =  r 
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3-3  mmiQ  OF  K'JUSII.00?  VEIIICULAn  CONTROL  R8EBS3 


It  often  happens  in  the  design  of  feedback  control  systems  for 
•vehicles  that  the  system  cannot  be  conveniently  represented  by  single¬ 
loop  block  diagrams.  Until  comparatively  recently,  this  made  the  pencil- 
and-paper  analysis  of  vehicular  control  systems  either  oversimplified  or 
entirely  too  difficult,  and  the  most  usual  approach  to  the  design  of 
multiloop  systems  was  repetitive  analysis  using  the  analog  computer  as  a 
tool.  Complete  dependence  on  an  analog  computer,  however,  does  have 
deficiencies.  First,  because  of  the  dominance  of  only  particular  modes 
in  the  time  histories,  modes  which  might  be  of  great  importance  under 
slightly  changed  conditions  may  be  effectively  suppressed.  Then  not  only 
will  these  modes  tend  to  be  overlooked,  but  their  variation  with  the 
governing  parameters  will  be  difficult  to  evaluate j  accordingly  some 
understanding  of  the  over-all  performance  of  the  system  is  lost.  Second, 
elements  described  only  in  frequency  response  terms,  such  as  subsystem 
and  human  pilot  describing  functions,  cannot  be  used  directly  in  computer 
operations.  Third,  and  perhaps  most  important,  all  problems  solved  by 
computer  can  provide  only  specific  results  which,  in  the  absence  of  a 
suitable  theory,  cannot  be  readily  and  effectively  extrapolated  to  differ¬ 
ent  conditions  or  generalized.  Thus  gross  trends  and  grand  simpifications 
are  harder  to  come  by,  insight  is  constricted,  and  initiative  is  stifled, 
as  always  happens  when  only  a  single  approach  to  a  problem  is  used. 

To  surmount  these  deficiencies- we  should  like  to  have  a  multiloop 
analysis  technique  with  the  following  properties: 

•  A  formulation  which  cleferly  displays  vehicle-alone  and 
controller-aione  dliaracteristics  in  -conventional  and 
well-understood  terms 

•  Analytical  operations  which  can  be  performed  using  the 
most  efficient  graphical  techniques  of  servoanalysis 

' "  so  as  to  enhance  transfer  of  skill  and  intuition  from 
the  simpler  single-loop  situations 

4  Sequences  and  proecdures  which  are  highly  responsive  to 
physical  insights  and  intuition  so  as  to  lead  to  "good" 
systems  with  a  minimum  of  iteration 

•  A  presentation  of  results  which  is  supplementary  as  well, 
as  equivalent  to  the  results  obtained  using  an  analog 
computer. 


The  elements  of  such  an  analytical  technique  are  presented  below  for  a 
fairly  simple  case.  Detailed  developments  for  more  complex  systems  are 
given  elsewhere,*  and  specific  examples  which  elucidate  the  use  of  the 
method  are  deferred  to  later  cliapters. 

A  generalized  notation  for  vehicle  and  controller  transfer  charac¬ 
teristic  quantities  is  introduced  and  used  throughout  this  development. 

A  compact  matrix  formation  is  appropriate  for  multiloop  problems,  and 
this  is  employed  from  the  outset;  but,  to  make  the  developments  easier 
to  follow,  explicit  equations  in  matrix  form  arc*  used  concurrently  with 
the  more  compact  matrix  generalizations.  This  makes  possible  an  induc¬ 
tive  approach  wherein  the  matrix  equations  are  both  a  shorthand  for  the 
equations  of  relatively  simple  systems  and,  viewed  more  broadly,  the 
appropriate  equations  for  far  more  complex  systems. 

Development  of  Closed-Loop  Transfer  Functions  for  Multiloop  Systems 

A  multiloop  vehicular  control  system  which  is  relatively  simple,  yet 
complex  enough  for  our  present  purposes,  is  shown  in  the  block  diagram  of 
Fig.  3-38.  It  consists  of  a  vehicle  and  control  equipment  comprising 
sensing,  equalizing,  and  actuating  elements.  The  vehicle  has  three  inde¬ 
pendent  degrees  of  freedom,  and  is  subject,  to  control  forces  and  moments 
applied  by  two  control  deflections  and  ar  external  disturbance .  The  con¬ 
trol  deflections  are  functions  of  a  command  input  and  feedbacks  from  two 
of  the  three  degrees  of  freedom. 

The  Iapla'ce-transformed  linearized  equations  of  motion  of  the  vehicle 
can  be  written  in  matrix  form  as 


*11  (B)  *12(S)  al3(s^ 

f 

a2i (s)  a22^s)  a23^s) 

X-,  (s)~ 
X2(s) 
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>,,<■>  bl2(s) 
t>2l  (°)  b22('G) 

6r(s) 

&2-(s). 

+ 

en(s)  el2(s) 

e2l e22^s) 

%(*)’ 

a31  (s)  a32(s)  a33(s) 

X5(s)^ 

b51  (s)  b52(c) 

e31 (s)  e32(s) 

(3-40) 

*D.  T.  McRuer,  I.  L.  Ashkenas,  and  H.  R.  Pass,  Analysis  of  Multiloop 
Vehicular  Control  Systems)  ASD-TDR-62-1 01 4,,  Wright-Fatterson  Air  Force 
Base;  Ohio,  Mar.  1964. 
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DISTURBANCES 


Hoop  Vehicular  Control  System 


or,  noire  compactly. 


[a(s)][x(s)]  =  [b(s)][s(s>]  +  [b(e)]  [t,(s)J  (J-M) 

The  a^,  b^,  and  are,  in  General,  functions  of  s  and  the  vehicle 
characteristics  (stability  derivatives),  but  to  go  along  with  the  economy 
of  notation  of  matrix  methods,  the  functional  dependence  on  s  of  these 
quantities  and  the  various  transfer  functions  is  not  indicated  in  the 
reminder  of  this  section. 

The  vehicle  transfer  functions  for  control  or  disturbance  inputs  are 
found  from  Eq.  3-40  by  Cramer's  rule.  Typical  examples  are: 


8n 

a12 

a13 

b2i 

a22 

a23 

*1 

X1 

n5; 

*31 

a52 

a33 

81 

A 

aH 

' 

al2 

a13 

a2l 

a22 

a25 

• 

a31 

a52 

a33 

x2 

x? 

N5lr 

1 

a11 

*11 

a13 

51 

*— 

A  C 

A 

a21 

b21 

a25 

a31 

*31 

a33 

(5-42) 


(3-43) 


In  these  transfer  functions  A  is  the  determinant  of  the  coefficients'  of 
the  left  side  (characteristic  determinant  of  the  vehicle), 


■ 

Hi 

a12 

al  3 

t> 

I! 

a2l 

a22 

a25  ■ 

a31 

a52 

a33 

(3-44) 


xi  . 

and  the  numerator,  is  obtained  by  replacing  the  column  of  Xj_  coeffi¬ 
cients*  in  A  by  the  column  of  coefficients  from  the  right  side  of 
Eq.  3-40. 


FNk  tk  Vladi:  41^ 


or  [&]  =  [gc][xc]  -  [g][x]  <(>46) 

where  [  Gc  ]  will  be  called  the  command  matrix  and  [  G  ]  the  feedback 
matrix.  The  subscript  convention  used  to  identify  the  components  of  G 
is  that  the  first  number  identifies  the  controller  output  (control  sur¬ 
face)  ;  the  second  number  the  controller  input'-  ( sensed  motion  quantity) . 
Equations  3-41  and  3-46  can  be  depicted  as  the  deceptively  simple  matrix 
block  diagram  shown  in  Fig.  3-39* 

Substituting  Eq.  3-46  into  Eq.  3-4l  gives 


MI*]  .  [».][*]  ♦  mm 

-  NKIN-HMhMM 

Collecting  like  terms, 

{M*MM|M  -  MhlM  +  MM  (3J,7) 

and,  after  premultiplying  by  the  inverse  of  (M*MMj  ,  the 
explicit  expression  for  [xj  becomes 

[x]  -  ([*]♦  [»][.JJ  ’|[b][oc][xc]  +  [B][o]5j  (3-W) 

Equation  3-48  is  the  formal  matrix  solution  for  the  transform  of  the  out- 

,  i 

puts  of  the  closed-ioop  system.  It  is  not  restricted  to  the  equations  of 
the  example,  but  is,  in  fact,  applicable  to  systems  with  larger  or  smaller 
matrices. 
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Disturbances 


59*  Matrix  Block  Diagram  for  General  Multiloop  Control  System 


tte  detendmnt  of  the  coefficient*  of  the  »trlx  e^Kssion 
|[ A  |  +  |  B  j  |  cjjvill  become  the  ctarecUrittic  function  of  the  clos&l-lrop 
system,  i.e.,  v 

A^s  c  det  ([a]  +  [b][g]J  (3-49) 


This  determinant  can  be  expanded  in  such  a  way  as  to  explicitly  retain 
the  vehicle-alone  characteristics,  which  is  a  powerful  advantage.  Also, 
the  resulting  expressions  can  be  made  amenable  to  the  conventional  servo- 
analysis  techniques  described  in  the  previous  section.  Thus,  in  the  case 
of  the  simplified  system  of  Eqs.  3-kO  and  3-45 } 


Asys  ~ 


-  4et  |U] +  M[<j]} 


an 
a21 
5  a3l 


+  bl2°2l 
+  b22G2l 

+  b32G2l 


,al2  4  b11G12 

; 

a22  4  b2l  G1 2 
a32  4  b31Gl2 


A  +  G12N6l  +  G21N&2  +  G12G2lN6i  g2 


(3-50) 


A  and  Nr,  hays  the  same  significance  as  in  Eqs.  3-42,  3-43,  and  3-44, 

**  ‘  "  XOCfc 

while  teims  of  the  form  Ng^g,,,  called  coupling  numerators,  are  found  by 
replacing  both  the  ith  and  kth  columns  of  the  determinant  of  the  left-hand 
coefficients  in  Eq.  3-40  by  the  columns  of  6^  and  &2  coefficients, 
respectively.  The  awkward,  but  descriptive,  symbol  with  two  subscripts 
and  two  superscripts  is  intended  to  suggest  this  replacement.  For  example. 


b1 2 

b11 

a13 

b22 

b2l 

a23 

b32 

b31 

a53 

(3-51) 


The  coupling  numerator  Ng^gg  has  no  meaning  when  i  =  k,  and  is  arbitrarily 
defined  to  be  equal  to  zero.  The  properties  of  determinants  can  also  be 


t 


used  to  show: 


*1^  *i*k 

®6^8i  s  ^62^2 

»  0 

(3-52) 

u 

,  w***1 

(3-53) 

xlxk  1  /  x  i_ 

(3-54) 

For  the  most  general  case  of  two  control  deflections  fed  by  each  of  the 
three  degrees  of  freedom,  the  system  characteristic  determinant  can  be 
shown*  to  have  the  form 

3  2  * 

Aiys  *=  A  +  2  S  Gji%-} 
i=1  0  0 

While  the  system  characteristic  function,  /^ye,  is  the  denominator 
for  all  closed-loop  transfer  functions,  regardless  of  the  command  or 
disturbance  input,  the  numerator  of  a  closed-loop  transfer  function  will 
depend  on  the  particular  command  or  disturbance. 

.  ^The  inverse  matrix,  |[a]  +  [  B  ]  ["  G  J.j  ,  which  appears  in  Eq.  3-48 

can  be  expressed  in  terms,  of  the  basic  matrix  by  the  standard  form^ 

# 


where  the  numerator  is  the  transpose  of  the  matrix  of  the  cofactors,  and 
the  denominator  is  the  determinant,  of  the  basic  matrix,  W  ♦[■»][«]• 

*Ibid. 

^For  example,  L.  A.  Pipes,  Matrix  Methods  for  Engineering,  Prentice- 
Hall,  Inc.,  Englewood  Cliffs,  New  Jersey,  1965* 
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Art 

A?1 

A31 

A  a 

^22 

a32 

/A  3 

A23 

a33 

Asys 


(3-56) 


£  £ 

i=1  k=1 


xixk 

J1iG2k%^2 


(3-55) 


Thus,  for  the  ewuople,  Z^yC  =  det  {!*?•♦•  hJfoJj  (Kq.  >*i9),  and 

a22  +  1>21G12  *23 

*11  c 

a32  +  b31G12  »33 

is  the  cofactor  of  )  *n  bbe  determinant,  of  Eq.  3-50* 

For  command  inputs  the  other  matrix  involved  in  Eq.  J>-h8  is 
[B][Gc][xc]*  For  +-he  case  at  hand,  the  matrix  multiplication  yields: 

! 

Xi  _  *1 1  b1 2^21  c  +  ^ei  b22G2l  c  +  A51  b32G2l  c 
X1  c  Asys 

G2lc(bl2AI1  +  b22^21  +b32A3l) 

Aays 


(3-58) 

a11+b12G21  al2+bllG12  a1  3 

a21  +  b22G2l  a22  +  b2l G1 2  a23  ’ 

j  a31  +  b32G2l  a32+b31°12  a33 

This  same  result  is  obtained,  more  directly  but  with  less  general  carry¬ 
over  to  more  complex  situations,  by  the  application  of  Cramer's  rule  to 
Eq.  3-^7  expanded  to  include  the  example  matrix  elements.  It  is  apparent 
in  Eq.  3“58  that  the  cofactors,  such  as  Aji,  which  appear  in  the  numer¬ 
ator  are  identical  to  the  terms  which  would  appear  multiplied  by  Ggi  in 
the  expansion  of  the  denominator.  Thus  the  expansion  of  the  closed-loop 
transfer  function  numerator  can  be  inscribed  by  analogy,  and  the  complete 
closed-loop  transfer  function  for  a  command  input,  x-|c,  becomes: 


b12G2Vc 

a12  +  b1 1 G1 2 

B13 

b22°21 c 

a22  +  b2l  G1 2 

a23 

b32°2lc 

a32  +  bji  Gi  2 

a33 
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(>59) 


*i_ 

XV 


(X1  *2X1  \ 
4  G^}b2) 


*2  *1  *2X1 
A  4  4  G21%2  4  C12G21NB162 


A  similar  development  would  yield  the  transfer  function  relating 
the  response,  x-j ,  to  the  disturbance,,  : 


h 


M  x1x1 

%  4  G12%&1  4  [G21%52 


A  +  G12N^  +  G21N^  +  G12G21%^| 


(5-60) 


Here,  of  course,  the  disturbance  does  not  go  through  the  biock  G2ic  to 
get  into  the  doubly  closed-loop  system.  Therefore,  the  leading  numerator 
term  is  not  multiplied  by  G2i_  in  this  case.  Note  also  that  the  term  in 
square  brackets  is  identically  zero. 

The  pattern  which  is  evident  in  Eqs.  5-59  and  5-60  can  be  described 
by  the  following  rules:* 

t 

1.  The  effective  denominator  is  equal  to:- 

a.  The  open-loop  denominator 

b.  Plus  the  sum  of  all  the  feedback  transfer 
functions,  each  one  multiplied  by  the 
appropriate  numerator 

c.  Plus  the  sum  of  all  the  feedback  transfer 
functions  taken  two  at  a  time,  each  pair 

*  multiplied  by  the  appropriate  coupling 
numerator 

2.  The  effective  numerator  is  equal  to: 

a.  The  open-loop  numerator 

b.  Plus  the  sum  of  all  the  feedback  transfer 
functions,  each  one  multiplied  by  the 
appropriate  coupling  numerator 


"*  * 

These  rules  are  due  to  R.  L.  Stapleford.  See  Appendix  C  of 

ASD-TDR-62-1 094,  Analysis  of  Multiloop  Vehicular  Control  Systems,  Mar. 

1964. 


The  responses  to  a  cor.  and  input  are  obtained  from  the 
matrix  equation  . 


r  1  _  matrix  of  effective  r  IT  1 

»AJ  “  transfer  functions  L^cJl^cJ 


(>6l) 


In  the  common  situation  where  a  command  is  only  fed  to 
one  control,  Eq.  >6l  reduces  to 


transfer  function^  (effective  —  numerator) 
x«Jc  ,  I  \  °k  / 


(' 


effective  denominator) 


/ 


In  Rule  1-b  the  "appropriate”  numerator  is  the  one  with  the  same 

output/input  pair  as  the  feedback,  e.g.,  the  product  G21 iB  aPProPri“ 

ate  to  the  specific  example  used  earlier,  while  in  Rule  1  -c  the  "appro- 

•  prlate"  coupling  numerator  has  the  same  two  output/input  pairs  as  the 

Xix2  XjX<  . 

feedbacks,  e.g. ,  G-j pGp^ *  Recall  tliat  is  zero  (from  the 

properties  of  determinants)  if  i  =  j  or  k  =  1.  In  general  cases  with  many 

feedbacks,  several  of  the  coupling  numerators  will  be  zero. 


In  Rule  2  the  "appropriate"  coupling  numerator  is  the  one  for  the 
outp'ut/input.  pair  of  the  original  numerator  as  well  as  for  the  feedback 


output/input  pair.  For  example,  the  feedback  xp  6i  modifies  the  x-t/b* 

xix2  / 

numerator  by  adding  to  it  the  terra.  GipKr.r,  ,  and  modifies  the  x.;/tu  numera- 

xixp  J  1  f  0 

tor  by  adding  to  it  the'  term  * 


While  the  above  discussion  and  the  earlier  derivations  are  adequate 
for  determining  the  command  response  with  feedbacks  to  two  independent 
controls  or  the  disturbance  response  with  feedbacks  to  one  control,  a 
complete .generalization  (for  a  three-degree-of-freedom  system)  requires 
the  introduction  of  a  second  type  of  coupling  numerator.  In  a  type- two 
coupling  numeratqr,  three  columns  of  the„  open-loop  characteristic  deter¬ 
minant  are  replaced  by  the  appropriate  control  or  disturbance  coefficients. 
A  type-two  coupling  numerator  is  zero  if  any  two  of' the  outputs  or  any 
two  of  the  inputs  are  identical,  i.e.. 


®  -  0 

X»XiX> 

s  0 


(>62) 

(3-63) 
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The  rules  for  forming  the  effective  denominator  and  numerator  are 
generalized  by  adding: 

1- d.  Plus  the  sum  of  all  the  feedback  transfer 

functions  taken  three  at  a  time,  each  combi¬ 
nation,  multiplied  by  the  appropriate  type-two 
coupling  numerator  • 

2- c.  Plus  the  sum  of  all  the  feedback  transfer 

functions  taken  two  at  a  time,  each  pair 
multiplied  by  the  appropriate  type- two 
coupling  numerator 

It  often  happens  that  it  is  necessary  or  desirable  to  feed  back  a 
quantity  which  is  a  linear  combination  of  terms  in  the  variables  which 
appear  in  the  equations  of  motion.  Two  alternatives  are  available.  An 
additional  not  linearly  independent  equation  can  be  inscribed  together 
with  the  equations  of  motion,  and  developments  similar  to  the  previous 
ones  can  be  carried  out,  expanding  the  determinants  which  are  now  larger. 
On  the  other  hand,  all  the  terms  which  are  required  can  be  developed  by 
adopting  a  special  definition  for  the  word'  "numerator": 

Numerator  -b  a  (transfer  function) 

This  definition  docs  not,  as  we  shall  see  later,  exclude  the  possibility 
that  a  "numerator"  can  include  a  "denominator."  For  convenience  the  words 
will  be  used  from  here  on  as  they  are  defined  above,  and  the  use  of  quota¬ 
tion  marks  will  not  be  continued.  Then,  for  example,  if. 


and 


x^  =  ax^  +  bxg  +  cxj 

xk  X1  x2 

N6J-  -  aN6]  +  bN6*  +  cU6> 


xkxi 
**  1  A 


=  laN; 


°251 


(3-64) 

(3-65) 

(3-66) 


etc.  The  terra  in  square  brackets  is  again  identically  zero.  Otherwise 
it  is  worth  noting  that  the  replacements  indicated  by  the  right  column 
of  subscripts  and  superscripts  are  the  same  throughout  the  equation  for 
the  coupling  numerator. 
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Equation  >68  can-  be  represented  in  block  diagram  fora  in  a  particu¬ 
larly  instructive  way.  Figure  >40  shows  that  the  effect  of  feeding  back 
-*-5j  is  to  modify  the  X^  transfer  function  of  the  vehicle  so  that 
when  the  63  feedback  loop  is  opened  the  "effective"  vehicle  trans¬ 

fer  function  is  X^  and  the  open-loop  function  for  the  second  loop 
closure  is  X^*  ^  this  case,  both  the  poles  and  zeros  of  X^^  have 

been  modified. 

The  primed  notation  Xjg  is  used  to  indicate  merely  that  one  loop  has 
been  closed,  and,,  by  itself,  it  is  not  intended  to  specify  the  particular 
loop  closure  which  is  involved.  The  meaning  of  the  primed  notation  in 
terms  of  which  loops  have  been  closed,  therefore,  depends  on  the  local 
context.  Later,  the  prime  is  similarly  added,  to  individual  transfer 
function  terms  to  indicate  the  number  of  prior  loop  closures. 

Note  here  that  since,  typically-,  s  appears  raised  to  higher  powers 
in  the  denominators  of  2X2^  and  Gi 2^5^82/^62  than  *n  **ie  numerators, 

^  (<i1£X2s))  -  0  (3-69) 


*2*1 , 


(5-70) 


so  that  the  so-called  root  locus  or  high  frequency  gain  of  X-[&  is 
identical  to  the  one  for  X-j  . 

We  may  also  renark,  in  passing,  that  Fig.  >40  shows  particularly 
clearly  that  the  "modificati.on"  made  by  the  first  loop  closure,  X2  6-j , 
might  be  made  in  such  a  way  as  to  compensate  or  "equalize"  the  open-loop 
transfer  function,  Gg-jXi  .  This  is- a  thought  to  which  we  shall  return 


later. 


Nov  in  order  to  make  an  analysis  of  the  effects  of  closing  the 
second  loop,  x^  -*-62;  it  is  first  necessary  to  know  the  factors  of 
and  finding  the  factors  of  X-j^  involves  finding  the  factors  of 


3-40.  Equivalent  Blot*.  Diagram  for  the  System 


1  +  G-|2^c.  given  the  factors  of  Gl2^2, 


and  of 


1  +gi2 


-8l 

4f4 


given  the  factors  of,  G-jg 


81 


4] 


Of  course,  these  operations  are  relatively  easily  accomplished  by  con¬ 
ventional  servoanalysis  techniques.  They  correspond  to  finding  the 
closed- loop  roots  of  the  characteristic  equations  for  the  feedback 
systems  of  Pig.  3-41 .  Note  that  the  roots  of  the  "system"  of  Pig.  3-4la 

are  the  poles  of  X*'  ,  while  the  roots  of  the  "system"  of  Fig.  3-4lb 

1 92 

become  the -.zeros  of  Xi'  . 

5  '02 


x; 


b2 


%2  +  G12N£^62 
1  +  Gl2%f 


Closed- loop  pole  factors  of  0 
Closed-loop  pol.e  factors  of  0 


(5-71) 


Fig.  3-41 .  x2  Loop  Closures  Involved  in  the  System,  x-|  c  8g :x2”*“Gvs 


If  the  characteristics  of  the  vehicle  are  fixed,  G^2  is  the  only  variable 
in  both'  relationships .  Thus,  choosing  Gjg  appropriate  to  either  closure  0 
or  closure  0  completely  determines  the  characteristics  of  the  other  ' 
closure . 

The  two  loop  closures  considered  here  are  further  related,  in  typical 
applications  to  aircraft,  in  that  the  high  frequency  open-  and  closed- loop 
asymptotes  of  systems  0  and-  0  ere  often  nearly  identical,  and  therefore 
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t 


the  "root  locus  gains”  are  nearly  the  same.  This  observation  is  easy  to 
appreciate  because  typically  the  terms  of  highest  degree  in  s  in  the 
expansion  of  A  come  from  the  product  of  main  diagonal  terms  (aj  1*22*23)  > 
while  the  control  effectiveness  terms  (b^j)  are  usually  constants.  Then 
at  high  frequencies,  denoted  as  ”Js|  large,” 


X1 

n4]. 


s|  large 


bl2a22a53 


s|  large 


(see  Eq.  3-42)  (3-72) 


Ks%\ 


and 


s|  large 


(bl2b2l  “  b1 1  b2&)a33 


(see  Eq.  5-50)  (3-75) 

J | s |  large 


b21  b1 1  b22 


a22  b12a22 


s|  large 


(3-74) 


s|  large 


Similarly  (Eq.  3-^3), 
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J  |  s  |  large 


a11b21a35 

a11a22a33 
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22 
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1 6 1  large 


Quite  typically  for  aircraft  controls  bgj  »  bi ib22/bl2>  co  tbat  *n 
general  for  large  |s| : 


*2*1 

5iB2  b21  b1 1 b22  .  b21  .v 

*  -  •  -  *s  - — - r —  *=  •—  **  Ao 

a22  a22b1 2  a22  81 
"62 


(3-76) 


It  is  helpful  to  keep  this  fact  in  mind  while  actually  making  the  analysis 
of  the  "simultaneous"  closures  for  systems  0  and  © . 

When  Xi  has  been  found  in  factored  form,  the  closed-loop  system 

'  5g 

characteristics  can  readily  be  determined  by  a  conventional  analysis  of 
the  system  of  Fig.  3-h2, 
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Pig.  >•  42.  Command  Loop  Closure 


In  summary,  the  steps  involved  in  the  analysis  of  the  system  in 
Fig.  3-38  are: 

1 .  The  control  channels  are  divided  into  two  categories, 
"inner"  and  "outer"  loops,  reflecting  the  closure 
sequence.  The  X2  (or  &i )  loop,  closed  first,  is  thus 
the  "inner"  loop;  whereas  the  x-j  (or  69)  loop,  being 
closed  second,  is  the  "outer"  loop. 

2.  The  "inner"  loop,  ((7)  ,  Fig.  3-40),  is  closed  with 

tentatively  selected  equalization  and  gains,  and  the 
closed  inner  loop  root6  are  found.  These  roots  become 
the  vehicle's  poles  for  the  outer  loop  closure . 

3.  Using  the  same  gain  and  equalization  selected  above, 
i.e.,  the  same  Gj2j  bhe  coupling  loop  (©,  Fig.  3-40)  is 
closed.  The  closed-loop  roots  resulting  from  this  closure 
become  the  vehicle's  zeros  for  the  outer  loop  closure. 

4.  The  outer  loop  is  closed  in  a  conventional  manner  around 
the  modified  outer  loop  vehicle  transfer  function. 

5.  Possible  repetitions  of  Steps  2  through  4  with  different 
equalizations  and  gains  may  be  required  if  the  result  of 
Step  4  is  not  satisfactory. 
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3.6  SENCIT3VITY  OF  CLOSED-LOOP  ROOTS  TO  SYSTEM  PARAMETER  VARIATIONS 


We  have  thus  far  treated  the  system  analysis  problem  for  nominal 
characteristics,  including  the  determination  of  open-  and  closed- loop 
transfer  functions  and  time  responses..  We  turn  now  to  consideration  of 
off-nominal  behavi.or  resulting  from  variations  in  the  system  parameters 
from  their  assigned  values.  The  many  ramifications  of  this  subject  are 
commonly  encompassed  by  the  name  "sensitivity,"  referring  generally  to 
the  change  of  some  aspect  of  system  behavior  due  to  some  change  in  the 
system  elements.  Because  the  sensitivity  measures . developed  here  are 
directly  related  to  the  modal  response  coefficients  needed  in  response 
calculations,  sensitivity  and' response  factors  become  inseparable. 
Therefore  while  this  section  is  explicitly  on  sensitivity,  it  also 
implicitly  covers  the  calculation  of  modal  response  coefficients.' 


Sensitivity  considerations  have  long  been  of  dominant  interest  in 
vehicle  dynamic  and  control  system  design  activities.  As  noted  in 
Section  3.4,  the  "sensitivity"  of  a  feedback  system  was  originally 
one  of  the  bases  for  the  mathematical  definition  of  feedback.  This 
was  natural  since  feedback  systems  possess  the  "fundamental  physical 
property  that  the  effects  of  variations  in  the  forward  loop,  whether 
they  are  taken  as  changes  in  G(s)  or  as  departures  from  strict  linearity, 
or  as  freedom  from  extraneous  noise,  are  reduced  by  the  factor  l/(l  +G) 
in  comparison  with  the  effects  which  would  be  observed  in  a  system 
without  feedback."*  The  l/(l  +G)  factor  is  the  classical  sensitivity 
function,  SG  (s),  which  compares  the  relative  change  in  closed-loop 
characteristics  to  the  causative  relative  change  in  open-loop  charac¬ 
teristics,  i.e., 


S 


Gcr(p) 

G 


dGcr( s) 
Gcr<‘> 


dG(  s ) 
G(s) 


1 

1  +  G 


(5-77) 


*11.  W.  Bode,  Network  Analysis  and  Feedback  Amplifier  Design, 
P.  Van  lfostraud  Co.,  "lnc.,  New  York,  1 9^ ,  p7T4. 


Thus,  the  measure  l/(l  +G)  indicates  directly  the  reduction  in  the 
"sensitivity"  of  the  system  to  many  of  the  influences  which  would 
otherwise  tend  to  corrupt  its  performance. 

Although  classical  sensitivity  has  "been  a  popular  subject  in 
control  topics  ever  since  Bode's  original  work  ve  shall  depart 
from  the  classical  view  to  emphasize  newer  conceptions  of  sensitivity. 
These  concepts  are  more  pertinent' here  because  they  result  in  measures 
which  are  directly  related  to  the  pole-zero  description  of  system 
characteristics.*  The  basic  measures,  called  here  "gain,"  "(open-loop) 
pole,"  "(open- loop)  zero,"  and  "(open-loop)  parameter"  sensitivities, 
were  evolved  to  determine  changes  in  the  position  of  closed-loop  poles 
due  to  shifts  or  changes  in  open-loop  gain,  poles,  zeros,  or  other 
parameters.  In  the  simplest  terms  these  sensitivities  connect  open- 
loop  differential  variations  with  closed-loop  differential  shifts. 

The  sensitivity  factors  can  play  (a  significant  role  in  synthesis 
as  well  as  analysis  activities.  In  analysis,  as  already  remarked, 
design  calculations  are  inherently  nominal'because  the  system  assumed 
in  an  analytical  study  can  never  precisely  match  the  actual  physical 


*K.  Mitchell,  "Estimation  of  the  Effect  of  a  Parameter  Change  on  the 
Roots  of  Stability  Equations,"  Aeron.  Quart,,  Vol.  I,  May  19^9* 

Ordway  B.  Gates,  Jr.,  and  C.  H.  Woodling,  A  Method  for  Estimating 
Variations  in  the  Roots  of  the  Lateral-Stability  Quartic  Due  to  Changes  in 
Mass  and  Aerodynamic  Parameters  of  an  Airplane,  NACA  TN  $134,  Jan.  19 

A.  Papoulis,  "Displacement  of  the  Zeros  of  the  Impedance  Z(p) 

Due  to  Incremental  Variations  in  the  Network  Elements,"  Proc.  IRE, 

Vol.  43,  1955. 

R.  Y.  Huang,  "The  Sensitivity  of  the  Poles  of  Linear  Closed  Loop 
Systems,"  Trans.  ALEE,  Pt.  XI,  Vcl.  77,  1958,  pp.  182-186. 

F.  F.  Kuo,  Pole-Zero  Sensitivity  in  Network  Functions,  Ph.D. 
Dissertation,  Univ,  of  Illinois,  1 958 . 

H.  Ur,  "Root  locus  Properties  and  Sensitivity  Relations  in  Control 
.Systems,"  IRE  Trans.,  Vol.  AC-5>  No,  1,.  Jan.  i960. 

D.  T.  McRuer,  and  R.  L.  Stapleford,  Sensitivity  and  Modal  Response 
for  Single-Loop’ and  Multiloop  Systems,  ASD-1DR-52-812,  Jan.'T^o^ 

I.  M.  Horowitz,  Synthesis  of  Feedback  Systems,  Academic  Press, 
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system.  An  assessment  of  the  effects  of  system  uncertainties  and/or 
the  implications  of  parameter  tolerances  thus  "becomes  a  matter  of  great 
concern  to  the  designer.  Sensitivity  concepts  provide  the  direct  means 
to  mate  such  assessments .  For  synthesis  the  use  of  sensitivity  is  more 
subtle.  Practical  control  systems  usually  require  complex  dynamical 
descriptions  and  arc  expected  to  meet  >a  variety  of  diverse  and  often 
conflicting  criteria.  Because  of  this  intrinsic  complexity,  the  inter¬ 
relationships  between  the  system  parameters  arid  the  diverse  system 
performance  measures  are  always  involved  and  often  obscure.  Consequently, 
system  synthesis  is  invariably  accomplished  by  iterative  analysis.  In 
such  iterations,  knowledge  of  the  effects  of  parameter  variations  is  of 
great  value  in;  determining  appropriate  modifications .  The  guidance 
provided  by  sensitivity  factors  can  be  used  to  suggest  both  improvement 
in  nominal  system  characteristics  and  the  reduction  of  system  sensitivity 
to  parameter  variations. 

Our  development  sequence  will  first  consider  single-loop  systems 
with  first-order  closed-loop  poles .  The  notions  herb  are  elementary 
and  easily  traced,  as  befits  an  introduction  to  the  subject.  This  will 
be  followed  by  a  more  general  development  which  subsumes  all  forms  of 
root  sensitivities  for  open-loop,  single-loop,  and  multiloop  systems. 

Sensitivities  for  Single-Loop  Systems 


The  single-loop  system  open-loop  transfer  function  has  the  form 


G(s) 


Jf  a(s) 
M 


n 

n  (s  +  zj) 


m+n 

n  fc+pj) 


=  G(s,  k,  Zj,  p-j) 


(3-78) 


The  effects  of  small  variations  in  the  parameters  of  G(s)  on  the  closed- 
loop  roots  can  be  found  by  starting  with  the  total  derivative  of  the 
closed-loop  characteristic  function,  1  +G, 
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Now  'because  the  closed- loop  poles,  X-^,  are  defined  by  the  equation 

'  [’  +  G(E>]s„Xi  =  0  ,  (3-81 

the  total  differential  of  Eq.  3-79  is  zero  at  the  position  of  a  closed- 
loop  pole  s  =  Xj[.  Setting  dG"0  and  s-X^  in  Eq.  3-79>  and  rearranging 
terms  gives 


The  variation,  dX^,  in  the  closed-loop  pole  can  bo  expressed  in  another 
way  by  noting  that  the  closed-loop  roots  depend  only  on  the  open-loop 
gain,  poles,  and  zeros.  Functionally, 


xi  s  xi(*'  ZS>  Pj) 


The  total  derivative  dX^  is  then 


dXi  A„  JL  dX.» 

"i  -  «-sr¥*Es: 
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^  T  L*  557 
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As  indicated  in  the  last  form  of  Eq.  3-83,  the  factors  K(bl±/bK) , 
dXf/dzj,  and  oXj_/cjpj  are  accorded  a  special  symbol,  S.  These  are 
the  first  order  sensitivity  factors.  The  subscript  and  superscript 
notation  indicates  that  a  differential  increment  in  the  open- loop 
parameter  (defined  by  the  subscript)  results  in  a  differential  increment 
of  the  ith  closed-loop  root  (denoted  in  the  superscript)  which  is  equal 
to  the  sensitivity  factor  times  the  open-loop  parametric  variation. 

By  equating  like  coefficients  in  Eqs.  3-3 1  and  3-83 
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dXi 

Sg/Sk 

bk/K 

c)G/c)s_ 

SXi 

dG/ctej 

Sg/os 

dG/dpj 

c)G/5s. 

(5-84) 


Note  that  the  gain  sensitivity  is  based  on  a  fractional  (percentage) 
change  in  K,  while  the  pole  and  zero  sensitivities  are  based  on 
absolute  shifts  of  pj  and  Zj .  These  definitions  were  adopted  here 
in  order  to  provide  some  simplifications  in  relationships. 

In  terns  of  the  open-loop  trarsfer  function  form  of  Eq.  3-78>  the 
gain  sensitivity  factor,  remembering  that  G(Xi)=-1,  is, 
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dG/ds 


(5-85) 
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c.  The  gain  sensitivity  is  the  negative  of  the  modal 
response  coefficient  for  the  root  X^.  Tnis  will 
be  shown  for  the  general  case  of  Nth  order 
roots  in  the  next  article  but  will  be  taken  for 
granted  here.  Thus, 


(3-92) 


This  equality  is  very  useful  since  all  of  the 
properties  previously  derived  for  the  modal, 
response  coefficients  are  applicable  to  the 
gain  sensitivity.  Using  this  correspondence, 
other  formulas  for  the  gain  sensitivity  can  be 
developed. 


Sk  =  ~  [(s-Xi)Gcr(s)] 
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1,  m=0 
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Remembering  that  X^-q^,  and  that  Ka(Xj_)  =  — p ( X^ )  ^ 
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d.  Sonic  combinations  of  gain  sensitivities  or  modal 
response  ration  are  simple  functions  of  the  open- 
loop  transfer  function  polyno-nial  coefficients 
and  gains.  These  are  conveniently  developed  by 
matching  coefficients  in  expressions  for  the  closed- 
loop  transfer  function  and  in  the  partial  fraction 
expansion.*  Among  the  relationships  are  the  foliovring 
for  in  >  1  i 
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E  %  - 

i=1 
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-  E 
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(5-95) 
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(  1  ,  k  >  1 

|  1  +  K  *  k  "  ° 

\  0  ,  k  <  -1 

(3-96) 

e.  The  sum  of  all  the  zero  and  pole  sensitivities  for 
each  closed-loop  pole  must  equal  minus  one.  This 
follows  directly  from  Eqs.  3-88,  3-89,  and  3-90- 
Thus, 


n  j  m+n  . 

E  sZi  +  E  =4  "  (3-97) 

3*  1  3  J 


lhis  result  is  easily  explained  by  recalling  that 
on  a  root-locus  plot  if  all  the  open-loop  zeros 
and  poles  arc  moved,  the  same  amount,  all  the  closed- 
loop  poles  will  also  be  moved  by  that  amount.  The 
minus  sign  is  because  and  pj  are  the  negatives  of 
the  open-loop  zeros  and  polos. 


*D,  T.  Meitner,  and  R.  L.  Staplcford,  Sensitivity  and  Modal  Response 
for  Single-Loop  and  Mul.tiloop  Systems,  ASR-TDR-^^’l^T’O an 7  1963. ~ 
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The  gain  sensitivities  arc  the  residues,  evaluated 
at  the  closed-loop  poles,  o I"  the  classical  sensitivity 
Sgcr,  This  is  a  direct  consequence  of  the  relationship 
■between  the  modal  response  coefficients  and  gain 
sensitivities . 
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i-  E 
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«  1  +  E  777-  » >  1  (3-96) 
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Evaluation  Procedures  for  Sensitivities 

The  evaluation  of  single-loop  gain  sensitivities,  or  modal  response 

# 

coefficients,  may  be  accomplished  in  several  ways.  The  fundamental 
bases  are  the  formulas  given  by  Eqs.  3-85 ,  3-86,  3-87,  3-88,-  or  3-93. 

All  of  these  ai’e  appropriate  for  direct  computation,  which  is  probably 
the  most  common  means  employed  for  sensitivity  calculation. 

Some  of  the  gain  sensitivity  equations  arc  readily  interpreted 
graphically  in  terms  of  vectors  in  the  complex  plane.  Equation  3-88, 
for  example,  instructs  us  to  draw,  at  any  point,  Xp,  on  the  locus  of 
roots,  vectors  directed  toward  the  sscros  and  away  from  the  poles  of 
the  open-loop  function,  end  inversely  proportional  in  magnitude  to  the 
distance  from  X^  to  the  singularity  in  question.  The  sum  of.  those 
vectors  shows  the  direction  of  the  locus  with  increasing  gain.  A  second 
graphical  method  using  vectors  in  the  complex  plane  is  based  on  con¬ 
ventional  root  locus  constructions.  The  basis  j.s  Eq.  3-93,  which 
involves  a  ratio  of  vector  products.  With  a  complete  set  of  closed- 
loop  roots  plotted  on  the  locus  this  calcui.ati.on  can  be  quietly 
evaluated,  as  exemplified  in  Fig.  3-^3.  The  operations  involved  can 
be  accomplished  particularly  rapidly  when  the  logaritlimic  spiral, 
features  of  the  "Spirulc"*  are  used  as  an  aid.  This  is  the  method 


•Mcliuer  and  Stapleforcl,  Ibid. 
tSec  footnote,  p.  3-9- 
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Fig  •  Illustration  of  Gain  Sensitivity  and  Modal  Response 

Coefficient  Calculations  Using  Vectors 
fra:)  the  Complete  Root  Locus 


most  often  given  for  the  graphical  evaluation  of  the  modal  response 
coefficients.  Its  disadvantage  for  sensitivity  calculations  is  that, 
it.  requires  a  complete  set  of  compatible  closed-loop  roots  plotted  on 
the  locus. 

Besides  those  vector  forms,  sensitivities  can  be  obtained  from 
any  of  the  common  plots  used  in  the  unified  servo  analysis  techniques 
treated  earlier  in  this  chapter.*  Most  of  the  methods  depend  on  the 
interpretation  of  Kq.  3-8^  in  terms  of  slopes  from  the  particular  plot 
(e.g.,  jco-Bodc,  conventional  root  locus,  etc.)  available. 

When  the  complete  set  of  conventional  and  Bode  root  locus  plots 
arc  available  graphical  methods  using  increments  in  the  gain  and  closed- 
loop  poles  offer  the  simplest  way  to  obtain  a  rapid  appreciation  of 
sensitivity  considerations,  'flic  direction  of  the  gain  sensitivity  is 
most  easily  determined  from  the  conventional  root  locus,  as  it  is 


•McRucr  and  Stapleford,  Ibid. 
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simply  along  the  tangent  to  the  locus.  A  close  approximation  to  the 
magnitude  can  he  obtained  using  the  location  of  the  closed- loop  pole 
for  tvro  slightly  different  gains,  such  as  the  segment  of  a  locus 
shown  in  Fig.  3-M.  •  The  gain  perturbation  method  requires  the  loca¬ 
tions  of  the  closed-loop  pole  for  tvro  slightly  different  gains,  sue1! 


Fig.  3-ll4.  Hoot-Locus  Perturbation  Methods  for  Gain  Sensitivity 


&s  the  segment  of  a  locus  sliovm  in  Pig.  2-4  4  a.  Using  finite'  increments 
as  approximations  to  differential  changes,  Eo,  2-84  gives 


i  dXi  , 

Sk  =  dx/ic 


(>99) 


Equation  3-99  can  also  be  used  if  the  change  in  the  closed-loop  pole  is 
obtained  by  some  other  technique,  such  as  from  root  decomposition. 

lhe  phase  perturbation  method  is  based  on  considering  K  to  be  a 
complex  quantity.  The  normal  root  locus  is  then  a  graph  of  the  closed- 
lop})  pole  locations  for  K  real.  Now  consider  a  small  perturbation  in 
the  phase  of  K .  The  closed-loop  pole  must  then  be  perturbed  a  small 
distance  normal  to  the  conventional  root  locus,  and  the  phase  perturba¬ 
tion  of  (G/k)  must  be  minus  that  of  K  (see  Fig.  3~44b) .  Consequently, 
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for  perturbations  normal  to  the  root  locus,  Ak/k  ■■  -JAu,  and  Eg.  35-99 


becomes 


Mic  - 


J  AO 


(5-ioo) 


vherc 


phase  change,  in  rad,  of  G/k 


For  the  Bede  root  locus  -a  more  natural  sensitivity  factor  is  the 
proportional  change  in  the  negative  of  the  closed-loop  root,  i.c., 
dq^/qi  instead  of  &X^.  Considering  gain  sensitivity  alone, 


°ji  &K 

q.j  T 


(35-101) 


K  K 


where  is  the  sensitivity  factor  relating  proportional  changes  in 

the  negative  of  the  closed-loop  pole,  q.,  and  the  gain.  Because 

1  i 

dx/x  -  d  3ji  x,  the  proportional  sensitivity,  Mi,  will  he 


Mi  __  __  _  dqi/^i 

^  Q.!  A  is  I  is 


d  In  q^ 
d  In  K 


(5-102) 


The  proportional  sensitivity  can  thus  ho  estimated  from  the  Bode  root 
locus  hy  considering  small,  increments  about  the  nominal  gain.  For  real 
roots  this  will  simply  be  the  slope  of  the  siggy  Bode  plot  at  q^.  As 
often  as  not  this  would  be  expressed  in  de cades/dB.  To  convert  to  a 
unit-less  fonn  of  we  note  that 
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The  first  term  is  eanrerted. 
as  with  first- order  terms. 


from  deeades/dB  by  multiplying  by  20,  just 
'ih a  imaginary  part  will  usually  be  measured 
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(5-105) 


The  gain  sensitivity  in  these  terms  viJl  then  be 


*1% 


dU°s10  +  J  8.6859 _ d_t 

[d(20  logl0  K)  tf-t*  d(20  log10  k) 


(JM06) 

The  polo  and  zero  sensitivities  are  easily  obtained  once  the 
gain  sensitivities  have  been  found.  A  geometric  appreciation  is 
gained,  by  considering  these  as  vectors  in  the  s-plane,  as  in  Fig.  5-^5 • 
Nobe  that  the  zero  sensitivity  vector  is  in  a  direction  tending  to  pull 
the  locus  more  toward  the  zero,  whereas  the  pole  sensitivity  vector  • 
would  tend  to  push  the  locus  away  from  the  pole. 

Example:  Unit-numerator  third- order  system 

The  analysis  of  the  system 

G(s)  -  - - - - - 

s(s  +  1  )(s  -!-5) 
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Pi  Xj+Pj  |Xj  +  Pj|  A  "(^Xi+  Pj)  I  X{  ♦  Pj  I 

a)  Pole  Sensitivity 


♦  pj' 


b)  Zero  Sensitivity 


yA'j.  (Jnor.ot-vi/:  D 3 nitrations  of  Pole  and  Zero  Sensitivity  Vocto 


has  been  extensively  treated  on  pp.  3-19  ct  seq.  and  5-39  et  seq. 
A  complete  "system  survey,”  comprising  block  diagram,  G(jcc)  and 
G( — o )  Bode  plots,  end  Bode  and  conventional  root  locus  plots  is 
given  in  Fig.  3 -4C.  In  this  example  v;e  will  compute  the  gain 
sensitivities  in  several  ways  for  illustration  and  as  an  indica¬ 
tion  of  relative  accuracies. 


.The  gain  is  set  so  that  a  pair  of  complex  closed- loop  polos  with 
damping  ratio  of  '^2/ 2  exists.  For  this  situation  the  important 
parameters  arc. 


K  =  31 V26  -  136  =  2.070 

q,  =  -X,  =  V26  »  3.099 

q2  „  —Xf>  =  (6  -  Vl6)(l-j)  «  0.1i50(l -d) 

q?  »  -X5  =  J-  (6  -  \p)(l+J)  0.1l50(H-  J) 

1 .  Direct  Calculation 

Using  Eq.  3-8 6  for  the  numerator  and  denomi  nator  derivatives  method, 


Therefore, 


a  = 

1 

I! 

/o  l^o 

0 

P  “ 

S5  +  6s2  +  5s 
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Using  the  value  for  Xr>  gives 

a2  _  -3276  +  701  V26  +  3(8112  -  9S7  V26) 
"  5290" - - 

=  0.0474  +  30.490 

~  0.492  4  84.4-7  deg 
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3 

Because-  X^  is  ^he  complex  conjugate  or  X^,  SK  is  the  complex 
conjugate  cf  or 


_3  -3^-76  h-  701  Vp6~~  J(8l12  -  987  V26) 

bK  “  '  6290 


=  0.0474  -  JO. 490 
=  0.492  4  -64.47  deg 


Using  the  value  of  X-j  in  the  equation  for  Sj*|, 


3276  -  701  \fp. 6 

3^5 


— O.09-M9 


The  modal  response  coefficients  are,  of  course,  the  negatives 
of  these  sensitivities . 


As  a  check,  recall  that  if  the  number  of  system  poles  is  greater 
than  the  number  of  Keros  by  two  or  more  (m>2),  then  the  sum  of  the 
modal  response  coefficients  or  gain  sensitivities  is  zero.  These 
conditions  are  met  for  tills  example,  and  vre  can  see  that  the 
values  do  sum  to  zero. 


The  second  method  of  direct  calculation,  called  the  summation  of 
terms  method,  uses  Eq.  3-38,  i.e., 
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m-m 

E  X 

d-1 


i+Pj 


n 

7-  £ 


•  ,  1-5  +  Z-i 
0-1  1  0 


These  computations  may  be  performed  in  the  following  manner: 


0 

1 
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(Pj  +  x2) 

1 

Pj  +  X2 

-0.43049  +  J0.ii50i)9 

•si.  1099  “  Jl.1099 

0.34951  +  o0.)i50i(9 

1.0383  -  JO. 8922 

4.54951  +  00.45049  • 

0.2177  ~  JO. 021 6 

E 


(p3  +  ls)  " 


0.1961  -  J2.0237 


,3 


O.OI174  +  JOJ190  =  0li92  4  84 . h 7  deg 
0.0474  -  JO.490  =  0.li92  4  —84  .*17  deg 
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0 

-9.09902 

-0.1961 

1 

—4 . 09902 

-0.2440 

5 

-0.09902 

-10.0990 

%H-) 

=  -10.9391 

sj  =  -0.0949 

The  results  naturally  agree  with  the  first  method  because 
both  methods  arc  exact. 

The  sensitivities  to  the  poles  at  -1  and  -9  are  easily 
computed  from  Eq,.  3-90 .  For  the  pole  at  -1 , 


xi  +  Pi 


0.09119 

•3H10 


-0.0231 


— (O.OhTH  +  JO. 1(90) 
0.390  +  J0J130 


— oJi8y  -  jo.494 


*=  0.699  4  -159  dee 


For  the  pole  at  -9, 


«1  B  0.0949 
°P2  -0.0990 


-0.959 


-(O.QliYt  +  JO. 1(90) 
4.93+^0.490 


-0.0203  -  JO. 1098 


---  0.1 07T  4  ~101  deg 
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2.  Vector  Method 

The  vector 'method  uses  Eg..  5-93.  Por  this  example,  the 
equation  reduces  to 


,1  _  —K 

’K  "  (X,  +  qp)('X1 


The  following  were  measured  with  a  Spa  rule: 


which  gives-  i 

S  l  =  -0.095? 

S2  ^  0J?90  4  84.5  deg 


These  values  are  extremely  close  to  the  exact  values.  Both 
amplitude  errors  are  less  than  1  percent,  and  the  angular 
error  of  is  less  than  1  deg. 

5.  Root-Locus  Perturbation  Methods  .  • 

To  estimate  the  gate  sensitivity  from  Eq.  5-99;  &  perturbed 
position  on  the  locus  of  -0.4-1  +  JO. 76  was  chosen.  The 
measured  gain  at  that  point  was  5.89.  This  gives  an  estimate 
of 

2  (  KAXg  [  (— O.il  1  +  30/(6)  -  (-OJ15  +  JO. 45)] 

s*  =  ~sr  =  2,0?  '  ,5.89  -  2.07 

=  0.0)15  +  jo. 555  =  0.556  4  82.7  deg 


which  has  a  magnitude  error  of  28  percent  and  an  angular  error 
of  2  deg. 
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For  tlic  point  -5.42  was  selected  as  the  perturbed  value 
of  X,  for  which  the  gain  \m is  10.06.  Then 


2.07[(-J>Ji2-(-S.10)] 
ToToS  ~'2.07  ~ 


-0.083 


Although  the  gain  was  increased  to  nearly  5  times  its 
original  value,  this  estimate  is  within  13  percent  of 
the  exact  value. 

To  obtain  estimates  from  Eq.  3-100,  perturbations  normal - 
to  the  locus  were  considered.  For  S2  a  perturbed  X  of 
-0.611  +  j0.1i7  was  selected,  for  which  the  measured  phase 
change  was  -24  deg.  Then 


„2  .  ^2  [(~o.6»t  +  jo.47)  -  (-0.45  +  J0.U5)]' 

sk  ~  Ao '  “  -24/57.3 

■  0.0477  +  JO. 454  =  0.457  4  84  deg 


For  this  estimate  the  amplitude  error  is  7  percent  and  the 
angular  error  is  less  than  1  deg. 

For  a  perturbed  X  of  -5.10 + 30.10  was  chosen.  The  phase 
change  was  47.5  deg,  so 


ifao.io)(57.3) 

W3 


-0.121 


This  estimate  is  in  error  by  27  percent. 

4 .  Bode  Boot  Locus  Increments 

The  pertinent  slope  on  the  Bode  root  locus  for  the  complex 
root  was  measured  as 


A20  log  K 

- 1£_  A  39  dB/decade 


A  log 


and  a  gain  decrease  of  3.8  dr.  increases  to  0.9  over 
the  original  O.y,  or  0.0>27/&B.  The  proportional 
sensitivity  (Kg..  3-1 0!! )  is  then 


dlnffn  _ ,] _ dj__ 

d  In  K  S  in  /c 


20  J_ 

39  6.707 


(8.686) 


0.2 

T-iTtfr 


--=  O.915  -  JO.  6^7 


The  conventional  gain  sensitivity  is  thc-n 


S 


2 

K 


-  (0.515  -  jo.647)(-o.it50)(i~j) 
•  i 

0.0603  4  JO. 522 


=  0.525  25  83. it  ,deg 


This  is  an  error  of  about  7  percent  in  amplitude  and  1  deg 
in  angle. 

1  ' ' 

To  obtain  SR  the  slope  of  the  high  frequency  branch  of 
the  siggy  is  used.  A  slope  measured  from  this  plot  is 
-830  dJB/decade,  although  the  root  is  too  close  to  the 
open-loop  pole  to  get  an  accurate  value.  Nevertheless, 


H  "  om' 

and 

sl  c  ximk  “  (-5«i)(o.02»h)  «  -0.123 


This  estimate  is  about  29  percent  higher  than  the  correct 
value. 
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Mating  Eohavic.-.-  r.-:d  bpLcd-X  Cc.: s.:r- 


The  magnitudes  of  pain  sensitivities  can  cover  the  entire  range  of 
values  from  minus  to  plus  infinity.  Yet,  intuitive  notions  of  "sensitivity" 
as  a  general,  concept  in  closed-loop  systems  make  part  of  this  range  appear 
unreasonable .  One  part  of  the  problem  is  a  direct  consequence  of  the  sen¬ 
sitivity  definition,  while  another  is  associated  with  its  nature  as  a  first- 
order  approximation.  A  better  understanding  of  both  facets  can  be  gained 
by  an  examination  of  limiting  cases. 

In  general,  closed-loop  poles  are  close  to  open-loop  poles  for  low 
values  of  gain,  and  proceed  to  either  open-loop  zeros  or  unbounded  values 
as  the  open-loop  gain  becomes  very  large.  Throughout  this  travel  the  gain 
sensitivity  is  (Eq.  5-88  repeated  here) 


si  _ 


n 


m+n 

jti  Xt  +  Z3 


(3-107) 


c-E 


As  K  approaches  zero,  the  closed-loop  root,  Xj,  approaches  the  open-loop- 
pole  from  which  it  derives,  i.e.,  X^  -*~~p£.  Then  the  term  l/(Xi +  pi)  in 
Eq.  5-107  is  dominant,  so 

4]k-m>— -H— — °  (5-,08) 

H  +  Pi 


Similarly,  as  K  becomes  very  large,  n  of  the  closed-loop  poles  approach 
open-loop  zeros.  If  the  ith  closed-loop  pole  is  one  of  these,  and  it 
approaches  the  jth  open-loop  zero  so  that  X^  -**--• zj,  then 

- T - ~°  ■  (5-W) 

Xi  + 


Finally,  m  of  the  closed-loop  poles  have  no  zeros  to  go  to,  and  hence 
become  very  large  relative  to  the  |  pj  |  and  |  zj  |  .  The  sensitivity  for  these 
poles  is 
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m 


(3-110) 
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3=1  1 


When  the  gain  is  sufficiently  large  for  the  open-loop  zero  cTB  line  to 
intersect  the  high  frequency  asymptote,  the  open-loop  transfer  function  is 
approximately 


G(s) 


so  that  X^  will  be 


(3-m) 


Thus,  the  sensitivity  of  the  unbounded  pole  will  oe 


» 


(3-112) 


Equation  5-112  indicates  that  the  sensitivity  increases  as  the  mth  root  of 
K  as  gain  is  increased,  although  for  finite  gains  the  sensitivity  is  always 
finite . 

Another  circumstance  in  which- the  sensitivity  can  become  very  large  is 
revealed  by  Eq.  5-93-  Here  it  is  apparent  that  the  gain  sensitivity  for  a 
closed-loop  pole  becomes  very  large  as  that  pole  nears  another  closed-loop 
pole.  Indeed,  as  X;l  becomes  equal  to  Xj,  indicating  a  brunch  point  on  the 
root  locus,  the  gain  sensitivity  goes  to  infinity.  This  is  to  be  expected 
since  the  sensitivity  factors  defined  thus  far  have  not  considered  multiple- 
order,  closed-loop  roots.  As  long  as  the  gain  is  finite,  an  infinite  gain 
sensitivity  always  indicates  multiple -order,  closed-loop  poles. 

A  special  situation  of  considerable  interest  can  occur  when  a  closed- 
loop  root  lies  betv/een  an  open-loop  pole  and  zero  which  are  much  closer  to 
each  other  than  to  all  other  open-loop  poles  and  zeros.  This  is  the  .so- 
called  dipole  case.  The  sensitivity  for  the  bounded  closed-loop  pole  will 
be,  approximately, 
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sJ  = 

°K 


M+Pi 


+  z^ 


(H  +  2i)(H  '  Pi) 


(5-115) 


The  maximum  value  of  vail  occur  when  X^  ---  ~( z^  +  p^ )/?,  for  which 
hccomes 


1 

T 


(Pi~zi) 


(5-1 11* ) 


First-Order  Root  Sensitivities  for  &  Gen oral  Characteristic  Equation* 

We  turn  now  to  the  general  case  where  multiple-order  closed- loop  roots 
are  permitted,  and  where  the  open-loop  system  parameters  are  not  confined 
to  gains,  poles,  and  zeros.  To  accomplish  the  generalization  ve  shall 
repeat  many  of  the  steps  involved  in  the  special  case  with  first-order 
roots  only. 

For  linear  constant-coefficient  systems  of  nth  order  the  system 
characteristic  equation  can  he  written  as 

F[Xj.,  £.]  «  0,  i  .  1,  25  n  (5-115) 

where  Xp  is  a  root  and  a  is  a  vector  with  components  o.j  representing  the 
set  of  system  parameters.  Each  component,  o.j,  is  nominally  constant,  but 
potentially  variable.  Open-loop  poles,  zeros,  and  gains  arc  typical  a^’s, 
although  other  system  parameters  are  also  included.  If  Xj_  is  a  first-order 
root-,  the  total  derivative  of  F  will  be 


t 


(5-116) 


*This  article  is  a  shortened  version  of  the  paper:  R.  I.,  Stapleford 
and  ]) .  T.  McRuer,  "Sensitivity  of  Multiloop  Flight  Control  System  Roots 
to  Open-Loop  Parameter  Variations,"  ATAA  J'.,  Voi.  1|-,  No.  9>  Sept.  1965, 

pp.  1655-1661. 
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Who*)  X-j.  is  an  Kth  order  root,,  F('s)  has  the  form  (s  — >^)%-j(s).  Then  the 
first  K~1  derivatives  of  F  with  respect  to  s,  vhen  evaluated  at  s  =  Xp 
become  Kero.  In  this  event  the  total  differential  given  above  must  be 
expanded  to  incorporate,  the  first  nonzero  higher  order  term.  Equation  3- 11 6 


is  then  modified  to 


P  e  j/^M/dx-^  *  y  in 

\*H  I  3  oaJ 


(5-117) 


Equation  5-117  can  be  solved  for  dX^  to  give 


K!  cS? 


JK :  v-»  /  »  .  i: 

j 


(5-118) 


This  relates  differential:  changes,  da j ,  in  the  system  parameters  to  the 
differential  change  in  a  system  root.  The  expression  can  be  written  more 
compactly  by  defining  parameter  sensitivities  as 


n/^  J..* 


(5-119) 


The  parameter  sensitivity,  8,  is  made  specific  to  a  particular  system  root 
by  the  superscript,  i,  while  the  pertinent  system  parameters,  cy,  is  indi¬ 
cated  by  the- subscript.  While  it  then  has  the  sane  form  as  the  previous 
sensitivities,  it  is  not  yet  totally  equivalent  since  the  differential 
increment  in  the  ith  system  root  is  given  by 


1  ll/« 
X  saj  daj 


(5-120) 
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11  io  parameter  sensitivities  ore  pavLial  derivatives,  so  shirts  in 
system  roots  .predicted  vising  t)io  sensitivities  are  only  exact  in  the  limit 
as  the  parameter  variations  approach  zero,  ilie  practical  extent  to  which 
this  linear  first-order  theory  will  apply  cannot  bo  defined  generally, 
although  experience  and  an  intimate  knowledge  of  system  details  usually 
provides  an  appreciation  for  the  conditions  under  which  the  first-order 
results  should  be  accurate  or  suspect.  When  in  doubt,  practical  restric¬ 
tions  on  ranges  can  be  evolved  by  comparing  the  first-order  results  with 
auxiliary  complete  solutions,  or  by  developing  second-order  sensitivities. 


The  simplest  special  case  using  the  above  results  is  the  single-loop 
system  with  the  open-loop  transfer  function  G(s).  Here  F(s)  «  1  -i-G(s)  and 
the  components  of  a  arc  the  gain,  K,  the  open-loop  zeros,  ~Zj,  and  the 
open-loop  poles,  ~pj .  Using  the  open-loop  transfer  function  form. given  by 
Eq.  3-78 >  "the  relation  G(X^)  -  —1  in  Eq.  3-1 18,  and  the  basic  formulations 
of  Eqs.  3-3 1  through  3-38  gives  the  result 


Comparison  of  Eq,  3-121  with  its  predecessor  equivalent  for  first-order 
poles,  Eq,  3-85,  shows  that  key  changes  for  the  multiple-pole  case  are  in 
the  -gain  sensitivity  and  in  the  exponent  N  on  the  closed-loop  pole  shift, 
dXj[  (or,  as  written  in  Eq.  3-121,  an  exponent  l/N  on  the  sum  of  the  sen¬ 
sitivities).  The  polo  and  zero  sensitivities  are  also  changed  as  the  gain 
sensitivity. 


is  a  cc  .-fion  factor.  Equation  3-121  -reflects  the  weil-known  characteristics 
of  a  branch  point  on  a  root  locus  plot.  The  inc0.Bj.n2  branches j  which  at 
their  junction,  represent  an  Nth  order  closed-loop  root,  are  evenly  spaced 
and  separated  fro.11  each,  other  by  2jr/K.  The  departing  branches  are  also 
separated  from  each  other  by  2«/l!  and  are  midway  between  the  incoming 
branches. 

Except  for  these  isolated  multiple-order  root  points,  the  root  locus 
consists  of  brandies  characterizing  the  paths  of  the  closed-loop  roots  as 
open-loop  gain  is;  -'changed.  The  gain  sensitivity  is  tangent  to  these  paths, 
whereas  the  aero  and  pole  sensitivities  will  make  angles  with  the  tangents 
given  by  ^(Xj[  T  y.j  and  —4  (Xj_  •)•  p j  respectively. 

Sensitivity  factors  for  system  i>arameters  other  than  poles  end  zeros 
can  also  be  determined.  For  instance,  for  the  system  parameter  ccj  where 
G(s  ,  oj)  Ki;(s  ,  c?.j)/D(s  ,  cvj )  the  sensitivity  factor  is 


ci  ci  1  1  Si) 

aj  K  11  OCOj  D  CiOj 


('3-123) 


Connections  Between  Sensitivity  and  Modal  Response 

As  noted  previously,  without  proof,  the  gain  sensitivities  are  simply 
related  to  the  transient  response  characteristics  of  a  unity-feedback  sys¬ 
tem  via  the  modal  response  coefficients  for  the  closed-loop  roots.  The 
partial  fraction  expansion  of  the  system’s  weighting  function  will  contain 
the  terms 


p~l  Qi-|  Qig  Qj.fl  X-r  1 1  •  I 

£  [i--,-  ♦  -7-/  +  ’ •  •  +  J  "  *  K  +  V  *  " ' '  +  T5=)TfJ 

(3-121))' 

as  the  contribution  of  an  Nth  order  root.  The  N  modal  response  coefficients, 
k  ~  ^  N>  are  evaluated  by 


1  faK"!:  (»— Xi)lkQ(“)1 1 
*  -  W~W  Off  — a(i)~  I 


s  ^  Xj 


(3-12p) 
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The  gain  sensitivity  is  the  negative  of  the  Kill  modal  response  coefficient, 

i.e.. 


-K  *  '  - 


(»  -  H)  °(0 
~  r+  G(7r 


(3-126) 


B  “  X-i 


To  prove  this  relationship,  it  is  convenient  to  introduce  the  variable 
Qj^(s)  which  is  defined  by 


(s  -  Xi)KG(s) 

n-GTs) 


(3-127) 


where  ^7(^1)  “'^%*  Rova’iting  Eq.  >-127  as 


[V  +  0(b)]  ^(b)  «  (s-Xi)N0(e) 


(3-128) 


and  differentiating  with  respect  to  s  gives 


[l  +  0(g)]  +  <£„(»)  -  «(»  "  X1)Ii"V0(») 

♦  ~  Xi)H  -i-d 


(5-189) 


Evaluating  Eq.  3-129  at  s  -  X^,  and  noting  that  G(Xj_)  «  -1,  gives 

\  ‘ 


Qi 


•K 


dQ(s) 


ds 


«=  0  if  K  >  1 


(3-130) 


Jb  «X^ 


Therefore, 


ds 


«  0  if  K  >  1 


(3-13D 


J  D  65  X  l 


Repeated  differentiation  of  Kq.  3-129  shows  that  the  first  N— 1  derivatives 
of  G  are  zero  at  s  ==  Xj,  i.o.. 


h 
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0,  1  <  k  5 :,-B  ~  1 


s  =  X-i 


(3-152) 


arid,  that 
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ds1 


Js  =  Xi 


(3-133) 


Finally,  comparison  with  Eq.  3-122  gives 


<s%  »  -4 
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-Kuitiloop  Sensitivity  Katios 


ITie  multiloop  situation  and  notation  are  strati  ghtf orv.-ard  extensions 
of  those  introduced  above,  instead  of  one  open-loop  transfer  function,  G, 
there  are  L  open-loop  transfer  functions,  Gk.  Each  of  those  has  a  gain,  Kk; 
n^  Kerbs,  and  mk  +  nk  poles,  Ibe  closed -loop  system  character- 

is tie  function  F  is,  in.  general,  a  summation  of  terms,  eucii  of  which  may  be 
the  product  of  several  transfer  functions,  e.g;.,  F  -  1  +  + GiGg  -l- GgG^Cr|,  4  •• 

Under  those  circumstances  Eq.'  3-118  becomes 
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(3-133) 

6  B=X^ 


or  in  terms  of  the  sensitivity  factors 
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Table  3-1 .  Sensitivity  Ratios 
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*Use  upper  sign  for  zeros,  lower  sign  for  poles. 


Also  included  in  Table  3-1  is  a  key  relationship  between  gain 
sensitivities  for  different  transfer  functions  but  relating  to  the 
same  closed-loop  root.  Using  Ea,  3-137  for  two  different  gains  gives 


GjjbF/dGj)' 

Gk(bF/bGk) 


(3-1  hP.) 


Since  F  is  a  linear  function  of  Cv ,  i.e..  each-  transfer  function  G, 

h-  '  it 

appears  in  F  only  with  an-  exponent  of  unity,  the  term  G^C^F/oG^)  5  s 
simply  the  sura  of  all  the" terms  of  F  which  include  .  When  evaluating 
sensitivity  factors,  Eq.  is  of  central,  importance,  for  all  the 

gain  sensitivities  pertinent  to  a  given  closed-loop  root  can  he  cal¬ 
culated  using  ratios  once  a  single  gain  sensitivity  is  fcnown.  Since 
a  multiloop  analysis  is  usually  done  as  a  sequence  of  loop  closures 
the  single-loop  techniques  can  he  applied  to  obtain  the  gain  sensitivity 
for  the  last,  or  outermost  closure,  thereby  providing  a  starting  point. 
The  pole  and  zero  sensitivity  factors  follow  directly  once  the  gain 
sensitivities  are  available. 

The  evaluation  of  the  ratios  of  Ea.  3-1*2  can  be  quite  involved. 
^Considerable  simplifications  arc  sometimes  possible  by  recalling  that 
F-0  at  s  =  Xp.  Thus,  if  V  were  given  by 


F  «  V’2  +  GlGfk  "■  W'3  +  Gf'l| 


(5-U3) 
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4.1  HERODUgriOW 

Vito  our  background  in  feedback  control  and  analysis  methods 
established  in  the  preceding  chapters,  we  come  now  to  toe  object  of  such 
control — the  vehicle.  We  want  to  characterize  the  vehicle  in  a  way 
that  is  especially  instructive  to  toe  flight  control  system  designer 
rather  than  to  the  stability  and  control  aerodynamicist  or  dynamic 
specialist,  in  order  to  do  this,  we  deliberately  emphasize  the  vehicle 
dynamic  properties  as  a  whole  rather  than  as  the  sum  of  its  component 
parts.  For  example,  we  avoid  the  fine -grain  details  of  stability  deriva¬ 
tives,  and  their  dependence  on  configuration  layout,  in  favor  of  a  rudi¬ 
mentary  understanding  of  toe  origins  of  aerodynamic  forces  and  moments. 
Also,  we  look  for  and  Identify  simplifying  but  generally  valid  assump¬ 
tions  which  eventually  lead  us  to  a  direct  appreciation  for  toe  Important 
factors  governing  the  vehicle's  response  characteristics.  Such  an  under¬ 
standing  of  the  over-all  aspects  of  the  object  to  be  controlled  is  an 
implicit  requirement  for  effective  and  efficient  flight  control  system 
design  activities.  It  affords  a  basic  appreciation  of  vehicle/control- 
system  Interactions  and  flight  controller  possibilities  most  likely  to 
succeed. 

With  this  object  and  bias  in  mind  we  proceed,  in  this  chapter,  to 
establish  the  most  generally  useful  (and  used)  sets  of  the  basic  equa¬ 
tions  of  motion.  The  process  is  specifically  designed  to  appeal  to 
readers  who  are  not  necessarily  conversant  with  formal  advanced  dynamic 
methods.  Accordingly,  we  relate  the  developments  to  simple  physical 
pictures  of  the  phenomena  Involved  rather  than  only  to  compact  mathe¬ 
matical  formulation.  All  the  assumptions  required  to  get  to  the  final 
set  of  equations  are  specifically  identified,  as  are  their  simplifying 
effects.  The  factors  Involved  In  selecting  an  appropriate  axis  system, 
and  the  process  of  converting  from  one  set  of  axes  to  another,  are  set 
forth.  The  effects  of  linearizing  about  an  operating  point  or  trim  con¬ 
dition  and  the  influences  of  the  selected  trim  condition  on  the  resulting 
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linearized  perturbed  equations  of  notion  are  noted.  Finally,  the  general 
origins  of  the  aerodynamic  forces  which  produce  the  usually  important 
stability  derivatives  are  discussed  and  illustrated.  The  over-all 
treatment*  presents  an  ensemble  of  selected  descriptions,  explanations, 
and  formulations  eclectically  combined  to  illuminate,  as  brightly  as 
possible,  an  area  which  is  often  incompletely  understood. 

Proceeding  from  this  base,  in  Chapters  5  and  6  we  establish  the 
various  transfer  functions  of  interest,  in  factored  form,  for  longitudi¬ 
nal  and  lateral  control.  Here  some  of  the  feedback  notions  and  methods 
exposed  in  past  chapters  are  used  to  illustrate  the  effects  of  deriva¬ 
tive  changes  and  to  extract  approximate  transfer  function  factors  in 
literal*  rather  than  numeric  terms.  Such  literal  expressions  show  the 
direct  connections  between  the  transfer  function  poles  and  zeros  as  a 


*For  other  versions  the  reader  can  refer  to  the  early  works  mentioned 
in  the  historical  survey  of  Chapter  1  or  to  a  variety  of  more  recent 
texts,  e.g., 

C.  D.  Perkins  and  R.  £.  Hage,  Airplane  Performance,  Stability  and 
Control,  John  Wiley  and  Sons,  Sew  York,  1949. 

W.  J.  Duncan,  Control  and  Stability  of  Aircraft,  Cambridge  Univ. 


Press,  London  and  New  York,  1952. 


B.  Etkln,  Dj 
W.  R.  Kolk, 


:,  John  Wiley  and  Sons,  New  York,  1 959 
raamics,  Prentice-Hall,  New  York,  1 961 


A.  W.  Bablster,  Aircraft  Stability  and  Control,  Pergamon  Press, 
New  York,  1961. 

R.  L.  Halfman,  Dynamics,  Vol.  I,  Particles,  Rigid  Bodies,  and 
Systems,  Addison-Wesley  Publishing  Co.',  Reading,  Mass.,  1962. 

E.  Seckel,  Stability  and  Control  of  Airplanes  and  Helicopters, 


Academic  Press,  New  York,  1964. 

*8uch  approximations  go  back  to  Balrstow,  with  more  modern  examples, 
of  varying  validity,  appearing  in: 

Dynamics  of  the  Airframe,  BuAer  Kept.  AE-61-4,  Vol.  II,  Sept.  1952. 

H.  H.  B.  M.  Thomas  and  S*  Neumark,  Interim  Note  on  Stability  and 


Response  Characteristics  of  Supersonic  Aircraft,  RAE  TN  Aero  2412,  1955 

I.  L*  Ashkenas  and  D.  T.  McRuer,  Approximate  Airframe  Transfer  Func 
tions  and  Application  to  Single  Sensor  Control  Systems','  WADC-TR-5&-82 


function  of  the  relative  values  of  certain  key  derivatives,  and  give 
:  valuable  insight  into  the  probable  nature  of  the  associated  control 

problem.  A  feature  of  both  Chapters  5  end  6  is  the  tabulation  of  all 

presently  known  literal  approximate  factors  and  the  specific  conditions 

•  #< 

under  which  they  are  expected  to  be  reasonably  valid.  The  tabulations 
cover  not  only  conventional  single-loop  numerators,  but  also  the  coup¬ 
ling  numerators  required  for  the  analysis  of  conventional  multiloop 
flight  control  systems;  they  also  cover  vehicles  ranging  from  entry 
gliders  to  VTOL  machines. 

Vlth  this  preview  of  the  ramifications  issuing  therefrom,  we  turn 
now  to  the  formulation  of  the  vehicle  equations  of  motion. 

4.2  NEWTQN'8  SECOND  ZAW  AND  REFERENCE  THAMES 

In  this  section  we  lay  the  basic  groundwork  for  the  developments 
which  follow,  starting  with  some  assumptions  and  definitions. 

Assumption  1 .  The  airframe  is  assumed  to  be  a  rigid  body. 

In  a  rigid  body  the  di  stances  between  any  specified  points 
in  the  body  are  fixed,  so  this  assumption  eliminates  consider¬ 
ation  of  the  forces  acting  between  individual  elements  of  mass. 
Consequently,  the  airframe  motion  can  be  described  completely 
by  a  translation  of  the  center  of  mass  and  by  a  rotation  about 
this  point. 

Actual  vehicles  depart  frcm  the  rigid-body  assumptions  in 
two  ways  —  they  are  composed  of  several  major  elements  which 
are  required  to  move  relative  to  one  another,  such  as  engines, 
rot  rs,  or  control  devices;  and  incidental  elastic  deformations 
of  the  structure  do  occur,  as  in  wing  bending  caused  by  air 
loads.  Some  of  the  changes  required  in  the  description  of  tie 
aerodynamic  forces  due  to  such  static  deflection  characteristics 
are  illustrated  later  in  this  chapter  (*4.9) .  Other  changes, 
involving  the  dynamics  of  the  structure*  which  can  greatly 
increase  the  degrees  of  freedom  to  be  considered  in  the  equa¬ 
tions  of  motion,  are  beyond  the  scope  of  the  present  treatment. 


#A  good  basic  treatment  of  such  considerations  is  given  in  R.  L. 
Bisplinghoff,  H.  Ashley,  and  R.  L.  HalfJnan,  Aeroelasticity,  Addison-Wesley 
Publishing  Col.,  Reading,  Mass.,  1955* 

Example  equations  of  motion  and  resulting  transfer  functions  for 
specific  aircraft  are  limited  features  of  this  flight  control  literature; 
an  exemplary  cross  section  is  contained  in: 

B.  F.  Pearce,  W.  A.  Johnson,  and  R.  K.  Siskind,  Analytical  Study  of 
Approximate  Longitudinal  Transfer  Functions  for  a  Flexible  Airframe, 
ASD-TDR-62, 279,  June  19^2.  1 
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Since  all  notion  -  is  relative,  a  suL table  frame  of  reference  must  be  selected 
to  describe  airframe  motion.  To  this  end,  the  following  assumption  is  made: 

Assumption  2.  She  earth  is  assumed  to  be  fixed  in  spsoe. 

The  Inertial  frame  of  reference  defined  by  this  assumption, 
lie.,  one  which  is  fixed  or  moves  at  constant  velocity  relative 
to  the  earth,  permits  a  description  of  vehicle  motion  which  is 
accurate  for  relatively  short  term  guidance  and  control  analysis 
purposes.  It  does  have  practical  limitations  when  very  long 
tens  navigation  or  extra-atmospheric  operations  are  of  interest. 

With  the  above  two  assumptions  as  a  basis,  we  have  a  reference  frame 
in  which  Hewton's  laws  are  valid,  and  a  rigid  body  to  which  these  lavs 
may  be  applied.  To  proceed,  consider  that  the  aircraft  has  a  linear 
momentum  vector,  p,  and  an  angular  momentum  vector,  H,  each  measured  in 
the  Inertial  coordinate  frame.  By  Newton ' s  second  lav  the  time  rate  of 
change  of  linear  momentum  equals  the  sum  of  all  externally  applied  forces. 


lE 

dt 


=  F 


(M) 


and  the  rate  of  change  of  the  angular  momentum  is  equal  to  the  sum  of 
all  applied  torques. 


dH 

dt  " 


M 


(4-2) 


These  vector  differential  equations  provide  the  starting  point  for  a 
complete  description  of  the  rigid-body  motions  of  the  vehicle. 


In  almost  all  aeronautical  vehicles  some  part  of  the  thrust  forces 
are  produced  by  the  expenditure  of  vehicle  mass;  and  the  mass  variation 
must  be  considered  in  determining  the  rate  of  change  of  linear  momentum.* 
At  time  t  let  the  linear  momentum  be 


p1  =  mV  (4-5) 

where  m  is  the  mass  and  V  the  velocity  of  the  vehicle .  Then,  if  at  time 
t  +At,  -Am  is  the  net  mass  which  has  left  the  vehicle  with  an  effective 
exhaust  velocity,  Va,  relative  to  the  vehicle,  the  linear  momentum  will 


#A.  Sommerfield,  Mechanics,  Academic  Press,  New  York,  1 952. 

J.  B.  Rosser,  R.  R.  Newton,  and  G.  L.  Gross,  Mathematical  Theory  of 
Rocket  Flight,  McGraw-Hill  Book  Co.,  New  York,  1947. 


>  ft- 


be  p2  -  (m+Am)(V+AV)  +  (-An)(V+ve)  (4-4) 

Here  V+Af  and  m+An  are  the  velocity  and  mass  of  the  vehicle  at  tine 
t  +At,  and  V  +Ve  Is  the  effective  velocity  relative  to  Inertial  space 
of  the  mss  increment  exhausted,  it  should  be  noted  In  passing  that 
the  effective  exhaust  velocity  depends  on  the  exit  area,  the  differen¬ 
tial  between  exit  and  ambient  pressures,  and  the  exit  velocity  of  the 
■ass  leaving  the  vehicle.  The  Incremental  change  In  momentum  from  time 
t  to  time  t  +At  is  then 

Ap  «  p2  —  Pi  «  (m+An)(V+AV)  -  An(V  +  Ve)  -  mV 
«  mAV  -  VgAn  '+  AnAV 


Dividing  by  At,  and  taking  the  limit  as  At 
of  momentum  becomes 


dt 


dV  dm 

m  “  Vg  TT 


dt 


dt 


0,  the  time  rate  of  change 

>  V 


or 


f  +  ye  B  f  +  ipe 


(4-5) 


In  Eq.  4-5  the  thrust  tera,  Te,  is  defined  by  ve(dxr/dt),  and  represents 
only  that  component  of  thrust  due  directly  to  the  expulsion  of  vehicle 
mass.  Thus,  the  rate  of  change  of  linear  momentum  can  be  computed  as 
if  the  mass  were  constant  and  the  product  of  the  change  in  mass  per 
unit  time  and  the  relative  velocity  between  the  exhausted  rass  and  the 
vehicle  were  an  external  force.  Equation  4-5  directly  follows  from 
Eq.  4-1  when  the  thrust  is  developed  by  a  momentum  exchange  other  than 
one  directly  involving  the  vehicle  mass,  as  in  a  propeller  (in  the  pres¬ 
ent  context  such  a  thrust  would  constitute  an  external  force).  Thus,  if 
the  thrust  force  includes  exhaust  products,  Eq.  4-5  is  correct  in  general 
for  vehicles  traveling  at  speeds  small  relative  to  the  speed  of  light. 
Consequently,  from  this  point  on  we  shall  consider  that  the  thrust 
component,  Te,  is  contained  in  the  general  applied  force,  f . 

If  inertial  space  is  now  represented  as  a  ri£  ht-hand  system  of 
Cartesian  axes isZt/jjr,  and  the  velocity  vector,  V,  and  total  applied  force, 
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♦  t 

f ,  are  resolved  Into  their  components  U,  V,  and  ^*  and  fxf  ¥^r  and  Fj. 

respectively,  then  the  vector  equation,  Eq.  4-5,  can 
he  written  as  the  three  scalar  equations 


m 

a 

a 


d  U 

dt  * 

d2f 

dt  “ 

d  r 

3t  = 


(4-6) 


These  equations  would  describe  the  motion  of  the  airframe  center  of  mass 
as  seen  by  an  observer  in  the  «X^fxame.  So  far  the  definition  of 
is  still  quite  arbitrary — it  can  have  any  orientation  and  can  move  at 
any  constant  velocity  relative  to  the  earth.  We  will  later  present  a 
more  specific  definition. 


The  rotary  equivalent  of  the  linear  momentum  equation  for  the 
angular  momentum,  E,  is,  unfortunately,  far  more  complicated.  The 
rotary  analog  of  the  mass,  m,  is  the  moment  of  inertia,  vhich  is  a  dyad,* 
X.  The  angular  momentum  is  the  vector  dot  product  of  the  inertia  dyad 
with  the  angular  velocity  0,  i.e.. 


H  -  I  •  0  (4-7) 


m  the  simplest  case  where  the  applied  moment  is  about  (or,  as  a  vector, 
is  along)  a  principle  axis,  5,  of  the  rigid  body,  the  angular  velocity 
will  also  be  about  the  same  axis.  Then  the  vector  equation  will  reduce 
to  the  scalar  equation 

H  »  Ijjft 


where  Xjj  is  the  moment  of  inertia  about  the  principal  axis  considered. 


*Bee,  for  example,  A.  P.  Wills,  Vector  Analysis  With  an  Introduction 
to  Tensor  Analysis ,  Dover  Publications,  New  York,  1 95§.  ~ 
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In  the  general  case  there  are  to  nine  angular  momentum  components 
vhich  differ  in  detail,  depending  on  the  axis  system  selected  as  a  ref¬ 
erence  frame  for  the  equations. of  motion.  Consider  the  derivatives  of 
Eq.  4-7, 


dH 

dt 


=  M 


(*-8) 


If  the  inertias  and  angular  velocities  are  computed  in  the  space-fixed 
axis  system, the  moment  of  inertia  about  each  axis  will,  in  general, 
vary  continuously  as  the  vehicle  moves  with  respect  to  the  axis  origin. 
Even  if  the  aircraft's  motions  are  restricted  to  constant  velocities  so 
that  the axes  can  be  attached  to  the  aircraft  center  of  mass,  the 
inertias  will  change  as  the  craft  rotates  about  the  axes.  Such  varia¬ 
tions  in  Inertia  will  contribute  to  the  time  rate  of  change  of  angular 
momentum  via  the  (dl/dt)  •  A  term  in  Eq.  4-8.  The  resulting  equations 
are  therefore  complicated  by  time-varying  parameters — ah  extremely 
undesirable  feature. 

An  attractive  alternative  is  to  select  an  axis  system  which  is  fixed 
in  the  body.  In  this  kind  of  system  the  measured  rotary  inertial  proper¬ 
ties  are  constant  to  the  extent  that  the  mass  can  also  be  considered 
constant;  and  terms  containing  such  quantities  as  dlgg/dt  are  always  '• 
zero.  A  body-fixed  axis  system  has  another  virtue —  it.  is  the  natural 
frame  of  reference  for  most  vehicle-borne  observations  and  measurements 
of  the  vehicle's  motions.  For  example,  a  pilot  is  fundamentally  aware 
of  rotary  motions  about  the  vehicle's  center  of  gravity  rather  than  about 
a  spaced-fixed  point.  He  feels  accelerating  forces  with  respect  to  his 
own  alignment  with  the  body- fixed  frame  rather  than  with  respect  to  a 
space-fixed  frame.  Also,  many  flight  instruments  and  sensors,  especially 
those  used  for  short  term  control  of  the  vehicle,  are  similarly  consti¬ 
tuted;  i.e.,  in  general  they  measure  motions  with  respect  to  body-fixed 
axes. 

Unfortunately  the  above  advantages  are  not  obtained  without  some 
penalty.  For  instance,  the  very  simple  inertial  force  forms  of  Eq.  4-6 
are  replaced  by  more  complex  ones  when  the  linear  velocities  are  measured 
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in  a  body-fixed  axis  system.  Sane  of  the  applied  forces,  as  well,  are 
store  simply  and  naturally  expressed  in  the  inertial  reference  frame. 

Also,  instrumentation  designed  for  long  tern  navigation  and  guidance  is 
of  necessity  aligned  to  measure  linear  velocities  and  distances  in  space 
or  earth-fixed  coordinate  systems',  and  the  pilot  himself  is  visually 
oriented  to  earth- fixed  as  well  as  vehicle-fixed  axes.  These  factors 
raise  the  possibility  of  a  desirable  intermixing  of  axis  systems;  for 
example,  an  earth-fixed  reference  for  forces  and  linear  accelerations, 
and  a  body- fixed  reference  for  moments  and  angular  motions.  Such  dual 
systems  are,  in  fact,  needed  for  a  complete  treatment  of  the  vehicle's 
motion.  However,  for  flight-control  applications  the  expansion  of  the 
left  sides  of  Eqs.  4-1  and  4-2  is  usually  made  in  a  manner  appropriate 
to  a  body-fixed  axis  system  with  its  origin  on  the  vehicle's  center  of 
mass.  This  axis  system  is  shown  in  Fig.  4-1  a,  together  with  the  nota¬ 
tion  and  sign  conventions  used  to  identify  linear  and  angular  velocities 
and  applied  forces  and  moments.  The  body- fixed  X,  Y,  and  Z  axes  are 
oriented  in  the  aircraft  with  X  forward,  Y  out  the  right  wing,  and  Z 
out  the  bottom  as  shown. 

4.3  EXPANSION  07  SEE  INERTIAL  FORCES  AND  MOMENTS 

The  left-hand  side  of  Eq.  4-5  and  of  Eq.  4-2  can  readily  be  expanded 
formally,  especially  when  vector  or  matrix  algebra  is  used;  however,  this 
process  affords-  little  physical  insight  into  the  origins  of  the  resulting 
terms.  To  better  narrow  the  gap  between  simple  mathematical  routine  and 
difficult  physical  interpretation  we  will  carry  out  the  development  of 
the  inertial  forces  and  moments  in  two  different  ways.  First,  the  devel¬ 
opments  will  be  related  as  much  as  possible  to  simple  physical  pictures 
of  the  phenomena  involved,  and  then  it  will  be  repeated  as  an  essentially 
mathematical  exercise. 


ARROWS  INDICATE 
POSITIVE  SENSE 


APPLIED  FORCES 
VELOCITIES  AND  MOMENTS 
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Roll  P  '  !» 

Pitch  Q  M 
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-1 .  Vehicle-Fixed  Axis  System  and  Notation 


Beotilinear  Acceleration  Components 

The  total  rectilinear  acceleration  is  d  V/dt .  The  components  of  V 
are  U,  V,  and  W  along  the  X,  Y,  and  Z  body-fixed  axes.  The  translational 
acceleration  components  of  dv/dt  along  these  axes  will  contain  not  only 
the  obvious  components  du/dt,  dv/dt,  and  dw/dt,  but  also  centripetal 
acceleration  components  due  to  the  rotation,  of  the  body- fixed  axis  system 
relative  to  inertial  space.  A  simple  two-dimensional  example  is  helpful 
to  develop  an  Intuitive  understanding  of  these  statements.  Figure  4-2 
shows  the  plan  view  of  an  airplane  at  two  slightly  separated  points  along 
its  flight  path.  At  the  left  the  airplane  has  the  velocity  components  U 
and  V  along  the  X  and  Y  axes,  respectively;  at  the*  right  a. small  incre¬ 
ment  of  time.  At,  later  the  aircraft's  velocity  has  changed  in  both 
magnitude  and  direction.  The  craft  has  rotated  through  an  incremental 
angle,  RAt,  and  the  linear  velocity  components  are  now  U+AU  and  V  +  AV. 


V  +  AV 

Fig.  4-2.  An  Airplane  in  Two-Dimensional  Accelerated  Flight 
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When  the  acceleration  is  written  as  a  time  rate  of  change  of  the  velocity, 
the  components  with  respect  to  the  original  X  and  Y  axes  are: 


aX 


and 

ay 


Ilm 

At***0 


(U+AU)  cos  RAt  -  U  -  (V+AV)  sin  RAt 
At 


U  -  VR 


(V+AV)  cos  RAt  -  V  +  (U  +  Atf)  sin  RAt 

Tn  ffl  "  -  ■  ■—'—■■■  —  ■  ■  1  ■  ■■  ■  —— — ■ . 

Ati*0 


V  +  UR 


(4-9) 


(4-10) 


where  the  dot-superior  on  U  and  V  indicate  the  time  derivatives  of  these . 
velocity  components  measured  in  body-fixed  axes.  The  vector  acceleration, 
a,  is  the  vector  sum  of  the  two  components  given  in  Eqs.  4-9  and  4-10. 

With  i,  J,  and  k  taken^as  unit  vectors  along  X,  Y,  and  Z,  the  acceleration 
vector,  becomes: 

a  -  Byi  +  Eyj 

■  [ui  +  Vj]  +  [-VR1  +  URj]  (4-11) 


The'  first  term  is  just  the  time  derivative  of  the  velocity  measured 
in  the  body-fixed  coordinates.  The  second  term  can  be  identified, 
by  recalling  the  rules  for  vector  cross-multiplication,*  as  the 
cross-product  of  the  angular  and  linear  velocities;  in  this  case  Rk  and 
VeUi+Vj,  respectively,  i.e., 

rk  x  [ui  +  Vj]  *=  UR(kxi)  +VR(kxj) 

*=  URj  -  VRi  (4-12) 

since  1  x  j  =  k,  j  x  k  =  i,  k  x  i  =  j,  k  x  j  =  -j  x  k,  etc.  If  these 
results  are  now  generalized  to  the  three-dimensional  case,  the  vector 
acceleration  will  be: 

a  =  *  V  +  0  x  V  (4-15) 

*Wills,  0£j,  cit. 
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Here  dv/dt  is  used  to  denote  the  time  derivative  of  velocity  relative 
to  inertial  space  axes,  whereas  the  dot-superior  notation  indicates  the 
time  derivative  of  velocity  observed  in  the  body-fixed  coordinates. 

Physically,  the  cross-product  term  arises  from  the  centripetal 
accelerations  along  any  given  axis  due  to  angular  velocities  about  the 
remaining  two  axes.  Thus,  for  rotations  about  the  Y  axis,  the  pitching 
velocity,  Q,  and  vertical  velocity,  W,  can  both  be  represented  by  simple 
angular  motions  about  some  instantaneous  center  in  space  defined  by 
x  =  w/Q,  as  shown  in  Fig.  4-3.  The  centripetal  acceleration  component 


is  then  directed  forward'  (positive)  and  is  equal  in  magnitude  to  the 
product,  WQ.  The  picture  about  the  Z  axis  is  similar  except  that,  fol¬ 
lowing  the  right-hand  rule,  the  sign  of  the  side  velocity  is  negative 
and  the  corresponding  acceleration  component  is  -VR  (Fig.  4-4). 

•  Instantaneous 


Fig.  4-4.  Centripetal  Acceleration  Along  X 
Due  to  Yawing  and  Sideslipping 


These  constructions  can  be  repeated  for  each  axis  in  turn  with  the 
similar  and  general  result  (including  linear  acceleration)  that 

ai  =  v-j  +  acgVj  -  a>jV2  (4-1 4) 

where  v  and  oo  are  linear  and  angular  velocities,  respectively,  and  the 
subscripts  1,2,  and  3  represent  axes  taken  in  right-hand  progression 
(e.g.,  if  1  is  Y,  then  2  and  3  are  Z  and  X,  respectively).  Accordingly, 
the  complete  set  of  linear  accelerations,  obtained  by  specializing 
Eq.  4-1 4,  is  given  by 

a*  =  U  +  CJf  -  RV 

ay  *  V  +  RU-FW  (4-15) 

az  =  W  +  PV  -  QU 

Precisely  this  same  result  can  be  derived  formally  using  the  vector 
equation,  Eq.  4-13,  with 

V  »  Ui+YJ<  +  Wk  (4-1 6) 

0  *  Pi  +  QJ  +  Rk  (4-17) 

Inserting  these  into  Eq.  4-i'3> 

i  i  k 

ft  B  i?  c  [ui+VJ+Wk]  +  P  Q  R: 

U  V  W  ; 

«  [u  +  Qtf-Rv]i  +  [v  +  RU-Fw]j  +  [w  +  FV-Qu]fc  (4-1 8) 

Inertial  Torque  Components 

The  total  inertial  torque  about  a  given  axis  is  due  to  both  direct 
angular  acceleration  about  that  axis  and  to  components  arising  from 
linear  acceleration  gradients  resulting  from  combined  rotations  about 
all  axes.  To  obtain  a  physical  understanding  of  how  these  effects  arise, 
we  will  first  investigate  the  dynamics  of  an  infinitesimal  element  of 
nass,  dm,  as  shown  in  Fig.,  4-5. 
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Fig.'  4-5.  linear  Velocity .  Components  of  an  Element  of  Ifass 
Due  to  an  Angular  Velocity  fl  having  Components  P,  Q, .  and  R 

Figure  4r5  shows  the  linear  velocity  components  of  the  elemental 
mass  due  to  the  angular  velocity  components  P,  Q,  and  R.  The  accuracy 
of  this  representation  can  be  verified  by  inspection,  or  by  multiplying 
the  angular  velocity  and  the  radius  (distance)  from  the  axis  system 
origin  at  the  vehicle  center  of  mass  to  the  elemental  mass.  That  is, 

Tim  -  ftxP  -  [pi  +  QJ+Rk]  x  [xl  +  yj  +  zk] 

i  J  k 

=  F  Q  R 

x  y  z 

-  i[Qz-Ry]  +,j[Rx-Pz]  +k[py-Qx]  (4-19) 


Associated  with  each  of  these  linear  velocities  is  a  linear  momentum, 
which  is  simply  the  velocities  multiplied  by  dm.  The  moment  of  momentum 
(i.e.,  angular  momentum)  is  obtained  by  summing  the  moments  of  these 
linear  momenta  about  each  axis.  For  example,  about  the  X  axis  the  angu¬ 
lar  momentum  component  will  arise  from  the  j  and  k  components  multiplied,, 
respectively  by  the,  z  and  y  lever  arms  (see  Fig.  4-5), 


or,  expanding. 


(4-20) 


dHx  =  [-z(Rx-Pz)  +y(Py-Qx)]dm 

dHx  =  y(yp)dm  +  z(zP)dm  -  z(xR)dm  -  y(xQ)dm 

The  complete  set  of  equations  obtained  In  this  way  Is: 

d%  c  (y2  +  z2)  P  dm  -  zx  R  dm  —  yx  Q  dm 

d%  =  (z2+x2)  Q  dm  -  xy  P  dm  -  yz  R  dm  (4-21) 

dH2  =  (x2  +  y2)  R  din  -  zx  P  dm  -  zy  Q  dm 

Again,  these  can  be  derived  by  Inspection  of  Fig.'  4-5  or  by  using  the 
vector  relationship  for  the  angular  momentum,  i.e., 

dH  =  p  x  dp  =  px  ^(^(dLm) 

i  ,  j  k 

=  dm  X  y  z  (4-22) 

[Qz-Ry]  [Rx-Pz]  [Py- Qx] 

For  a  finite  rigid .body  the  components  of  the  moment  of  momentum  will 
be  the  integrals  of  Eq.  4-21  over  the,  entire  mass  of  the  vehicle: 

%  *  fJV  +  z2)dm  -  Q J" xy  dm  -  R^xz  dm 

%  =  Q/(  z2  +  x2)dm  -  Rj*yz  dm  -  P Jyx.  dm  (4-23) 

H 2  «*  Ry(x2+y2)dm  -  pj" zx  dm  -  Q^zydm 

Notice  now  that  the  integral /(y2  +  z2)  dm  is,  by  definition,  the  moment 
of  Inertia,  Ixx>  of  the  entire  mass  of  the  airplane  about  the  X  axis. 
Similarly,  the  integral /xy  dm  is  defined  as  the  product  of  Inertia, 
Ixy.  The  remaining  integrals  in  Eq.  4-23  are  similarly  defined  and  the 
equations  may  be  rewritten  as 
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(4-24) 


r 


i 


♦ ' 
*  r 


%  “  Mxx  ~  Q*xy  “  ^xz 
%  e  Qlyy  ~  Myz  “  p*xy 
®Z  c  Mzz  —  PIXZ  —  QXyz 

where  IyZ  =  IZy,  from  the  form  of  the  Integrals. 

An  alternative,  still  physically  satisfying  approach  to  the  deriva¬ 
tion  of  Eq.  4-24  is  to  consider  the  aircraft  at  the  outset  as  a  rigid 
body  having  principal  axis  moments  of  inertia,  Ixq,  Iy0,  and  IZo. 

Because  the  body-fixed  XfZ  axes  do  not  necessarily  coincide  with  the 
principal  axes,  we  require  an  appreciation  for  the  angular  momentum 
congionents  due  to  product  of  inertia  terms.  This  can  be  obtained  by 
reference  to  Fig.  4-6  which  shows  the  XZ  coordinates  rotated  with  respect 
to  the  principal  axes  of  inertia.  Resolving  the  angular  velocity,  with 


components  P  and  R  in  body-fixed  axes,  along  the  principal  axes, 


,P0  a  P  cos  a  +  R  sin  a 
R0  =  R  cos  a  -  P  sin  a 


(4-25) 


Accordingly  the  total  angular  momenta  about  the  principal  axes  become 


HXo  s  poI*o 
HZq  =  RoIzq 


Ix0(P  cos  a  +  R  sin  a) 
IZo(R  cos  a  -  P  sin  a) 
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(4-26) 


Resolving  these  back  into  the  X,Z  axes. 


HX  -  Hxq  cos  a  *r  HZq  sin  a 
Hz  =  Hzo  c°s  a  +  Hxq  sin  a 

and,  substituting  Eq.  4-26  and  collecting  terns, 

%  =  p[Ixq  cos2  a  +  Iz0  sin2  a]  +  R^1*0  -Iz°^  sin  2a] 

Hg  =  F[  ^IX°  g  I-Z°^  s*n  2a]  +  R[Iz0  cos2  a  +  Ixq  sin2  a] 


The  bracketed  terms  are  moments  and  products  of  inertia  in  the  XZ  axis 
system,  i.e., 

Jxx  =  lx©  cos2  a  +  Iz0  Bin2  ® 

Izz  c  Iz0  cos2  a  +  Ixq  sin2  a  (4-27) 

Ixz  =  ~1Z~l  Ixq)  sin  2a 


Consequently, 


HX  ■  PIxx  “  RIxz 
Hz  **  RIzz  PIxz 


(4-28) 


Repeating  the  above  process  for  the  other  two  planes  results  finally  in 


%  c  PIxx  “  QIxy  “  RIxz 

Hy  “  Qlyy  -  RIyz  “  Plyx  (4-29) 

Hz  c  RIzz  ”  PIZX  “  QIZy 

1  which  is  identical  to  Eq.  4-24. 

Turning  now  to  the  calculation  of  the  time  rate  of  change  of  angu¬ 
lar  momentum,  it  is  apparent  that  this  will  be  simplified  if  the  products 
of  inertia  do  not  vary  with  time.  Formally,  this  requires: 

Assumption  J.  The  mass  and  mass  distribution  of  the  vehlole 
are  assumed  to  be  oonstant. 

Actually  there  ray  be  considerable  differences  in  mass  and' 
its  distribution  throughout  a  mission  as  fuel, Is  burned,  stores 
expended,  etc.  The  assumption  is,  nonetheless,  ordinarily 
reasonable^  because  the  rates  of  change  are  relatively  small  and 
ray  be  safely  neglected  for  the  time  periods  covered  by  most 
analyses . 
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With  this  assumption  it  is  easy  to  set:  (Eq.  4-29)  that  angular  accelera- 
•  •  *  • 

tions  P,  Q,  and  R  will  lead  directly  to  the  contributions 

%  =  PIxx  “  QIxy  ~  RIXZ 

k  =  Qlyy  -  RIyz  -  Pixy  (*“*>) 

Hz  =  RIZZ  —  PIxz  “  Qlyz  * 

These  amount  to  the  time  derivatives  of  the  angular  momentum  components 
as  expressed  in  body-fixed  coordinates.  They  do  not  constitute  the  total 
time  rate  of  change  of  the  angular  momentum  because,  even  with  zero  angular 
acceleration,  steady  rotations  about  a  given  axis  change  the  direction  of 
the  angular  momentum  vectors  about  the  remaining  axes.  For  instance,  from 
Fig.  4-7  it  is  clear  that  a  steady  angular  velocity,  Q,  about  the  Y  axis 
produces  a  change  of  angular  momentum 
which  is  directed  along  the  X  axis,  i.e., 
ahx  e  HzQAt.  This  rotation  will  add  a 
component  of  dHy/dt  equal  to  HZQ  to  the 
X  component  and,  similarly ,  a  term  — H^Q 
to  the  Z  component  of  dH/dt.  Analogous 
constructions  in  the  remaining  planes, 
when  added  to  the  above  and  to  the  time 
variation  of  the  angular  momentum  rela¬ 
tive  to  the  body-fixed  axes,  yield  the 
conponents  of  the  total  time  rate  of 

Hx  +  QHZ  -  RHy 

By  +  RHX  —  PHZ  (4-31 ) 

Hz  +  PHy  -  QHX 

|  Substituting  the  angular  momentum  components  of  Eq.  4-24,  the  total  time 

rate  of  change  of  momentum  about  a  typical  axis  (X)  will  be 

.i 

i 

■  i 


change  of  angular  momentum: 

d^ 

dt 

dHy 

"dt" 

*HZ 

dt 


Fig.  4-7.  Angular  Momentum 
Change  Due  to  Steady  Rotation 
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dLHX 

dF  =  hx  +  qhz-r% 


-  (P^XX- QIxy ~RIxz)  +  Q(HIzz  “PIxZ  ~ Qlyz)  ~  ®(QIyy— RIyZ  — PIxz)  ' 

QHz 


HX 


hhy 


=  PIxx  +  QR(lzz-Iyy)  -  (PQ+R)IXz  +  (PR-Q)lxy  -  (^-R^Iyz 

(4-32) 

By  considering  the  simplified  picture  shown  in  Pig.  4-7  and  v 

such  appropriate  momentum  change  components  as  QHZ>  the  physical  origin 
of  even  such  strange  and  obscure  terms  as  -Q2Iyz  is  readily  seen. 

When  all  of  the  components  are  inserted  in  Eq.  4-31 ,  and  the  nota¬ 
tion  on  the  inertias  Ixx,  Iyy,  and  Izz  is  simplified  to  Ix,  Iy>  and  I2, 
the  result  is 


d% 

dt 

&Hy 

ITT 

dHz 

dt 


=  PIX  +QR(IZ  - Iy)  -  (PQ  +R) Ixz •+  (PR -  Q) Ixy  -  (Q2- R2) Iyz 
=  QIy  +PR(IX-IZ)  ~  (OR  +  P)lxy  +  (PQ-R)lyz-  (R2-!92)^  C^-33) 


=  RIZ  +  PQ(  Iy  -  Ix)  -  (PR  +  Q)  IyZ  +  (QB  -  P)  Ixz  -  (P2  -  Q2)  I; 


L*y 


This  completes  the  simplified  development  of  the  inertial  torque  components 

For  a  formal  development  of  the  inertial  moments  we  note  that  the 
form  of  Eq.  4-1 3,  and  the  steps  leading  to  it,  are  actually  suitable  for 
any  vector  whose  components  are  measured  In  the  body-fixed  XYZ  axis  system. 
Thus,  substituting  H  for  V  in  Eq.  4-13,  the  time  rate  of  change  of  the  ‘ 
angular  momentum  will  be 

H  =  H  +  n  X  H  (4-3*0 


This  equation  can  be  used  directly  once  a  vector  expression  for  the 
angular  momentum  is  obtained. 

The  moments  and  products  of  inertia  in  Eq.  4-24  are  the  rotational 
analog  of  the  mss  in  Eq.  4-5.  There  are,  however,  nine  components  or 
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six  magnitudes,  since  =  Iji,  required  to  specify  the  rotary  inertia 
properties.  For  use  in  vector  algebra  operations  this  inertia  is  writ¬ 
ten  as  the  dyad  I: 

=v 

I  ®  ^xx^  "*  Ixy^J  “ 

~  Ixy^  +  lyyJJ  ~  lyz^  .. 

-  Ixzki  -  Iyz10  +  Izzkk  (4-55) 

,  In  forming  the  dot  product  between  a  dyad  and  a  vector,  the  unit  vectors 
in  the  vector  quantity  are  dotted  into  the  closer  of  the  unit  vector 
pairs  shown  in  the  dyad,  i.e., 

(U)  •  i  ='  i 

(ki)  •  i  =  k  (4-56) 

(id)  •  i  =  o,  etc. 

With  this  convention  the  angular  momentum  can  now  be  written  directly  as 

H  *  X  •  ri  =  Hxi  +  IIYdc  +  Hzk  (4-57) 

=  [PIxx  -  QIxy  ~  RIxz]i 

+  [“p^xy  +  Q*yy  “  RIyz]  <3 

+  [-PIXZ  -  QIyz  +  RIzzJk 

This  result  is  the  same  as  that  given  in  Eq.  4-29  and,  when  used  with 
Eq.  !4-54;  produces  the  Eq.  4-53  values  of  the  components  of  cLH/dt  along 
X,  Y,  and  Z.  There  is  no  instructional  advantage  to  be  gained'  in  carry¬ 
ing  out'  the  algebraic  operation  (which  is  analogous  to  that  of  Eq.  4-1 8 
for  the  rate  of  change  of  linear  momentum) . 

Recapitulation  of  Inertial  Forces  and  Simplification  of  Inertial  Moments 

The  linear  acceleration  and  moment  equations  expressed  in  quantities 
referred  to  body-fixed  axes  are  given  in  Eqs.  4-15  and  4-55,  respectively. 
The  linear  acceleration  set  will  be  recapped  here*  just  ,as  is;  but  the 
rotary  equations  are  overcomplicated  and  can  be  simplified  by  adopting 
an  additional  assumption. 


Assumption  4.  She  XZ  plane  Is  assumed  to  be  a  plane  of  symmetry. 

Assumption  4  is  a  very  good  approximation  for  most  airborne 
vehicles.  When  it  applies,  we  see  from  Fig.  4-8  that  there  is 
both  a  positive  and  a  negative  value  of  y  for  each  value  of  x  and 
Z)  consequently,  Iyz  =  f  yz  dm  =  0  and  I^y  -  fr. y  dm  =  0. 


Fig.  4-8.  Airframe  Plane  of  Symmetry 

The  expanded  form  of  the  equations  of  motion  referred  to  body-fixed  axes 
can  then  be  written  as 

£X  =  m(U  +QW—RV) 

E  X  “  m(V  +RU— PW) 

E  Z  =  m(W  +PV  — QU) 

.  A  .  (4-58) 

E  L  =  PIx  -  RIxz  +  QR(lz-Iy)  -  PQIxz 

E  M  =  &y  +  PRdx-Iz)'  -  r2Ixz  +  P2Ixz 

E  N  =  RIZ  -  PIXZ  +  PQ(ly-Ix)  +  QKIxz 

4.4  EXPANSION  OP  THE  ORAVETC  FORCE 

Components  of  the  Gravity  Foroe 

Among  the  forces  and  moments  acting  externally  on  the  vehicle,  those 
due  to  gravity  are  always  present.  Neglecting  gravity  gradient  consider¬ 
ations  which  are  only  important  when  all  other  external  forces  are  essen¬ 
tially  nonexistent  (e.g.,  in  extra-atmospheric  flight),  the  gravity  force 
can  be  considered  to  act  at  the  vehicle's  center  of  gravity.  Since  the 
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enter  of  fra.Ti.ty  coincides  with  the  center  of  aass,  the  gravity  force 
produces  no  external  moments  about  that  point.  Thus,  for  our  body-fixed 
axes,  gravity  can  contribute  components  only  to  the  sunoatlon  of  the 
external  forces. 

To  determine  these  -components  consider  the  alignment  of  the  gravity 
vector  with  respect  to  the  3CfZ  axe 3  as  shown  in  Pig.  4-5).  Eere  the  prob¬ 
lem  is  essentially  that  of  defining  the  relative  orientation  of  a  line 
(the  g  vector  direction)  with  a  rectangular  coordinate  reference  frame. 
Rotations  (in  azimuth)  of  the  frame  about  the  g  vector  have  no  effect 
on  the  relative  orientation  of  the  g-vector/ref erence-frame,  so  only 
the  two  angles  0  and  4  are  needed  to  describe  the  physical  situation. 


Fig.  4-9.  Orientation  of  Gravity  Vector 
with  XYZ  Body-Fixed  Axis  System 

Direct  resolution  of  the  gravity- induced  force,  mg,  results  in 

£X  =  mg  sin  (-0)  =  -mg  sin  0 

Ay  =  mg  cos  (-0)  sin  4  =  mg  cos  0  sin  4  (4-39) 

AZ  »  mg  cos  (— 0)  cos  4  =  mg  cos  0  cos  4 

Unfortunately  the  angles  ©  and  4  are  not  in  general  simply  the 
integrals  of  Q  and  P,  respectively,  so  that  we  have,  in  effect,  introduced 
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two  new  Motion  quantities.  Ve  Must,  therefore,  connect  the  angular 
velocities  P,  Q,  and  R  with  9  and  ♦  and  their  derivatives.  The  details 
of  this  will  depend  on  whether  the  gravitational  vertical  as  seen  in  the 
vehicle  is  assumed  to  be  fixed  or  rotating  relative  to  inertial  space. 

The  first  situation  is  generally  an  excellent  approximation  whenever  the 
vehicle  speed  is  snail  relative  to  orbital  velocities,  whereas  the  second 
is  more  appropriate  for  very  high  speed  flight.  Both  situations  will  be 
examined  below  in  separate  articles.  Interspersed  between  thfese  two 
treatments  will  be  a  short  resume  of  axis  transformation  considerations 
which  are  needed  here  for  the  first  time  in  this  book. 

Angular  Velocity  of  XYZ  Relative  to  the  Gravitational  Vertical 

To  express  the  angular  orientation  and  velocity  of  the  XYZ  system 
with  respect  to  the  gravity  vector  requires  the  introduction  of  the 

angular  velocity  of  the  axes  about  the  g  vector.  This  is  the  azimuth 
•  •  • 
rate,,  i|r.  With  this  angular  velocity  added  to  $  and  ®  ,  the  resolu¬ 
tions  of  interest  are  pictured  in  Fig.  4-10.  Note  that  the  ijr  vector  is 
not  normal  to  either  ®  or  4,.  but  that  its  projection  in  the  YZ  plane  is. 


Fig.  4-10.  Angular  Orientation  and  Velocities 
of  g  Relative  to  XYZ 


Then,  recognizing  that  coe  (-0)  *  eoe0  and  sin  (-0)  «  -sin  0,  and 
assusing  that  the  g  vector  does  not  rotate  relative  to  Inertial  space, 
the  following  relations  are  apparent  by  direct  resolution: 

p  e  *  -  t  sin  0 

Q  *s  8  cos  #  +  i|r  cos  0  sin  ®  (4-40) 

4 

R  =  -0  sin  $  +  ijr  cos  0  cos  ® 

The  converse  case  is  also  directly  apparent  from  Fig.  4-10,  i.e., 

$  -  *  sin  6  =  P 

0  =  Q  cos  4  —  R  sin  4 
^  cos  0  «s  R  cos  9  +  Q  sin  9  '*  **': 

'V 

which  reduces  to 

4  *s  p  +  Q  tan  0  sin  ®  +  R  tan  0  cos  ® 

0  *=  Q  cos  $  -  R  sin  $  (4-4l ) 

*  -  *{Bi)  ♦  iBi) 

These  relationships  supply  the  required  connections  between  0  and  4>  and 
P,  Q,  and  R. 

Veotor  Resolutions  and  Axis  Transformations 

When  two  or  more  frames  of  reference  are  needed  to  define  physical 
relationships,  it  becomes  necessary  to  orient  these  reference  frames  one 
to  another  and  to  establish  the  transformation  relations  needed  to  define 
a  given  vector  quantity  in  terms  of  components  in  the  several  frames. 
Perhaps  the  simplest  way  to  accomplish  these  requirements  is  to  define  a 
matrix  of  direction  cosines  which  relates  unit  vectors  in  one  axis  sys- 

N 

tern  to  those  in  another.  The  determination  of  the  elements  in  such 
matrices  can  be  accomplished  efficiently  by  a  combination  of  Inspection 
and  matrix  multiplication  procedures .  These  will  be  described  below . 


In  Fig.  Ml  the  unit  vector*  a*,  1%.  and.  e'  of  the  right-handed 
orthogonal  coordinate  system  are  found  in  tens  of  unit  vectors  a,  X, 
and  0  of  another.  The  a‘,  b’ ,  o*  system  is  obtained  from  a,  b,  0  by  a 
rotation  about  e  through  the  angle  { .  As  a  directional  cosine  array 

b 


a’  =  a  cos  i  +  b  sin  5 
b'  «  -a  sin  |  +  b  cos  i 

O'  =  c 

Fig.  4-11.  Resolution .of  Vectors 


this  transformation  becomes 


a 

b 

0 

a* 

COS  1 

sin  | 

0 

b’ 

-sin  | 

COS  1 

0 

O' 

0 

0 

1 

(4-42) 


This  array  nay  be  read  either  left  to  right  or  down.  For  instance, 
reading  down  in  the  a  column;. 


a  =  a*  cos  i  -  b*  sin  l  +  0.6' 
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whereas  reading  b'  from  left  to  right, 

V  =  -a  sin  |  +  b  cos  £  ■;  0  e 

The  array  can  also  he  interpreted  as  a  matrix  and  its  inverse;  these 
correspond,  respectively,  to  the  array  being  read  left  to  right  and  the 
array  being  read  down.*  The  matrices  will  be 


cos  6  sin  |  0 

-sin  £  cos  £  0 

o  o  r 


(4-43) 


which  is  appropriate  when  going  from  a',  b',  O’  to  a,  b,  0,  i.e.. 


and  the  Inverse, 


cos  £ 

-sin  £ 

0 

s 

sin  £ 

cos  £ 

0 

0 

0 

1  _ 

(4.44). 


(4-45) 


which  applies  when  going  from  a,  b,  0  to  a’,  b',  O',  i.e.. 


*Such  substitution  of  rows  for  columns  in  a  matrix  in  general  produces 
a  transposed  matrix.  In  the  present  case  the  product  of  the  matrix  and 
its  transpose  is  a  unit  matrix  which  makes  the  transpose  also  an  inverse. 
Aside  .from  this,  perhaps  extraneous,  explanation,  the  gist  of  the  matrix 
operations  needed  for  axis  transformations  can  be  followed ' directly  in 
this  presentation.  If  additional  background  is  required,  the  reader  may 
refer  to  any  good  text  on  matrix  operations,  e.g., 

A'.  C.  Aiken,  Determinants  and  tfatrices  (interscience  Book),  John 
Wiley  and  Sons,  New  York,  1 956.  ~ 

E.  A.  Guillemin,  The  Mathematics  of  Circuit  Analysis,  John  Wiley 
and  Sons,  New  York,  1 9^9* 

L.  A.  Pipes,  Matrix  Methods  for  Engineering,  Prentice -Hall,  Inc., 
Englewood  Cliffs,  New  Jersey,  1 963. 
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(4-46) 

t 

This  rotation  and  resolution  can  also  be  symbolized  conveniently  by 
a  "transformation"  box,  as  shown  in  Fig.  4-12.*  The  interconnections 
therein  indicate  the  multiplication  and  additions  required  in  the  resolu¬ 
tions.  Although  the  arrows  ;indicate  progression  from  a,  b,  Q  to  a’,  V,  o', 
the  transformation  works  equally  well  in  both  directions. 


a1'  b'  "  p* 


a  b  c 


Fig.  4-12.  Transformation  Box  for  Single  Rotation 

The  Eq.  4-42  array  exhibits  certain  general  properties  which,  once 
recognized,  make  it  possible  to  write  out  the  appropriate  array  for  any 
single  rotation  by  inspection. 

•  The  main  diagonal  terms  are  always  either  the  cosine 
of  the  angle  of  rotation  or  1 . 

•  The  1  is  always  associated  with  the  axis  about  which 
rotation  occurs. 

•  The  remaining  elements  in  the  row  and  column  containing 
the  1  are  all  zeros. 

*This  convenient  rubric  for  vector  resolution  is  due  to  Robert  W.  Bond. 
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•  The  remaining  places  in  the  matrix  contain  the  aine  of 
the  angle  of  rotation  and  are  always  synmetrlcally 
placed  relative  to  the  cosine  terms. 

•  In  the  direct  right-handed  rotation  the  negative  sine 
always  appears  in  the  row  above  the  1  (this  is  to  be 
interpreted  as  the  third  row  If  the  1  is  in  the  first). 

Any  set  of  axes  can  be  obtained  from  any  other  by  a  sequence  of 
three  rotations .  For  each  rotation  a  matrix  or  transformation  box 
corresponding  to  the  array  described  above  applies.  The  total  array 
for  the  three  rotations  is  simply  obtained  by  multiplication  of  the 
three  matrices  representing  the  individual  rotations.* 

The  most  common  transformation  set  in  vehicle  dynamics  is  that 
between  an  axis  system  which  incorporates  the  g  vector  as  one  axis  and 
the  body- fixed  X,  Y,  Z  axes.  The  actual  rotations  involved,  following 
the  usual  order,  are  indicated  in  Fig.  4-13 •  This  shows  the  unit  vectors 
1,  m,  and  n  in  the  vehiclercentered,  gravity-directed  set  and  1,  J,  and  k 
in  the  vehicle  body  axes .  The  matrices  for  each  of  the.  three  rotations 
shown  can  be  written  by  inspection,  in  terms  of  the  "Euler  angle,"  ty,  @  , 
4,  as 

M 
M 
[♦] 

These  rotations  are  also  shown  in  the  transformation  boxes  of  Fig.  4-1 4. 


COS  ty 

sin  ty 

0 

-sin  ty 

cos  ty 

0 

0 

0 

1 

cos  6 

0 

-Bin  0 

0 

1 

0 

sin  0 

0 

cos  © 

1 

0 

0 

0 

cos  $ 

sin  ty 

0 

-sin  $ 

cos  ty 

(4-4?) 


*A  matrix  product  has  the  form 


ail  a^2 

‘  bn  b12  ' 

■  anbn  +  al2b2i  anbl2  +  al2b22  ' 

.  a21  a22 

b2i  b22  . 

apib^  +  ap2b2l  a2lb12  +  a22b22  . 
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Carrying  out  the  Matrix  Multiplication*  in  the  order  appropriate 
to  the  rotations,  i.e., 

[e]  =  [  *][e  ][t  ]  (4-48) 


the  complete  direction  cosine  array  is  found.  That  is. 


1 

a 

a 

1 

cos  Tjr  cos  8 

sin  t  cos  8 

-sin  8 

i 

cos  t  sin  8  sin  $  -  sin  f  cos  4 

sin  i)r  sin  8  sin  4  +  cos  f  cos  $ 

cos  0  sin  4, 

k 

cos  t  sin  ®  cos  4  +  sin  f  sin  4 

sint  sin  8  cos  4  -  cos  t  sin  4 

cos  8  cos  4 

(4-49) 

Just  as  in  the  simple  single-rotation  example,  the  array  can  he  read 
from  left  to  right  or  down.  As  matrices  these  correspond  to 


the  army  being  read  down. 

In  general,  any  pair  of  coordinate  systems  can  be  associated  by  a 
sequence  of  three  rotations  such  as  those  exemplified  above.  There 
are,  however,  six  possible  sets  of  rotation  angles  corresponding  to 
the  six  possible  ways  of  getting  from  one  axis  system  to  the  other. 

Each  of  these  results  in  a  different  directional  cosine  army.  The  forms 
of  all  are  similar  in  that,  of  the  nine  terms  involved,  one  contains  a 
single  angle,  four  involve  two  angles,  and  the  remaining  four  contain  all 
three  angles.  While  in  principle  any  of  the  possible  rotational  sequences 
can  be  used,  there  is  in  pmctice  ordinarily  one  to  be  preferred.  In 
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the  present  case  the  rotational  sequence  and  angles  were  defined  to 
result  in  the  least  complicated  resolution  of  the  g  vector  into  the 


This  is  giver!  by 


body-fixed  XJfZ  system. 

g  =  gn  e  g[-ein  0  1  +  cos©  sin\4  J  •>  cos®  cos  *  *]  (“-52) 

The  basic  simplicity  of  the  components \ shown  is  insured  by  taking  the 
first  rotation  about  the  gravity  vector  through  an  azimuth  angle,  \|r. 

As  already  remarked,  rotations  of  the  body-fixed  axes  about  the  g  vector 
can  have  no  effect  on  the  relative  orientation  of  the  g  vector  and  the 
XYZ  frame.  The  two  remaining  rotations  dan  conceivably  be  accomplished 
in  two  different  ways  without  complicating  the  g  vector  description. 

The  sequence  and  angles  selected  are  the  more  natural  cyclic  sequence, 
and  also  have  the  advantage  of  being  those  measured  by  a  typically 
oriented  vertical  gyro. (As  will  be  seen  in  Chapter  9,  a  two-degree-of- 
freedom  gravity-erected  vertical  gyro  oriented  with  its  outer  gimbal 
bearing  axis  along  X  measures  0  and  4  on  its  inner  and  outer  gimbals, 
respectively.)  j 

The  angular  velocities  are  readily  fjound  using  the  transformation 
boxes  of  Fig.  4-1 4.  Thus,  the  angular  velocities  P,  Q,  and  R  about 
X,  Y,  and  Z,  respectively,  can  be  found  by  tracking  the  angular  veloci¬ 
ties  associated  with  the  transformation  boxes  i,  0,  and  £  through  the 
Intervening  transformations ,  with  the  re stilt 


P  *s  4  -  i  sin  0 
Q  »  0  cos  4  +  ijr  cos  sin  4 
R  b  y  cos  0  cos  4  -  0\sin  4 


(4-55) 


Tills  is  the  same  result  as  that  previously  derived  on  a  more  physical 
basis  in  the  discussion  leading  to  Eq.  4-40.  \Although  the  axis  trans¬ 
formations  can  be  run  in  either  direction  through  the  transformation 
boxes,  the  angular  velocities  go  only  one  way.  \  Consequently,  the 
equations  (Eq.  4-4l )  for  t,  0,  and  4  in  terms  of)  P,  Q,  and  R  are  most 
conveniently  obtained  via  the  physical  picture  of  Fig.  4-10  or  by  solution 
of  Eq.  4-53.  \ 
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Angular  Velocity  of  the  Gravitational  Vertical  Relative  to  Inertial  Bpaoe 


If  the  aircraft  travels  at  a  very  high  speed,  the  angular  velocity 
relative  to  inertial  space  of  the  gravitational  vertical  is  no  longer 
approximately  zero.  Consequently,  the  right  side  of  Eq.  4-53  must  have 
additional  terns  added  which  take  into  account  the  rotation  of  the  XYZ 
axes  as  the  aircraft  moves  about  the  earth.  To  take  this  effect  into 
account,  inertial  space  will  now  be  defined  as  an  ^^axis  system,  with 
its  origin  at  the  center  of  the  earth  and  its  axes  nonrotating  relative  to 
the  fixed  stars.  For  any  given  flight  path  this  system  is  oriented  so  that 
the Xf  plane  contains  the  equilibrium  flight  velocity  and  gravity  vectors. 
Then,  as  shown  in  Fig.  4-15,  the  vehicle- centered,  gravity-directed 
system,  XYE,  is  oriented  so  that  its  XZ  plane  also  contains  the  equi¬ 
librium  flight  vector.  Then  the  angular  velocity  of  XYE  relative  to 
inertial  space  is  v,  oi 

V  .  (4-54) 


Thus,  the  angular  velocity  of  XYZ  is 

^XYZ  s  (^-55) 

or,  referenced  to  measurements  in  the  body-fixed  frame  via  Eq.  4-49, 

^XYZ  =  -v[(sin  V  cos  ®)i  +  (sin  t  sin0  sin  9  +  cos  \|f  cos  4»)J 

+  (sin  t  sin®  cos  ®  -  cos  \|r  sin  $)k] 


Consequently,  the  components  of  the  angular  velocity  relative  to  inertial  ' 
space  then  become 


P 

Q 

R 


•  • 

$>  -  t  sin  © 
®  cos  9  + 

COS  ®  COB 


cos  ®‘sin  9 
9  -  6  sin  $ 


I  ~  (sin.  V 

J  ”7^  (sin  t 

I  ^  (sin  f 

J — ► 


cos  0) 

sin®  sin  9  +  cos  f  cos  0) 
sin  ®  cos  9  -  cos  if  sin  *) 


fi  relative  to  XYZ 


ftXY3 


relative  toJC^ 


(4-5  6) 
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AXES 

UNIT 

VECTORS 

DESCRIPTION 

xft 

Xrm./n. 

Inertial  system  vith  origin  at  geocenter. 
Jt^plane  coincident  with  equilibrium 
flight  velocity  vector. 

XYZ 

lmn 

Rotating  system  with  origin  at  vehicle 

center  of  mass.  Z  directed  toward 
geocenter.  XZ  plane  coincident  with 
equilibrium  flight  velocity  vector. 

Fig.  4-15.  Definition  of  Inertial  Space 
and  Radially  Directed  Rotating  Axis  System 


4.5  LINEARIZATION  OF  TEE  INERTIAL  AND  GRAVITATIONAL  COMPONENTS 


Both  the  inertia?,  forces  of  Eq.  4-38  and  the  gravitational  forces 
of  Eq.  4-39  are  proportional  to  the  vehicle  mass.  It  is  therefore  con¬ 
venient  to  combine  these  terms  into  components  which  represent  the 
accelerations  which  would  be  sensed  by  instruments  located  with  their 
input  axes  coincident  with  the  body-fixed  X,  Y,  and  Z  axes.  When  this 
is  done  and  the  remaining  external  aerodynamic  and  propulsive  forces 
and  moments  are  represented  by  their  generalized  symbols,  the  six- 
degree-of-freedom  rigid-body  equations  of  motion  become 


“*.g.  S 

m[u 

+ 

QW  -  RV  +  g  sine] 

zr 

X 

“ye.g.  = 

m[v 

+ 

RU  -  FW  -  g  cos  8  sin 

xz 

Y 

ma7  «= 

zc.g. 

m[w 

+ 

FV  -  QU  -  g  cos  8  cos  $] 

s 

Z 

n* 

- 

RIXZ  +  QR(lz“Iy)  “  PQIxz 

s 

L 

Qly 

+ 

PR(lx-Iz)  "  R2Ixz  +  P*IXz 

= 

M 

RIz 

- 

PIXz  +  FQ(ly“Ix)  +  QRIxz 

s s 

N 

(4-57) 


To  these  must  be  added  the  auxiliary  relations  of  Eq.  4-56  which  relate 
♦,  8,  V  to  P,  Q,  and  R. 


These  equations  contain  products  of  the  dependent  variables,  some 
of  which  appear  as  transcendental  functions;  therefore  they  are  in  gen¬ 
eral  nonlinear.  To  reduce  them  to  tractable  form  the  total  motion  can 
be  considered  as  composed  of  two  parts  —  an  average  or  u^an  motion  which 
is  representative  of  the  operating  point  or  trim  conditions,  and  a 
dynamic  motion  which  accounts  for  small  perturbations  about  the  mean 
motion. 


The  operating  point  equations  are  obtained.,  by  recognizing  that  zero 
translational  and  rotational  accelerations  are  implicit  in  the  concept 
of  a  trim  condition.  Then,  denoting  such  a  condition  with  zero  subscript, 
the  trim  equations  are  given  directly  by 
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m[WoQo  *“ 

VoHo  +  g  sin  ®0] 

-  *o 

m[UoRo  - 

WoPo  -  g  cos  ®0  sin  <t>0] 

It 

o*’ 

■[Vo  " 

U0Qq  -  g  cos  0O  cos  $0] 

-  Zo 

Qo^o(^z  “ 

*y)  ”  PqQqIxz 

*  k) 

PoRodx  “ 

IZ)  *”  P§*xz  +  PqIxz 

Po0o(%  - 

*x)  +  ^o^o^xz 

«  N0 

(4-58) 


Because  steady-state  rolling,  pitching,  and  yawing  are  possible  as  a 
trim  condition,  the  operating  point  equations  for  Qo,  and  R0  will, 
in  general,  contain  all  the  terms  shown  in  Eq.  4-56,  although  each  will 
have  a  zero  subscript. 


The  perturbed  motions  are  by  definition  those  obtained  by  subtract¬ 
ing  the  trim  motions  from  the  total  motion.  Thus,  the  perturbed  equations 
of  motion  can  be  obtained  by  substituting  U  =  U0  +  dU,  P  =  P0  +  dP, 

®  *»  *0  +d4>,  etc.,  into  Eq.  4-57,  expanding,  and  then  subtracting  the 
trim  equation.  A  more  straightforward  process  is  to  differentiate  both 
sides  of  Eq.  4-57  to  obtain  the  perturbed  equations  directly.  To  simplify 
the  notation,  'ye  designate  the  perturbed  motion  quantities  by  their  lower 

case  equivalents'.. (e.g.,  dU  *>  u,  etc.);  also  we  make  another  assumption. 

\ 

Assumption  5  \ 

\ 

The  disturbances  from  the  steady  flight  conditions  are 
assumed  to  be  small  enough  so  that  the  sines  and  cosines  of 
the  disturbance  angles  are  approximately  the  angles  themselves 
and  1 ,  respectively,  and  so  that  the  products  and  squares  of 
the  disturbance  quantities  are  negligible  in  comparison  with 
the  quantities  themselves. 

Using  this  assumption,  the  perturbed  equations  of  motion  for  the  vehicle 
become 

m[u  +W0q  +  Qow  -  V0r  -R0v  +  (g 
m[v  +  U0r  +  RqU  -WqP  -Pgw  -  (g 
m[w  +VoP  +Pov-U0q-QoU+  (g 


cos  ®0)e]  K  M 

cos  ®0  cos  4>0)<p  +  (g  sin  ®0  sin  $0)e]  <=  dY 
cos  ®0  sin  ®0)<p  +  (e  sin  ®o  cos  ®o)®]  s  dZ 
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(Eq.  4-59  cont’d  next  page) 


plx  —  rlj^  +  (Qor  +  ®o9.)(lz“Iy)  “  (Po9+ QoP^xz 
qly  +•  (i?or  +«oP)  (Ix-Iz)  “  (2Ror ~2Pqp)Ixz 

rlz  —  plxz  +  (Po*l+  <5oP)  (ly“  ^x)  +  (Qor+®o^)^xz 


(4-59) 

concl'd 


Perturbed  equations  are  also  required  for  the  auxiliary  relations, 
Eq.  4-56.  The  portions  of  these  equations  which  represent  the  rotation 
of  the  vertical  relative  to  inertial  space  are  excessively  complicated 
when  presented  in  general,  and  are  seldom  if  ever  used  in  their  entirety. 
On  the  other  hand,  the  angular  velocity  components  which  represent  the 
rotation  of  the  body-fixed  XYZ  axes  relative  to  XYE  are  occasionally 
needed.  These  a,re  presented  below: 

p  a  9  -  |  sin  0O  -  6(ijr0  cos  ®0) 

q  =  0  cos  ®0  -  0(\jro  sin  80  sin  $0)  +  <p(to  coc  ®o  cos  ®o  ”  &o  sin  ®o) 


+  |  cos  0O  sin  0o 

r  a  |  cos  ®q  cos  $0  -  <p(^0  cos  0O  sin  $0  +  %  cos  ®o) 

-  0  sin  «0  -  0(^o  sin  %  cos  4>0) 


(4-60) 


Also,  in  view  of  Assumption  5#  the  rotation  array  of  Eq.  4-49  can 
be  written  in  its  most  general  linearized  form  as 


{«<♦,  mti] 

•  Estate  •••#•) 
fta®e) 


[mti  tiiO,  ■  slat,  <«♦♦] 
»t(state  sta6#  «U  t,  ♦  Hit,  s*t0V) 
o«0, 


|(Ut,  —»<,] 
»t{iot,  016,) 
•  #(tlate  Sta0#) 


[•In slnO,  •  loit,  lost,] 


•  #(tlntr  «ot09  slnto) 


I  t.  vU#t  niO,  ♦  state)  I  I  ♦*(  state  •••$»  •  •••♦•  ) J 


[iiit,  state  otO,  •  state 


[state  tln6e  ***®e  *  ftte  sia^J 


sole 


♦  #<iut*  oil,  «o» 


I  «t(*coite  state  state  ♦  state  •••♦*)  I  ‘I  ,lR®»  ♦  •♦•t, 


•  t(iot,  ilnle  stn®e  *  state  taste  )|  \  •#(stn 0#  *taO#) 


Ktos®,) 


[sssOe  state] 


♦f  (-state  st n 01  ost,  •  Mst#  slate)  I  I  •  ♦(••ste  stnO#  «*»$e  ♦  slate  tia®»)  I  i*f  (tla®*  «#s$c) 


♦  ®e  sost,) 


[tos  0a  sos®e) 


-^(«©»0V  1!  C-*) 


to-N + [*) 
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Here  [Eq]  is  the  matrix  made  up  of  the  operating  point  quantities  alone 
(underlined,  square -bracketed  terms)  and  [e]  is  the  matrix  made  up  of 
the  perturbation  quantities  alone. 

Assumption  5  limits  the  applicability  of  these  equations  to  vhat 
are  called  "small  perturbations."  In  return  for  these  restrictions,  the 
nonlinearities  are  removed  and  sets  of  linear  equations  result.  This 
permits  an  important  simplification  in  the  mathematical  methods  neces¬ 
sary  to  analyze  aircraft  motions.  Also,  while  the  linearizations  are 
applicable  in  theory  only  to  infinitesimal  disturbances  from  trim, 
experience  has  shown  that  quite  accurate  results  can  be  obtained  for 
disturbances  of  much  larger  magnitude. 

Although  the  equations  are  linear,  they  are  also  formidably  complex 
because  of  the  high  degree  of  generality  presumed  for  the  trim  condi¬ 
tions.  Because  of  this  complexity  tlie  equations  are  seldom  used  in  this 
"complete"  form.  Instead,  simpler  cases  which  nevertheless  reveal  funda¬ 
mental  control  and  operating  problems  are  more  commonly  used.  For  instance, 
a  situation  of  great  interest  is  that  for  steady,  straight  ( fQ  =  eQ  =  0) , 
symmetric  (ty0  *  VQ  -  0),  wings-level  ($0  =  0)  flight.  Under  these 
circumstances,  the  trim,  or  operating  point,  conditions  consist  of  U0, 

U0,  W0,  and  ®0,  as  connected  by 

U  e  U  cos  9  +  W  sin  0 

UG  +  u  «*  U0  cos  0O  +  W0  sin  0O  +  u  cos  0O  +  w  sin  0O  (4-62) 

-  Uo(sin  0O)0  +  Wo(cos  0o)0 

*  i 

The  stability  characteristics  with  or  without  automatic  control  for  such 
conditions  are  of  major  interest,  because  if  they  are  unsatisfactory  the 
vehicle  is  useless.  Then  neglecting  changes  in  the  distance  to  the 
geocenter,  r ,  the  perturbed  angular  velocities,  including  rotation  of 
the  vertical,  become 


/ 


Substituting  the  Eqs.  4-63  and  4-64  relations  into  the  Iaplace-transformed 
perturbed  equations  (4-59)  specialized  for  straight  symmetric,  wings-level 
flight,  we  get  Eqs.  4-65  and  4-66  (overleaf). 

Besides  being  considerably  simplified  over  the  formidable  complete 
linearized  set,  these  equations  are  seen  to  be  separated  into  two  groups 
of  three. each.  In  the  first,  Eqs.  4-65,  the  dependent  motion  variables 
are  u,  w,  and  0,  and  the  motions  described  are  thus  confined  to  the  XZ 


4-39 


plane.  These  are  generally  referred  to  as  the  "longitudinal  motions." 

The  other  set,  Eqs.  4-66,  are  lateral/directional  and  consist  of  side¬ 
slipping,  rolling,  and  yawing.  Actually,  as  shown  in  Eq.  4-66,  the 
rolling  and  yawing  acceleration  equations  are  hot  explicitly  coupled 
with  the  sideslip  equation,  although  implicitly,  and  in  practice,  a 
great  deal  of  coupling  can  exist  through  the  medium  of  the  aerodynamic 
forces  presently  contained  on  the  right  side.  In  fact,  the  lateral  and 
longitudinal  separation  indicated  above  is,  at  this  point,  only  a 
separation  of  the  gravitatioixii  and  inertial  forces,  and  the  six  degrees 
of  freedom  may  actually  be  coupled  through  propulsive  or  aerodynamic 
forces  and  moments.  The  separation  occurs  largely  because  of  the  assumed 
trim  conditions  and  is  equally  true  whether  or  not  effects  due  to  rotation 
of  the  vertical  are  included. 

In  passing  we  should  note,  in  connection  with  Eqs.  4-65  and  4-66, 
that  whereas  pitch  displacement,  6,  is  the  angular  motion  quantity  used 
in  the  longitudinal  equations,  the  lateral  equations  utilize  the  angular 
velocities  p  and  r.  This  is  only  a  matter  of  convenience  and  simplifi¬ 
cation;  substituting  for  p  and  r  (Eq.  4-65)  would  greatly  expand 
Eqs.  4-66,  and  Eqs.  4-6?  would  suffer  similarly  if  expressed  in  terms 
of  q  rather  than  0.  However,  the  choice  of  motion  variables  purely  as 
a  matter  of  simplifying  the  resulting  equations  can  mask  Important 
physical  effects  and,  further,  may  not  be  consistent  with  the  sensory 
equipment  commonly  used  to  exercise  feedback  control. 

To  Illustrate,  consider  the  side  acceleration  equation  in  Eq.  4-66. 

It  is  apparent  from  the  expression  for  cp  (Eq.  4-64)  that  an  alternate 

form  is  dy 

sv  -  WqP  +  U0r  -  g  cos  ®0  cp  *  ~  (4-67) 

and  that  an  added  contribution  to  the  9  term  arises  when  the  Eq.  4-65 
expression  for  r  is  substituted.  That  is,  doing  so  results  in 

sv  -  W0p  +  U0|sili  cos  ®0  ”  4  "T  sin  ®o)  “  (s  cos  ®o  ”  uot)<P  =  ^  (4-68) 

We  see  now  that  the  net  side  acceleration  due  to  <p  perturbations  is  pro¬ 
portional  to  the  difference  between  the  gravitational  attraction,  geos  0o> 
and  the  centrifugal  forces  due  to  high  speed  flight  at  a  nearly  constant 


value  of  r,  U0(U0/r).  Physically,  what  happens  is  that  a  constant  value 
of  9,  which  is  a  gravity-directed  angle,  produces  a  body  axis  turn  rate, 
r,  proportional  to  cp(U0/r)  as  illustrated  in  Fig.  4-1 6  for  the  simply 
visualized  case  of  <p  =  +90°.  Note  that  the  positive  direction  of  r  is 
reversed  (counterclockwise  rather  than  clockwise)  because  we  are  viewing 
the  underside  of  the  vehicle. 


Fig.  4-1 6.  Illustration  of  Physical  Origins 
of  Body  Axis  Turn  Rate 

The  similar-appearing  "weightlessness”  terra,  0(g  -  U§/r)  sin  ®0, 
in  the  Z  acceleration  equation  of  Eqs.  4-65  is,  correspondingly,  elimi¬ 
nated  by  using  body  axis  pitch  rate,  q,  rather  than  0.  That  is,  from 
the  perturbed  equations  (4-59)  specialized  for  the  initial  conditions 
of  interest  and  the  relations  in  Eqs.  4-65  and  4-64, 

(u  cos  ®0  w  sin  ®0 

q  +  • 1  + 

r  r 

- - - 

Uo  sin  ®0  r  Wo  cos  ®0 
e  + - - - 

where  the  bracketed  term  is  Just  the  expression  for  0  (Eq.  4-64). 

Considering  now  the  appropriateness  of  Eqs.  4-65  and  4-66  for 
feedback  control  application,  it  is  immediately  clear  that  Eqs.  4-66 
are  directly  usable  in  conjunction  with  body-oriented  rate  gyro  sensors. 


Conversely,  Eq.  4-65  is  most  appropriate  for  a  gravity-erected  gyro  or 
platform.  One  final  point  worth  mentioning  is  the  appearance  of  the 
second-order  denominator  in  the  side  force  expression  of  Eq.  4-66.  This 
oscillation,  with  a  period  (2jtr/U0)  equal  to  the  time  to  circle  the  . 
earth,  is  of  special  importance  for  inertial  guidance  and  navigation 
systems . 

4.6  EXPANSION  0?  THE  AERODYNAMIC  FORCES  AND  MOMENTS 

The  aerodynamic  forces  are  exerted  on  the  vehicle  by  the  surrounding 
atmosphere;  they  are  present  whenever  there  are  any  reactive  forces 
between  the  air  mass  and  the  vehicle.  In  steady  flight  they  may  be  due 
to  relative  motion  between  the  vehicle  and  the  air  mass  or  to  accelerated 
flows  produced  by  the  propulsion  system.  Although  the  specific  forces 
depend  on  their  peculiar  origins,  the  form  of  the  expressions  which 
describe  perturbations  in  these  forces  is  not  so  particularly  dependent 
on  origin.  For  instance,  while  on  vehicles  designed1  to  fly  at  very  low 
speeds  (e.g.,  helicopters  and  VTOL  aircraft)  the  dominant  forces  and 
moments  are  produced  by  the  accelerated  flows  surrounding  the  propulsion- 
lift  system,  the  distortions  of  the  accelerated  flows  (produced  by  motion 
disturbances  from  the  trim  condition)  resuit  in  force  and  moment  changes 
of  similar  character  to  those  associated  with  "pure"  aerodynamic  flight. 
Consequently,  the  end  results  of  the  treatment  here  are  pertinent  to 
most  kinds  of  air  vehicles.  However,  whenever  details  of  specific  forces 
are  needed  in  the  ensuing  discussion  we  will  consider  "pure"  aerodynamic 
flight'  of  fixed-wing  craft  for  simplicity. 


It  can  be  shown  by  dimensional  analysis*  that  the  forces  acting  on 
solids  moving  through,  fluids  can  be  expressed  in  the  form 

F  =  Cp  \  p\|s  (4.70) 

where  Cp  =  a  dimensionless  coefficient 
p  =  density  of  fluid 

Va  =  velocity  of  the  solid  relative  to  the  I'liud 
S  =  characteristic  area  of  the  solid 

Since  a  moment  is  the  product  of  a  force  by  a  moment  arm,  the  expression 
for  a  moment  can  also  be  written  in  a  form  similar  to  that' of  Eq.  4-70.  .The 
aerodynamic  moments  and  forces  acting  on  an  airplane  in  flight  (see 
Fig.  4-17)  may  then  be  written  as 

■*a  =  Cx(l/2)pVj"S  =  aerodynamic  force  along  X  axis 

Ya  -  Cy(l/2)pV^S  =  aerodynamic  force  along  Y  axis  (4-71) 

2^  >=  Cj.(l/2)pVfs  =:■  aerodynamic  force  along  Z  axis 

la  *  C^(l/2)p^Sb  =  rolling  moment 

%  c  Cn(l/2)P^Sc  c  pitching  moment 

Na  =  Cn(l/2)pV^Sb  =  yawing  moment 

where  S  *=  wing  area 

c  *»  mean  aerodynamic  chord;  the 
wing  chord  which  has  the 
average  characteristics  of  all 
chords  in  the  wing 

b  «=  wing  span 

Shaded  area  =  S 

Fig.  4-17*  S,  b,  and  c 
of  Wing 

*C.  B.  Millikan,  Aerodynamics  of  the  Airplane,  John  Wiley  and  Sons 
New  York,  1941. 


The  total  steady  aerodynamic  force  on  an  aircraft  is  convention¬ 
ally  decomposed  into  lift  and  drag  components .  As  shown  in  Fig.  4-1 8, 
the  lift  acts  normal  to  the  flight  path  (i.e.,  to  the  relative  wind), 
and  the  drag  acts  parallel  to  the  flight  path? 


Akin  to  Eq.  4-71 ,  the  lift  and  drag  are 

L  =  CL  4-  PV?S  =  Lift 

'  1  o  (4-72) 

D  *=  Cd  -g-  p\£S  =  Drag 

Note  that,  to  avoid  confusion,  the  dimensionless  coefficient  in  the  lift 
equation  is  written  with  a  capital  "1,"  while  a  lower  case  "1"  is  used 
in  the  rolling  moment  coefficient.  When  resolved  into  body-fixed  axes, 
the  lift  and  drag  become  the  X,  Y,  and  Z  aerodynamic  forces  of  Eq.  4-71  • 

The  angles  orienting  lift  and  drag  forces  relative  to  the  body- 
fixed  axes  are  the  angles  of  attack,  a,  and  of  sideslip,  p.  These  are 
shown  in  Fig.  4-19.  Here,  as  previously,  the  subscript  ”a"  is  used  to 
indicate  that  the  velocity  and  its  components  are  relative,  i.e.,  air¬ 
frame  relative  to  air  mass.  If  the  air  mass  velocity  relative  to 
inertial  space  is  assumed  to  be  constant,  then  the  subscript  can  be 
removed.  The  velocity  components  of  Va  along  the  body  axes  are 

e  Va  cos  p  cos  a  • 

Va  *=  Va  sin  p  (4-75) 

Wa  18  Va  cos  p  sin  a 
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(along  X) 


Fig.  4-19.  Orientation  of  Relative  Wind 
With  Body-Fixed  XYZ  Axes 


The  angles  of  attack  and  sideslip  are 


a 

P 


(4-74) 


and,  as  required  by  physical  considerations,  the  latter  is  independent 
of  the  orientation  of  the'  X  axis  in  the  plane  of  symmetry.  Finally,  the 
aerodynamic  lift  and  drag  force  components  along  X,  Y,  and  Z  are 


Xa  B  L  sin  a  -  D  cos  p  cos  a 

Ya  «  D  sin  p  (4-75) 

2^  «»  -L  cos  a  -  D  cos  p  sin  a 

As  indicated  explicitly  by  the  form  of  Eq.  4-70,  the  aerodynamic 
forces  and  moments  are  functions  of  air  density  and  the  relative  velocity, 
and  are  therefore  implicitly  dependent  on  the  altitude  and  the  linear 
velocity  components.  Also,  the  dimensional  coefficients  Cp  are  themselves 
dependent  on  Reynolds’  and  Mach  number,  angles  of  attack  and  sideslip, 
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and  linear  and  angular  velocity  components  and  their  derivatives.  If 
the  aerodynamic  forces  are  considered  to  be  continuous  functions  of  all 
these  variables,  each  of  the  forces  (Xa,  Ya,  and  Zq)  and  the  moments 
Ufe,  and  %)  can  be  expressed  in  terms  of  the  variables  by  expand¬ 
ing  the  forces  in  a  Taylor  series.  These  series  have  the  form 

(4-76) 

where  A  and  X  represent  the  variables,  including  their  derivatives,  and 
perturbations  thereof,  respectively,  and  the  subscript  zero  indicates 
the  quantities  are  evaluated  at  the'  operating  point  or  trim  condition. 
In  Eq.  4-76,  terms  of  the  order  (82F/dA2)0(X2/2i)  and  all  higher  order 
terms  have  been  omitted  in  accordance  with  Assumption  5.  In  spite  of 
this,  the  number  of  potential  contributing  aerodynamic  derivatives, 
dF/dA^  is  dishearteningly  large;  and  one  way  of  eliminating  some  of 
them  is  to  specialize  the  trim  conditions  as  we  have  already  done  for 
the  inertial  and  gravitational  components. 

Bteady-State  Trim  Specialization 


To  see  how  the  trim  situation  can  affect  the  aerodynamic  derivatives, 
consider,  as  a  pertinent  example,  the  X  and  Z  forces  due  to  lift  and  drag 
as  shown  in  Fig.  4-1 8.  For  an  angle  of  sideslip,  0,  equal  to  zero, 

Eq.  4-75  becomes 

X^  =*  HD  cob  a  +  L  sin  a 
2*  *  -L  cos  a  -  D  sin  a 


or,  in  terms  of  the  dimensionless  coefficients  of  Eq.  4-71 , 

B  T  <^aS(~cD  008  a  +  Cj,  sin  a) 

-  4-  fV|s(-Cl,  cos  a  -  Cd  sin  a) 


(*-77) 


To  simplify  the  example,  both  Cl  and  Cd  are  considered  to  be  functions 
only  of  the  angle  of  attack,  a,  and  the  Mach  number,  M.  Accordingly  the 
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appropriate  expansions  of  the  perturbed  forces,  at  constant  density,  involve 
derivatives  with  respect  to  M,  a,  and  Va,  as  follows:  ' 


.  „  |8Va  /  v  Va  &M  /-SCj)  8cl  \ 

pVaS(lA  Y*0  COS  “o  +  CL  sin  oo)  +  — ^  \^-  cos  a*  +  sin  a^J 

Va  /— SCd  8cl  \) 

+  T  5a  \"aar  cos  “o  +  sin  ao  +  °D  8in  <*0  +  Cj,  cos 


(4-78) 


pVaSj^  (“°L  cos  °o 


*  Va  dM  /-dCL  8cD  \ 

—  Cd  stn  ^)  + _  _  cos  Oo  - ei„  Ooj 


Va  8a  /-8Cl 
2  <5A  \  8a 


cos  Oq  -  sin  Oq  +  Cl  sin 


Oq  —  Op  cos  OqJJ 


The  various  partial  derivatives  with  respect  to  A  are  to  be  taken  hold¬ 
ing  the  remaining  primary  motion  variables  constant.  In  this  limited 
case  the  primary  variables  are  simply  %  and  Wa,  and  from  Eq.  4-73, 
for  p  *  0, 

dlfe,  *=  dVa  cos  a©  -  Va  sin  cto  da 
dWa  «  dVa  sin  a0  +  Va  cos  Oq  da 

These  can  be  solved  to  yield  for  A  *  1%,,  dWa  «  0, 


«  COS  Oq 


m  MM 

5Ua  \dUo/ya  _ const 

da,  -sin  Oq 

“  ^a 


and,  recognizing  M  *  Vg/a,  where  a  is  the  speed  of  sound 


COS  Oq 


Similarly,  for  A  «  Wa,  dlJ^  *=  0, 


(4-79) 

(Continued  on  next  page) 
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dVa 

dWa 

=  sin 

“o 

da 

cos 

0£ 

dWa 

= 

l 

dM 

sin 

Oo 

dWa 

a 

(*-79) 

(Concluded) 


Applying  these  values  to  Eq.  4-78,  collecting  terms,  and  simplifying 

the  notation  in  the  usual  way,  i.e.,  dCp/da  s  c^,  etc.,  (M/2)  (dCp/dM) 5  Cj^, 

etc.,  yields 

(4-/30) 

PVaS  {(“pD^PDu)  cos2  Oq  +  [‘^•(Cpa- Cl)  +  Cl  +  ClJ  ein  aQ  coit  Oq 


dlfe' 


-  -^(Cl^+Cp)  sin2  aQ 


8X, 


'a 

awa 


-  pVfl  s 


'f'(cL~cD0,)  cos2  “o  +  [^(Cle  +  CD)  -  Cp  -  CPu]  sin  a0  cos  Oq 

+  (CL  +  ClJ  sin2  a0j 


az„ 

5E  =  pv*s 


8Wa 


(-Cl_cLu)  cos2  °o  +  [‘^'(Cla  +  Cp)  -  Cp  -  C^j  sin  clq  cos  clq 

•  -  -g"(CL-CDa)  sin2  ao| 

pV|t(CI<*  cos2  “p  ”  [‘l'^Cl)a“CL^  +  °L  +  Clu]  sin  “o  cos  av 

“  (Cp  +  Cpu)  sin2  Ooj 


The  recurring  trigonometric  terms  are  typical  of  the  usual  axis 
transformation  relations  (see  Eq.  4-99)  which,  in  effect,  we  have  derived 
by  this  process  for  the  quantities  of  interest.  That  is,  the  a0  =  0 
derivatives  or  groups  of  them  comprise  the  coefficients  of  the  general 
trigonometric  expansion  for  <x0  ^  0.  It  is  clear  that  the  choice  of  trim 
aD  cannot  eliminate  any  of  the  derivatives,  but  can  only  influence  their 
assigned  values  and  for  a0  =  0,  considerably  simplify  their  literal  forms. 
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For  the  analogous  situation  in  the  XY  plane  as  sketched  in 
Fig.  4-20,  there  are  similar  (lateral)  lift  and  drag  forces  acting,  and 
expressions  for  X  and  Y  corresponding  to 
Eqs.  4^78  and  4-80  could  easily  be  written. 

There  is  an  important  difference,  however,, 
in  the  values  to  be  assigned  the  dimension¬ 
less  coefficients.  Cl  and  C]^.  In  the  ver¬ 
tical  (XZ)  plane,  lift  is  necessary  to  sus¬ 
tain  flight,  and  since  is  proportional 
to  Cl  both  parameters  are  usually  positive 
and  set  by  the  trim  condition.  In  the  lat¬ 
eral  (XY)  plane,  side  lift  is  undesirable 
and  ordinarily  avoided,  and  it  is  unusual 
to  set  up  trim  conditions  involving  steady 
sideslip,  p0.  Thus  the  value  of  5x/dVa, 
which  can  be  inferred  by  substituting  £  for 
a  in  the  Eq.  4-80  expression  for  dx/dW,  is 
usually  zero.  That  is,  for  0O  »  0  and  the  corresponding  Cl  ~  8Cp/dp  =  0, 
dx/dVa  =  0.  This  really  results  because  the  XZ  plane  is  not  only  a  plane 
of  inertial  and  geometric  symmetry,  but  usually  also  of  aerodynamic  trim 
symmetry.  When  this  is  true  (P0  =  Ro  =  V0  =  0)  then  lateral  perturbed 
motions,  p,  r,  and  v,  do  not  produce  X  and  Z  forces  or  M  moments  as 
inferred  by  the  foregoing  discussion  or  v  effects.  Thus,  we  are  led  to 
Assumption  6. 

Assumption  6 

The  steady  lateral  trim  conditions  are  assumed  to  be 
p0  =  R0  =  V0  =  $>0  =  0,  and  the  longitudinal  forces  and  moments 
due  to  lateral  perturbations  about  such  trim  conditions  are 
assumed  negligible. 

The  assumed  trim  conditions  are  those  prevailing  for  the  great 
majority  of  all  flying*  and  are  identical  to  those  which  lead  to  the 
''simplified"  relationships  of  Eqs.  4-63  through  4-66.  While  complete 


*Bairstow,  Applied  Aerodynamics,  First  Edition,  Longmans  Green  and 
Co.,  London,  1920,  considers  turning  and  straight  flight  and  shows  minor 
t  differences  for  the  example  airplane  considered. 
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Fig.  4-20.  lateral  Lift 
and  Drag  Acting  on 
an  Airplane 

v  K 


t 


aerodynamic  symmetry  is  not  necessarily  guaranteed  by  these  conditions 
(as,  for  example,  for  propellers  rotating  in  the  same  direction),  the 
independence  of  longitudinal  forces  and  moments  from  lateral  perturbed 
motions  is  still  assumed  to  hold  with  negligible  error. 

Assumption  6  has  a  corollary.  With  the  aerodynamic  trim  forces 
essentially  symmetrical  about  the  XZ  plane,  there  can  be  no  appreciable 
lateral  forces  or  moments  induced  by  longitudinal  perturbed  motions 
(u,  w,  q).  The  net  result  therefore  is  that  the  perturbed  longitudinal 
and  lateral  forces  and  moments  are  in  general  influenced  respectively 
only  by  longitudinal  and  lateral  perturbed  motions,  and  of  course  by 
control  inputs.  This  separation  of  the  longitudinal  and  lateral  aero¬ 
dynamic  forces  and  moments  is  completely  parallel  and  analogous  to  the 
separation  of  the  inertial  and  gravity  terms  shown  in  the  Eqs.  4-65  and 
4-66  sets.  Accordingly,  the  complete  equations  are  now,  by  virtue  of 
Assumption  6,  separated  into  longitudinal  and  lateral  sets. 

Quasi-Steady  Flow,  Downwash  and  Sidewash 

Unfortunately,  the  sets  are  still  potentially  overcomplicated 
because  of  the  implied  inclusion  in  Eq.  4-76  of  higher  order  terms  due 
to  body  acclerations.  Such  effects  arise  because  when  the  vehicle  is 
in  acclerated  motion  the  air  mass  in  its  immediate  surroundings  must 
also  accelerate  in  order  to  establish  the  quasi-steady  flow.  The  latter 
condition  is  one  where  the  aerodynamic  forces  and  moments  are  dependent 
only  on  the  velocities  of  the  vehicle  relative  to  the  air  mass.  Gener¬ 
ally  speaking,  the  quasi-steady  forces  and  moments  are  of  primary 
importance  and  the  unsteady  flow  effects  are  usually  secondary  and 
negligible.  However,  the  behavior  of  some  modem  high  speed  jet  air¬ 
planes  has  exhibited  marked  discrepancies  between  the  predicted  damping 
and  the  observed  flight  test  damping  of  high  frequency  oscillatory  modes 
due,  at  least  partly,  to  nonsteady  flow  effects.  These  effects  become 
more  important  as  the  "natural"  frequency  is  increased,  as,  for  example, 
by  a  "tight"  control  system.  Such  possibilities  should  be  kept  in  mind 
as  perhaps  requiring  further  investigation  in  specific  cases.  Never¬ 
theless,  we  shall,  because  of  its  great  applicability  and  essential 
simplification,  resort  to  Assumption  7* 


Assumption  7*  The  flow  is  assumed  to  be  quasi-steady. 

Because  of  Assumption  7  ell  derivatives  vith  respect  to 
the  rates  of  change  of  velocities  are  omitted  with  the  excep¬ 
tion  of  those  with  respect  to  w  and  v,  which  are  retained  to 
account  for  the  effect  on  the  tail  of  the  wing/body  downwash 
and  sidewash.  This  effect  is  present ,  as  explained  below, 
even  when  purely  quasi- steady  considerations  apply. 

As  an  airplane  wing  travels  through  the  air  it  leaves  behind  it  an 
emanating  downwash  pattern  having  a  particular  distribution  and  average 
value  at  the  horizontal  tail  location.  If  the  wing  lift  is  suddenly 
increased  by  an  abrupt  change  in  w  (quasi-steady  assumption),  the  increased 
downwash  at  the  horizontal  tail  (or  at  the  sweptback  wing-tip  for  a  tailless 
airplane) ,  proportion  to  Aw,  does  not  change  immediately.  The  tail  must 
actually  arrive  at  the  point  in  space  where  the  wing  lift  was  changed  before 
it  experiences  the  resulting  downwash  change;  and  the.  time  interval.  At, 
for  this  to  happen  is  just  the  tail  length,  1-fc,  divided  by  the  forward 
speed,  Ua.  That  is,  for  a  given  time  history  in  wa  and  a  resulting  angle 
of  attack  variation  with  time,  a(t),  the  corresponding  downwash  time 
history  is  given  by  (ctet/^Oafa  ”  lt/ua)>  as  depicted  in  Fig.  4-21 . 


Fig .  4-21 ,  Tail  Downwash  Delay 
Following  an  Angle  of  Attack  Input 

'  Recognizing  that  the  Laplace  transform  of  f(t— t)  is  simply  F(s)e"^rs 
allows  us'  to  write  the  Laplace-transformed  net  tail  angle  of  attack, 
afc  »  a— 6-fc,  as 


«*(«)  -  <*(.)  [l  -  §| 


The  corresponding  pitching  moment  is  given  by 

Cm(s)  =  _||  .-te/W)*]  (4-81) 

This  most  /general  representation  of  downwash  lag  effects  can  become 
quite  important  at  high  frequencies.*  On.  a  less  accurate  basis  it  can 
be  translated  into  an  approximate  &  derivative  by  noting  that,  for  the 
usual  small  values  of  lt/ua,  4  1  -  (lt/b&)s.  Then, 

°m(£>  1  <4fat°W  [’  -  s('  "  ^  s)] 

‘  On^ja/s)  (l  -  |f)  +  4(6)  ^  If]  (4-62) 

,  _  ScM  .  21t  Se  „ 

8,14  %  ‘  rTioT  '  T’S^l 
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Thus  we  have  shown  that  aerodynamic  partial  derivatives  with  respect  to 
w  =  Uaa  can  be  included  in  the  equations  of  motion  on  the  basis  of 
purely  quasi- steady  considerations. 

An  analogous  examination  of  the  sidewash  field  due  to  a  wing/body 
combination  undergoing  lateral  velocity  perturbations,  and  the  resulting 
forces  on  the  vertical  fin,  yields  a  similar  conclusion  with  respect  to 
v  derivatives.  Such  derivatives  are  not  usually  as  important  as  those 
due  to  w  motions,  and  are  sometimes  neglected.  For  the  time  being  we 
shall  carry  them  along. 

Effects  Due  to  Nonuniform  Atmosphere 

While  both  the  aerodynamic  and  inertial  plus  gravity  terms  have  now 
been  suitably  reduced,  they  are  not  yet  on  common  ground.  That  is,  the 
aerodynamic  forces  and  moments  are  dependent  on  perturbations  in  the 

*1.  C.  Statler,  "Dynamic  Stability  at  High  Speeds  from  Unsteady  Flow 
Theory,"  J.  Aeron.  Scl.,  Vol.  17>  No.  4,  Apr.  1950. 
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motions  relative  to  the  atmosphere  rather  than  to  inertial  space.  To 
rectify  this  condition  we  need  to  recognize  the  existence  of  atmospheric 
winds  or  gusts,  and  to  note  that  perturbed  motions  relative  to  the  atmos¬ 
phere  are  given  by 

Xa  =  X-Xg  (4-85) 


where  now  X,  being  a  general  perturbed  inertial  motion  quantity,  is 
measurable  in  the  body  reference  frame,  and  the  subscript  "g"  identi¬ 
fies  the  wind  or  gust  component  of  the  atmosphere.  Substituting  this 
relationship  into  Eq.  4-76  and  suitably  specializing  X  to  those  quanti¬ 
ties  of  remaining  interest  in  view  of  the  simplifying  results  of 
Assumptions  6  and  the  perturbed  forces  and  moments  can  be  written  as 


a  "  ^(u_ug)  +^(w~wg)  +i^q-qe)  +  Esi 5 

dz  *  !§(u-ug)  +  5§(v-vg)  +  ||(w-wg)  +  |§(<i-qg)  +  Esi  6 

m  s  5§(u“ug)  +||(w~wg)  +  +||^'-qg) + 

(4-84) 

dY  -  ^(v~vg)  +^(v-vg)  +||(p-pg)  +^(r-rg)  +  Ef|  5 

dL  -  57(v-vg)  +^(v-vg)  +g|j(p-Pg)  +^(r-rg)  +  5 

dM  =  ||(v-vg)  +~(v-vg)  +||(p-Pg)  +  H(r-rg)  +  Egg  b 


where  the  summation  of  6  allows  for  more  than  one  control  input,  e.g., 
elevator  and/or  throttle;  aileron  and/or  rudder. 


Motions  of  the  atmosphere  can  be  discrete  or  random;  in  any  case  they 
are  usually  characterized  by  only  the  three  orthogonal  components  Ug,  vg, 

Wg.  However,  variations  in  space  and  time  of  these  components  can  be  con¬ 
sidered  to  supply  the  additional  gust  gradient  inputs  shown  in  Eq.  4-84,  vg, 
Wg,  Pg,  qg,  rg.  Furthermore,  for  the  long  wave  lengths  characterizing  atmos¬ 
pheric  turbulence,  the  rotary  gusts  can  be  thought  of  as  arising  from  the 


spatial  distributions  of  linear  gust  velocities.  For  example,  a  rolling 
gust,  pg,  is  the  result  of  a  spanwise  distribution  of  wg>  as  shown  in 
Fig.  4-22.  Here  the  aircraft  is  considered  to  be  encountering  cm  effec¬ 
tive  vertical  gust  at  its  centerline  plus  an  average  spanwise  gradient, 
dwg/dy,*.  negative  in  sign.  Since  a  rolling  velocity  inparts  a  spanwise 


HHHUI 
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Fig.  4-22.  Illustration  of  Rolling  Gust,  pg 


gradient  in  w  given  by  py  so  that  dw/dy  =  p,  the  effective  pg  is  simply 
dwg/dy«  For  a  fore  and  aft  distribution  of  wg  as  shown  in  Fig.  4-23, 


a  similar  decomposition  of  the  gust  produces  =  -^Wgfdx.}  however  this 
can  be,  better  expressed  in  terms  of  the  gust  time  variations  felt  by  the 
aircraft.  That  is,  differentiating  numerator  and  denominator, 

-d^g/dt  -wg  — swg* 

^  ~  5x/at  u0  **  u0 
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Similarly,  the  yawing  gust  due  to  a  fore  and  aft  distribution  of  side 
gust  velocity,  Vg,  is  given  by  rg  =  svg/U0. 

These  last  expressions  cannot  be  substituted  directly  into  all  of 
Eqs.  4-84  because  of  the  detailed  vay  in  which  certain  of  the  derivatives 
arise,  as  explained  more  fully  later  in  this  chapter*  For  instance,  the 
rolling-moment  derivative  SL/^R  stems  primarily  from  the  spanwise  distribu¬ 
tion  of  forward  velocity  due  to  yaw  rate,  which  produces  an  asymmetric  wing 
lift  distribution.  An  effective  rg  due  to  fore  and  aft  variations  in  the 
side  gust  velocity  seen  by  an  airplane  traveling  at  speed  U0  would  not 
produce  a  corresponding  wing  rolling  moment.  Similarly,  the  derivative 
usually  neglected,  is  theoretically  the  result  of  a  vertical  dis¬ 
tribution  of  horizontal, velocity  due  to  pitch  rate;  therefore,  an 
effective  qg  due  to  a  fore  and  aft  distribution  (as  above)  does  not 
produce  forces  proportional  to  Sx/dQ. 

In  addition  to  the  possibilities  noted  above,  there  are  higher  order 
gust  input  terms  and  derivatives  which  are  sometimes  considered.*  Gen¬ 
erally  speaking,  however,  such  terms  are  most  appropriate  to  the  detailed 
computation  of  random  gust  response  spectra  and  are  seldom  considered 
necessary  for  the  engineering  solution  of  flight  control  problems. 

In  addition  to  the  small  scale  atmospheric  nonuniformities  which 
produce  winds  and  gusts  in  a  given  layer  of  air,  there  are  also  large 
scale  nonuniformities  with  altitude.  The  most  obvious  of  these  is  the 
variation  in  density,  p,  which  through  the  basic  Eg.  4-71  relations  pro¬ 
duces  changes  in  the  forces  and  moments  with  change  in  altitude.  The 
speed  of  sound,  a,  also  varies  in  general,  so  that  altitude  displacement 
perturbations  at  a  given  speed  can  give  rise  to  Mach  number,  M  s  V/a, 
perturbations.  If  the  dimensionless  aerodynamic  force  and  moment  coeffi¬ 
cients  are  Mach-number-dependent,  as  they  are  except  for  subsonic  or  hyper¬ 
sonic  flight,  then  the  resulting  change  in  M  gives  an  additional  altitude- 
dependent  set  of  force  and  moment  perturbations.  Finally,  there  can  be 


*B.  Etkin,  Theory  of  Flight  of  Airplanes  in  Isotropic  Turbulence  — 
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J.  M.  Eggleston  and  W.  H.  Phillips,  The  lateral  Response  of  Air¬ 
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large  scale  changes  in  steady  wind  speed  and  direction  with  altitude 
(so-called  wind  shear)  which  will  produce  force  and  moment  perturba¬ 
tions  on  a  diving  or  climbing  airplane.  Notice  that  all  these  effects 
are  dependent,  not  on  the  vertical  perturbed  velocity  measured  along 
the  body-fixed  Z  axis,  but  rather  on  the  perturbed  altitude  displacement 
and  rate  measured  in  earth-fixed  coordinates. 

Detailed  investigations  of  the  influence  of  altitude  gradients*  and  the 
exact  conditions  under  which  they  may  be  ignored  indicate  that  these  effects 
are  insignificant  for  most  flight  situations  and  flight  control  problems, 
and,  consequently,  that  a  good  assumption  is: 

Assumption'  8 

Variations  of  atmospheric  properties,  such  as  density  or 
speed  of  sound,  are  considered  negligible  for  the  small  alti¬ 
tude  perturbations  of  usual  interest. 

4.7  EXPANSION  OF  (THE  DIRECT  THRUST  FORCE 

Many  of  the  derivatives  appearing  in  Eq.  4-84  will  be  the  result 
not  only  of  forces  connected  with  the  motion  of  the  body  through  the 
atmosphere,  but  also  of  forces  arising  from  flows  induced  by  the  pro¬ 
pulsion  system.  When  such  flows  pass  near  or  over  portions  of  the 
vehicle  they  can  produce  profound  and  dlfficult-to-predict  effects1  on 
the  derivatives,  which  usually  must  be  evaluated  in  model  tests  employing 
properly  scaled  jets  or  slipstreams.  For  configurations  which  inher¬ 
ently  eliminate  such  slipstream  Interference  (e.g.,  a  subsonic  jet 
centrally  exhausting  aft  of  the  tail),  the  forces  and  moments  associ¬ 
ated  with  the  direct  thrust  can  still  contribute  significantly  to 
various  derivatives.  Among  the  contributions  requiring  general  con¬ 
sideration  are  the  forces  produced  on  the  inlet  due  to  the  changed 
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direction  of  the  entering  air  mass;  the  moments  caused  by  the  angular 
velocity  of  a  tube  (engine  plus  tailpipe)  containing  a  moving  air 
mass;  and,  finally,  the  forces  and  moments  resulting  from  the  thrust 
itself.  All  but  the  last  of  these  contributions  depend  on  detailed 
knowledge  of  the  vehicle  layout  and  poverplant  performance  character¬ 
istics,  and  further  consideration  here  is  not  warranted.  However,  an 
exposure  of  the  direct  thrust  effects  is  pertinent  since  it  is  simply 
accomplished  and  the  effects  are  always  present  and  sometimes  impor¬ 
tant.  Accordingly,  consider  Fig.  4-24,  where  the  thrust  line  angle 
with  the  initial  relative  wind,  &p,  is  set  by  the  trim  condition  and 
airplane  geometry,  and  its  angle  with  respect  to  the  X  axis  is  fixed 
at  (ej— Oq)  a  constant.  Then  by  direct  resolution, 


Fig.  4-24.  Thrust  Alignment  Notation 


Xp  =  T  cos  (eT-Oo) 

=  -T  sin  (ep-cto)  (4-85) 

Mp  =  Terp 

where  eT,  the  thrust  eccentric- 
Ity  (positive  downward),  is  not 
a  function  of  the  axis  orienta¬ 
tion.  With  thrust  a  function 
only  of  density,  control,  setting, 
and  airplane  relative  speed,  (some 
times,  but  rarely,  also  of  aQ)  the 
resulting  perturbed  forces  are 


dXp  a  cos  (eT  -  Oo)[g§(§5U  +  +  ^&T 

dZp  a  -sin  (eT  -  %)[^(^u+^w)  +  5T 


(4-86) 


Applying  Eq.  4-79  (dropping  the , "a”' subscript  for  simplicity)  and  expand¬ 
ing  the  trigonometric  functions,  the  partial  derivatives  are: 
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cos2  Oq  +  sin  &p  sin  a©  cos  oq) 
sin  Oq  cos  Oq  +  sin  ej  sin2  a^,) 
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sin  Oq  COS  Oq  -  COS  €rp  Sin2  Oq) 


(4-87) 


Szip 

S&p 


i^(sl”  *r 


COB  Oq  -  COS  eT 
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When  combined  with  Eqs.  4-80  these  will  provide  composite  derivatives, 
such  as  bx/dU  *=  dXa/8U  +  SXp/dU,  for  the  force  equation. 

Unlike  the  perturbed  forces,  the  perturbed  moment  is  not  obtained 
by  simple  differentiation  of  the  Eq.  4-85  expression  because  of  the 
influence  of  balancing  aerodynamic  trim  moments.  To  show  this,  consider 
that  at  trim  the  total  moment  must  be  zero  by  definition,  i.e.,  no 
resulting  rotary  acceleration  and  P0  -  Ro  =  0  (see  Eq.  4-58)  according 
to  Assumption  6.  Therefore  the  thrust  moment  is  balanced  by  an  opposite 
and  equal  aerodynamic  moment  having  the  form  of  Eq.  4-71,  i.e., 

Mq  =  TeT  +-|V2ScCM  «  0  (4-88) 


Neglecting  aerodynamic  variations  with  Mach  number  as  an  additional 
effect  to  those  of  specific  interest  here,  the  moment  change  is 


But  by  Eq.  4-88, 
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so  that  applying  Eqs.  4-79, 


4-59 


(4-89) 


dM 


U  COS  Oq  +  w 


We  see  that  proper  inclusion  of  the  trim  conditions  has  led  to  the  add! 
tional  Tq/Vq  terms. 


The  foregoing  is  another  good  example  of  the  importance  of  carefully 
considering  the  operating  or  trim  point  conditions  vhen  evaluating  the 
force  and  moment  derivatives.  In  the  present  case,  neglecting  such  con¬ 
siderations  would  have  led  to  possibly  important  errors  in  the  moment 
perturbation. 


4.8  COMPIETB  LINEARIZED  EQUATIONS  OF  MOTION 


Now  that  the  individual  contributions  have  been  evaluated,  the 
remaining  generally  important  terms  can  be  assembled  into  complete  sets 
of  the  linearized  equations  of  motion.  Before  doing  this,  however,  we 
will  invoke 

Assumption  9 

Effects  associated  with  rotation  of  the  vertical  relative 
to  inertial  space  will  be  assumed  negligible;  furthermore,  the 
trim  body-axis  pitching  velocity,  Qq,  will  be  assumed  zero. 

The  vertical  rotation  effects  involve  terms  proportional  to  U0/r, 
and  WD/r  (see  Eqs.  4-65  and  4-66)  where  r  is  approximately  2  x  10?  ft. 
Even  for  orbital  velocities,  U0  =  "^gT,  such  terms  are  insignificant  for 
the  frequencies  of  usual  concern  in  flight  control  problems.  However, 
the  weightlessness  terms  proportional  to  U§/r  (Eqs.  4-65  and  4-68)  will 
not  be  negligible  except  for  speeds  less  than  about  5000  ft/sec.  For 
speeds  greater  than  this  we  will  later  show  how  the  weightlessness  terms 
can  be  reincluded  in  the  stability  axis  set  of  equations  (next  article) . 
In  spite  of  this  exception,  the  first  pa it  of  Assumption  9  is  generally 
valid  for  the  great  majority  of  airborne  vehicular  control  situations  of 
interest.  The  second  part  of  Assumption  9,  Qq  =  0,  is  in  keeping  with 
the  first  part  and  the  assumed  ®0  =  0  corresponding  to  straight  flight 
which  leads  to  Eqs.  4-63;  that  is,  for  U0/r  negligible,  Eq.  4-65  gives 
Qq  =  0.  In  effect  Assumption  9  confines  our  interest  to  operating  points 
corresponding  to  straight  flight  over  an  effectively  flat  earth. 


Turning  now'  to  the  process  of  assembling  the  pertinent  components 
of  the  perturbed  equations  of  motion,  we  divide  the  force  equations  by 
m  and  the  moment  equations  by  the  appropriate  moment  of  inertia  as  in 
Eqs.  4-65,  4 -66,  yielding  terms  similar  to: 


J_  dX 
m  5U 


u 


and 


BL 

ix5r 
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Replacing  these,  respectively,  by  Xuu  and  I^r  and  extending  this  convention 
to  all  the  partial  derivative  terms  considerably  simplifies  the  notation. 
These  quantities  are  called  either  "dimensional  stability  derivatives"  or 
simply  "stability  derivatives";  they  are  understood  to  cover  all  effects 
due  to  relative  motion  between  the  vehicle  and  the  atmosphere,  i.e., 
basic  aerodynamic  as  well  as  propulsion  system  effects,  both  induced  and 
direct. 


Using  this  notation,  and  limiting  the  gust  inputs  to  those  discussed 
in  connection  with,  Eq.  4-84  (i.e.,  dropping  Xqqg  and  Lrrg  terms)  directly 
yields  V  e  right  side  of  the  desired  equations  of  motion.  Since  the 
Eqs .  4-  p  and  4-66  results  are  no  longer  of  interest  in  view  of  Assump¬ 
tion  9,  the  left  side  is  obtained  most  directly  by  Laplace-transforming 
Eq,  4-59  for  the  trim  conditions  of  Assumptions  6  and  9,  P0  c  Qo  “  Ro  c 
V0  =  $0  ^  °*  This  procedure  yields: 


Longitudinal  perturbed  equations 


su  +W0q  +  g  cos  ©o0 
sw  —  U0q  +  gsin  ©o0 
sq 


=  Xu(lt-Ug)  +  Xw(w-Wg)  +  Xtfs(w-wg)  +  Xqq  +  £  *66 

*»  Zu(u-Ug)  +  Zv(w-Wg)  +  Zfts(w-Wg)  +  Zq^q  +  z65 

=  Mu(u-Ug)  +  Mw(w-Wg)  +  Mfrs(u-Wg)  +  Mq  |q+  M56 

(4-90) 

.  Lateral  perturbed  equations  \  t 


sv  +  \JqV  -  W0p  -  g  cos  ©0cp 
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Yv(v-vg)  +  Y^s(v-vg)  +  Yp(p-pg)  +  Yr(v~^j  +  E  Y66 
Ly(v-vg)  +  Lfrs(v-vg)  +  Lp(p-Pg)  +  L^  +  E  ^ 

Nv(v-vg)  +N<rs(v-vg)  +Np(p-pg)  +Nr/r— +  E  N&5 


The  last  two  equations  can  he  further  simplified  hy  substituting  the 
expression  for  sr  obtained  from  the  yawing  moment  equation  into  the  roll 
equation  (considering  a  single  control  input  for  simplicity),  and,  similarly, 
substituting  the  roll  equation  expression  for  sp  into  the  yawing  equation, 
as  follows: 


sp  =  Ly(v-vg)  +  Ljs(v-Vg)  +  Lp(p-Pg)  +  I*r  + 1$6 


Nv(v-vg)  +N£s(v-Vg)  +Np(p-pg)| 
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Nv(v~Vg)  +N*s(vMTg)  +  Np(p-pg)  +Nr 


+N58+ 


Ixz  ^g)  '+  L$s  ( ^g)  +I*rrj 

Iz  (+Ip(p-i>g)  +  ^  sr  | 


Collecting  like  terms,*  we  define  the  "primed  derivatives"  for  a  general 
motion  or  input  quantity  designated  by  the  subscript  "i". 
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which  implies,  also, 


Hi  = 


*7. 


1  - 


Xxz 

Ixlz 
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I*  55  ;  Hi  55'Ni-~Li 

Ax  Az 

■  Then  the  roll  and  yaw  equations  reduce  to 

£156 

E'NgS 

(4-95) 


sp  *=  Iy(v-Vg)  +  Lfrs(v-vg)  +  L^(p-Pg)  +  Lrr  -  (l*)g  ^  + 

gy 

sr  =  Ny(v-vg)  +  N-)s(v-Vg)  +  Np(p-Pg)  +  N^r  -  (N£)g  + 


*This  procedure  was  apparently  first  reported  by  E.  M.  Frayn,  "The 
Simplification  of  lateral  Response  Calculations,  When  the  Product  of 
Inertia  Is  Not  Negligible,  by  the  Use  of  Modified  Derivatives," 
Appendix  D  in  K.  Mitchell  and  E.  M.  Frayn,  lateral  Response  Theory, 
A.R.C.  R&M  2297,  1952,  pp.  55,  36.  It  was  later  rediscovered  and 
empJiasized  in  the  United  States  by  C.  N.  Tsu,  "A  Note  About  the  Effects 
of  Product  of  Inertia  in  lateral.  Stability,"  J.  Inst.  Aeron.  Sci., 

Vol.  21,  No.  7;  July  1954,  p.  189.  ™  . . . 
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and  we  see  that  the  use  of  primed  derivatives  eliminates  the  direct 
appearance  of  the  product  of  inertia  terms.  The  use  of  the  g  subscript 
gust-gradient  input  term  reflects  the  fact  that  there  is  no  Lp  gust 
gradient  term  in  Eq.  4-91,  i.e.,  (Nr)g  =  Nr/(1  -  l|z/lxIz),  • 

(l^  )g  =  (lxz/^x)Nr/(1  ‘“Ixz/^x^-z)* 

The  relationships  between  the  gravity  angles,  0  and  <p,  and  the  motion 
parameters,  which  are  needed  to  complete  the  foregoing  sets  of  equations, 
are  obtained  by  substituting  the  trim  conditions  of  Assumptions  6  and  9 
into  Eqs.  4-60;  that  is,  for  $0  =  P0  =  Qo  =  =  0,  and  the  corresponding 

to  =  0O  =  $0  =  0  (Eq.  4-41), 

p  s  q>  -  4  sin  ®0  ' 

q  »  e  (4-94) 

r  =  i  cos  60 

The  associated  trim  equations,  Eqs.  4-58,  are 

mg  sin  6q  =  Xq 

-mg  cos  60  -  Z0 

0  s*  Mo 

0  =  Y0 

where  Xo  and  Z0  are  composed  of  the  lift,  drag,  and  thrust  terms  in 
Eqs.  4-77  and  4-85  and  Mq  is  given  by  Eq.  4-88. 

The  Stability  Axis  System 

Thus  far,  considerable  progress  has  been  made  in  reducing  the 
equations  of  motion  to  simple  and  analytically  useful  forms.  A  final 
simplification  is  immediately  obtained  by  orienting  the  axis  system  to 
make  WQ  «=  0;  that  is  so  the  X  axis  in  the  steady  state  is  pointed  into 
the  relative  wind.  Such  an  alignment  results  in  a  stability  axis 
system  which  is  initially  inclined  to  the  horizoi  at  the  flight  path 
angle,  y0  (since  60  =  y0  +a0,  and  Oq  =  tan-1  W0/u0  =  0). 

It  is  important  to  recognize  that  the  initial  alignment  does  not 
alter  the  body-fixed  nature  of  the  axis  system.  All  perturbed  motions 


(4-95) 


=  I© 


No 
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are  still  measured  in  a  body-fixed  frame;  however  the  alignment  of  the 
frame  with  respect  to  the  body  changes  as  a  function  of  the  operating 
or  trim  point  condition.  When  the  airframe  is  disturbed  from  the  trim 
condition,  the  axes  rotate  with  the  airframe  and  do  not  change  direction 
with  respect  to  the  airplane ;  consequently,  the  perturbed  X  axis  may  or 
may  not  be  parallel  to  the  relative  wind  while  the  vehicle  is  in 
disturbed  flight  (see  Fig.  4-25); 


Fig.  4-25.  Direction  of  Stability  Axes  with  Respect  to  the 
Relative  Wind  During  the  Steady  Flight  and  Disturbed  Flight  Conditions 

Using  this  axis  system  (Wo  »  0,  &o  -  7o)  the  Eq.  4-94  relationships, 
in  Laplace  transform  notation,  give 

=  p  +  r  tan  y0 

=  <l  (4-96) 

r  . 
cos  70 

Incorporating  this  result,  setting  W0 =  0,  0O *  y0,  considering  one  con¬ 
trol  input  at  a  time  (i.e.,  6  rather  than^Jb),  and  collecting  motion- 
and  input-dependent  terms  on  the  left  and  right  sides,  respectively,  the 
resulting  equations  are: 


s<p 
s  0 

Si|), 


(e  — Xu)u 


-ZuU 


-tVjU 


Longitudinal  set 


-  (X*s  +  Xu)v 

+  (-XqS  +  g  COS  7O)0 

-  X5S  -  [xuug  +  (XwB+Xv)tfg| 

+  (s-Zijc-ZwJw 

+  ((-Uo“Zq)s  +  g  sin  /Ojo 

“  Z56  -  j^uUg  +  (7vS  +  7v)wf;  -  Zq 

-  (Hjc+H,)w 

+  s(c-Kll)0 

=  H5&  -  |llu«g  +  (»!**• H  l^;)uc  -  Kq  "jj^j 

(4-97) 
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Lateral  set 


(*-£} 


[s(l  -Yv)  -  Yv]v  -  (YpS  +  g  cos  r0)-|-  +  [(U0-Yr)s  -  g  sin  70j-|-  *  Y66  -  JOtys  +Yv)vg  +  Yppg  -  Yr  ^1 


— (LyS+Ly)v  + 

— 

L^r 

=  L&B- 

£(L$s+I<v)vg  +  IpPgJ 

-(H*S+lIy)V  - 

KpP 

4> 

(s-Hr)r 

•  =  NgB  —  [( 

nJs  +Ky)vg  ••  NpPg  -  (Nr)g  -j^J 

Inolusion  of  Weightlessness  'Eeros  In  Stability  Axis  Equations  of  Motion 


As  mentioned  earlier,  the  flat-earth  assumption,  No.  9,  limits  the 
applicability  of  either  the  stability  axis  or  body  axis  sets  of  equa-. 
tions  to  speeds  less  than  about  5000  ft /sec.  However,  for  the  stability 
axis  set,  the  specific  assumption  of  Wo  =  0  allows  a  significant  simpli¬ 
fication  without  neglecting  the  weightlessness  terms  appearing  in 
Eqs.  4-65  through  4-68.  We  still  omit  the  generally  negligible  terms 
proportional  to  UQ/r  and  U0/r,  but  now  we  . take  note- of  W0  =  0,  @0=  yQ 
and  the  simple  relationships  of  Eq.  4-96.  Then,  the  only  added  (weight¬ 
lessness)  term  in  the  Z  equation  (4-65)  is  simply  (-Uo/r.)  sin  y09.  For 
the  side  force  equation  we  note  that  for  Wo  =  0,  U0  =  U0  cos  yQ  and, 
from  Eq.  4-96,  si|i  cos  0O  =  Si|i  cos  y0  -  rj  then  Eq.  4-68  reduces  to 


sv  +  Uor  - 


cos  70cp 


dY 

m 


In  effect,  therefore,  we  simply  replace  g  by  g  -  U§/r  to  extend  the 
applicability  of  Eqs.  4-97  and  4-98  to  orbital  speeds. 

Further  simplification  of  these  equations  is  possible  by  dropping 
terms  found  to  be  negligible  in  specific  instances,  but,  excepting  this, 
these  are  the  simplest  of  all  generally  applicable  sets  of  the  linearized 
equations  of  motion.  They  are  especially  convenient  for  computing  and 
understanding  the  basic  vehicle  dynamic  characteristics  which  are  of 
course  independent  of  the  chosen  axis  system.  However,  as  already  men¬ 
tioned,  for  situations  where  the  measurement  or  sensing  axes  differ 
markedly  from  the  stability  axes,  motions  computed  in  the  latter  system 
must  be  transformed  before  they  can-  be  compared  with  flight  test  results 


or  used  in  closed- loop  analyses.  Under  such  circumstances  the  use  of  a 
"body-fixed  system  aligned  with  the  sensor  axes  may  "be  preferable.  The 
only  difference  in  form  between  body  axis  and  stability  axis  equations  of 
motion  for  the  same  set  of  assumptions  is  the  appearance  in  the  former  of 
the  WD  terms  and  the  use  of  90  -  yQ  +  tan-'*  Wq/Uq  rather  than  yQ  to  orient 
the  g  vector.  However,  the  stability  derivatives  used  in  each  generally 
differ  because  of  the  axis  rotation  through  a0. 

Stability  Derivative  Transformation  Relationships 

The  complete  transformation  from  stability  axis  to  body  axis 
derivatives  must  consider  resolution  not  only  of  the  forces  .  and  moments, 
but  also  of  the  perturbed  motions  and  the  changed  inertias .  Applying 
these  considerations  results  in  the  following  relationships  between  body 
axes,  subscript  "b",  and  stability  axes,  no  subscript.  Notice  that  for  the 
lateral  primed  derivatives,  the  transformations  are  exactly  the  same  as 
those  for  the  basic  (unprimed)  dimensional  derivatives  c)L/dP,  BN/dr,  etc.* 
For  the  unprimed  derivatives,  e.g.,  Lp,  Nr,  etc.,  the  transformed  values 
of  (dL/dP)b>  (3N/^r)b,  etc.,  must  be  divided  through  by  the  transformed 
(lx)t,  (lz)b  expressions,  also  given.  This  simplification  accruing  to 
the  use  of  prime  derivatives  is  due  to  the  fact  that  they  correctly  account 
for  all  accelerations  about  a  given-  axis  due  to  a  given  perturbation  and 
can,  accordingly,  be  treated  as  simple  vectors. 

Longitudinal 

-•  Xu  cos2  aD  -  j  sin  a0  cos  a0  +  sin2 

=  Xw  cos2  a0  +  |xu-  Zwj  sin  a0  cos  <Xq  —  Zu  sin2  a0 
=  Xft  cos2  a0  -  Z#  sin  a0  cos  a0 


♦Edward  Seckel,  Stability  and  Control  of  Helicopters,  Academic  Press, 
New  York,  1  964 . 
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Lateral 


(Iy>6)b 

-  yv;6 

-  ** 

=  Yp  cos  a0  -  Yr  sin  a0 

W, 

=  Yr  cos  a0  +  Yp  sin  a0 

=  14.5  cos  a0  -  N^;5  sin  a0 

H, 

t  t 

=  Ly-  cos  a0  -  Ky  sin  a0 

k-&\ 


(4-ioo) 


Lp  cos2  Oo  -  ^L^+itfp  j  sin  a0  cos  a0  +  Ny  sin2  <x0 
L^  cos2  Oq  -  /n^-L^  sin  .a0  cos  a0  —  Np  sin2  a0 


K;S  cos  +  K}b  sin  “o 

*  t 

Ny  cos  a0  +  Ly-  sin  a0 

Up  cos2  a0  -  j  sin  a0  cos  a0  -  l*.  sin2  a0 

Np  cos2  a0.  +  ^Lr+Npj  sin  a0  cos  a0  +  Lp  sin2  a0  -  -  - 

Ix  cos2  Oq  +  2IXZ  sin  a0  cos  Oq  +  Iz  sin2  Oq 

Iz  cos2  a0  -  2IXZ  sin  a0  cos  ccq  +  Ix  sin2  Oq 

(lz-Ix)  sin  Oq  cos  a0  +  Ixz|cos2  aQ  -  sin2  a 0J 


4.9  DESCRIPTION  OF  .THE  DIMENSIONAL  AND  N0NDXM5NSX0NAL 
STABILITY.  AXIS  DERIVATIVES 


The  adoption  of  Assumptions-  6  and  7  has  greatly  reduced  the  number 
of  stability  derivatives  appearing  in  the  equations  of  motion.  In  this 
section  each  of  the  dimensional  stability  derivatives  in  Eqs.  4-90  and 
4-91  is  first  . given  a  brief  physical. interpretation,  then  expanded  into 
a  more  basic  form,  and  shown  to  be  a  function  of  what  are  called  "basic 
nondlmensional  stability  derivatives,"  Some  discussion  of  these  basic 
nondimehcional  stability  derivatives  is  also  given.*  The  longitudinal 

*There  is  of  course  an  extensive  literatxire  pertaining  to  the  origin 
and  estimation  of  nondlmensional  stability  derivatives.  Two  compendia  are 
■of  particular  note} 

USAT  Stability  and  Control  Datcom,  Air  Force  Flight  Dynamics  Lab., 
Wright-Fatterson  AFB,  Ohio,  Oct.  19®  XRev*  hT°v.  1965)* 

Royal  Aeronautical  Society  Data  Sheets,  Royal  Aeronautical  Society, 
London . 

and  considerable  bibliographic  material  is  given  in  some  of  the  texts, 
already  referenced,  e.g., 

Edward  Seckel,  op.  cit. 
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stability  derivatives  are  treated  first,  and  the  lateral  stability 
derivatives  are  treated  later.  Equations  4-71,  used  in  the  discussion, 
are  repeated  here  for  reference;  but  the  "a"  subscript  is  dropped  for 
simplicity,  since  the  derivatives  are  not  dependant  on  the  specific 
origin  of  the  relative  motions  between  the  vehicle  and  the  atmosphere. 


L  =  CL(l/2)pV2S 
D  =  Cd(1/2)pV2S 
X  =  Cx(l/2)pV2S 
Y  =  Cy(l/2)pV2S 


Z  =  Cz(l/2)(V2S 
L  =  C^(l/2)fft^Bb 
M  =  Cm(i/2)pV2Sc 
N  =  Cn(l/2)fV2Sb 


(4-101) 


It  can  be  readily  appreciated  that  -the  direct  conversion  from  the 
nondimensional  aerodynamic  coefficients  to  the  corresponding  forces  and 
moments  requires  a  common  axis  system  for  both.  That  is,  in  this  instance, 
the  coefficients  must  be  obtained  in,  or  reduced  to,  a  set  applicable  to 
stability  axes.  When  other  than  stability  axis  systems  are  used  for  the 


equations  of  motion,  the  coefficients  or  the  dimensional  derivatives  must 
be  converted  to,  ov  set  up  in,  that  axis  system  (e.g.,  Eqs.  4-99  and  4-100). 


While  none  of  the  aerodynamic  coefficients  are  guaranteed  to  behave 
linearly  with  any  of  the  variables,  in  most  cases,  for  small  perturbations 
it  is  reasonably  accurate  to  linearize  the  coefficients  about  the  operating 
point  as  in  Eq.  4-76.  Some  of  the  more  significant  nonlinearities  are 
noted  in  the  discussions  to  follow  which  are,  at  best,  incomplete  in  this 
respect . 


Dimensional  end  Nondimensional  Forms 


The  stability  derivatives,  dimensional  and  nondimensional,  as  we  shall 
develop  and  use  them  are  of  a  particular,  commonly-used  form.  Other  forms 
appear  in  the  literature  relating  to  aircraft  stability  and  control,  but 
little  or  no  distinction  in  terminology  is  made  among  them;  all  are  referred 
to  as  "stability  derivatives"  regardless  of  the  particular  form.  For  pur¬ 
poses  of  discussion  and  clarification,  it  is  convenient  to  illustrate  the 
four  forms  most  generally  found  before  selecting  those  to  be  given  detailed 
treatment . 


Example -1 .  Basic  dimensional  stability  derivatives: 


Example  2. 


Example  3. 


Example  4. 

h  *  (t )%f  %  >  "here  ^  s  T 

The  equivalence  between  forms  Dike  db/cS?  and  dl»/c>p  shown  above  comes  about 
because  we  are  normally  dealing  with  trim  conditions  which  eliminate 
accelerated  steady  motions,  thereby  making  dp/dp  e  1.  Accordingly  we  can, 
and  will,  express  most  derivatives  in  terms  of  either  upper  or  lower 
case  (perturbation)  symbols  to  suit  our  convenience. 

It  may  be  seen  from  the  examples  that  the  dimensional  forms 
(Examples  1  and  2)  are  concerned  with  direct  forces  and  moments  (or 
accelerations),  and  with  motion  velocities,  whereas  the  nondimensional 
form  (Examples  3  and  4)  is  concerned  with  force  and  moment  coefficients 
and  with  nondimensional  velocities  (e.g.,  pb/2U  is  the  nondimensionalized 
form  of  the  rolling  velocity,  p).  It  may  also  be  seen  that  the  basic 
stability  derivatives  (Examples  1  and  3)  do  not  involve  inertial  quanti¬ 
ties,  whereas  the  stability  derivative  parameters  (Examples  2  and  4)  do. 
Conversion  relations  among  these  four  general  forms  and  also  specific 
mathematical  definitions  of  individual  derivatives  are  given  in  Tables  4-1 
and  4-4  at  the  end  of  this  chapter. 

It  must  be  emphasized  that  the  specific  notation  and  the  specific 
definitions  used  here  are  not  necessarily  employed  by  all  writers  on 

the  subject.  For  example,  Jones*  in  a  basic  aerodynamic  reference  work 

'  *  ■  “  * 

*B.  Melvill  Jones,  "Dynamics  of  the  Aeroplane,"  in  W.  F.  Durand,  ed., 
Aerodynamic  Theory,  Div.  N,  Vol.  V,  Durand  Reprinting  Committee,  Pasadena, 
Calif.,'  V943.  Reprinted  by  Dover  Publications  (Vols.  V  and  VI  bound  in 
one  volume),  New  York,  1963* 
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or 


SL 

3p 


Dimensional  stability  derivative  parameters: 
Ip  = 


_L 

ix  3p 


\lx/\3p  / 


Basic  nondimensional  stability  derivatives: 


dCx 

^(Pb/2U) 


(qSb 


Nondimensional  stability  derivative  parameters: 


uses  the  notation  Ip  to  signify  the  partial  derivative  dtycSP,  whereas 
most  of  the  present-day  writers  use  Lp  (or  I^)  to  represent  the  stability 
derivative  parameter  (l/lx) (dl/dp) •  On  the  other  hand,  almost  everyone 
uses  the  same  notation  for  such  basic  nondimensional  stability  derivatives 
as  Cip,  Ci^,  and  Cj^. 

Of  the  four  forms  listed  above  the  two  of  most  practical  importance 
are  the  basic  nondimensional  stability  derivative  (e.g.,  Cip)  and  the 
dimensional  stability  derivative  parameter  (e.g.,  Lp).  The  basic  non- 
dimensional  form  (Cip)  is  important  because  correlation  between  the  aero¬ 
dynamic  characteristics  of  different  airframes  or  the  same  airframe  at 
different  flight  conditions  is  most  easily  attained  with  these  stability 
derivatives;  as  a  result,  aerodynamic  stability  derivative  data  from  wind 
tunnel  tests,  flight  tests,  and  theoretical  analyses  are  usually  presented 
in  the  basic  nondimensional  form.*  The  dimensional  stability  derivative 
parameter  form  (lp)  is  important  because  it  leads  directly  to  the  numerical 
coefficients  in  the  sets  of  simultaneous  differential  equations  describing 
the  real  time  dynamics  of  the  airframe .  Thus ,  stability  derivatives  in 
this  form  are  useful  in  determining  the  analytic  transfer  functions  of 
the  airframe  and  in  setting  up  its  mathematical  model  on  an  analog  computer 

Accordingly  the  discussion  dealing  with  the  evaluation  of  stability 
derivatives  makes  use  of  the  basic  nondimensional  stability  derivative 
form  (CXp),  and  that  dealing  with  airframe  transfer  functions  makes  use 
of  the  dimensional  stability  derivative  parameter  form  ( Ip) . 

Perturbation  Effects  on  the  Total  Velocity 

It  should  bo  noted  that  the  quantity  V2,  which  appears  in  Eq.  4-101, 
is  the  square  of  the  total  linear  velocity.  In  the  stability  axis  system 


*An  important  exception  to  this  otherwise  general  state  of  affairs 
occurs  for  the  low  speed  range  of  vehicles  capable  of  hovering  operation. 
For  V— >~0,  as  in  hover,  dynamic  pressure  =  (p /2)VC-  is  a  poor  measure  of 
the  aerodynamic  forces  on  the  vehicle  which  are  more  appropriately  related 
to  parameters  indicative  of  slipstream  (or  jet  efflux)  velocities,  e.g., 

R.  L.  Stapleford,  J.  Wolkovitch,  R.  E.  Magdalcno,  C«  ?•  Shortwell,  and 
W.  A.  Johnson,  An  Analytical  Study  of  v/STOL  Handling  Qualities  in  Hover 
and  Transition,  AFFlMR-fS^Pj^  May  19®. 


the  total  linear  velocity  during  the  steady  flight  condition  is  equal  to 
Uo>  vhich  is  the  velocity  in  the  direction  of  the  X  axis.  When  disturbed 
from  steady  flight,  the  airplane  can  have  velocity  components  U0+  u,  v, 
and  v  directed  along  the  X,  Y,  and  Z  axes,  respectively.  During  disturbed 
flight  the  magnitude  of  the  total  linear  velocity  can  be  expressed  as 

V  =  V(Uo  +  u)2  +  v^  +,w^ 

or  V  =  Vuo  +  2U0u  +  u2  +  v2  +  w 2  (4-102) 

In  Assumption  5,  u,  v,  and  w  were  assumed  to  be  very  small  so  that  their 
products  and  squares  could  be  neglected.  Thus, 

V  =  +  2U0u 

i  »„(,  ♦  £)  -  0 

Also,  when  1  is  very  much  greater  than  u/uQ,  a  very  good  approximation 
is  U  =  U0.  Therefore, 

V  i  U  =  U0  .  (4-103) 

Thus,V,  U0,  and  U  can  be  used  somewhat  interchangeably  for  stability 
axes  and  the  conditions  implicit  in  Assumption  5. 

longitudinal  Stability  Derivatives 

The  longitudinal  force  derivatives  have  already  been  treated  for  a 
general  axis  system  (see  Eq.  4-80) ;  however,  they  are  included  arid 
rederived  in  the  present  discussion  for  the  sake  of  completeness. 

Effect  of  u f  the  change  in  forward  speed 

As  an  airplane  increases  its  forward  speed,  the  lift,  L,  drag,  D, 
and  moment,  M,  change.  Generally,  but  not  always,  each  of  these  quanti¬ 
ties  increases.  Also,  the  thrust  component  in  the  flight  direction, 
changes . 
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Xu  Since  drag  acts  along 
the  negative  axis, 
an  increase  in  drag  contributes 
a  negative  X  force;  conversely  an 
increase  in  Tx  contributes  a  posi¬ 
tive  X  force.  The  change  in  X 
force  due  to  a  change  in  forward 
speed  can  be  expressed  mathematically 
in  the  form 


U0  +  u 


Relative  X 
Wind 


Fig.  4-26.  Variation  of  lift.  Drag, 
and  Pitching  Moment  with  Change  in 
Forward  Velocity 
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Using  the  drag  equation  from  Eq.  4-101 ,  substituting  U  for  V  in  accordance 
with  Eq.  4-105,  and  performing  the  indicated  differentiation  yields 


-PSU 


.1  STx 
m  dU 


(4-105) 


The  drag  coefficient,  Cjj,  is  the  equilibrium  drag  divided  by  PU2s/2. 

By  definition,  it  is  always  measured  along  the  direction  of  the  relative 
wind;  hence  the  equilibrium  drag  coefficient  is  measured  along  the  negative 
equllfbirum  X  axis  in  the  stability  axis  system  (Fig.  4-26)  and  is  always 
positive  in  sign.  In  contrast,  it  should  be  pointed  out  that  the  deriva¬ 
tive  Xu  is  at  all  times  measured  along  the  X  axis  and  is  always  negative 
in  sign. 

The  equation  for  thrust  can  be  written  in  a  form  similar  to  that  of 
the  lift  and  drag  equations  in  Eqs.  4-101 : 


T 


(4-106) 


However,  this  form  is  misleading  since  the  coefficient  Cj  is  basically 
not  aerodynamic  in  nature.  In  fact,  for  jet  engines  the  thrust,  T,  is 
more  nearly  constant  than  is  Accordingly,  the  most  generally 
applicable  expression  for  the  thrust  contribution  to  Xu  is  that  given 
in  Eq.  4-1 05,  above,  where  the  partial  derivative  &T/^U  is  obtainable 
from  powerplant  performance  estimates. 

The  change  in  drag  coefficient  with  varying  forward  velocity  for 
constant  angle  of  attack  and  altitude,  SCjy^U,  can  arise  from  two 
sources — Mach  number  effects  and  aeroelastic  effects.  In  most  cases 
the  latter  are  small  and  can  be  neglected.  Changes  due  to  Mach  number 
are  also  small  and  negligible  for  low  subsonic  and  high  supersonic  Mach 
numbers,  but  become  appreciable  in  the  transonic  region  (0.8  <  M  <  1 .2) 
where  a  large  increase  in  drag  occurs. 

The  appearance,  in  Eq.  4-105,  of  the  nondimensional  grouping 
(u/2)(SCp^U)  suggests  a  simplified  notation,  viz: 

% 

■  II  Scx 

3-Sif  ■  °Xu  (4-1 07) 

where  Cx  is  any  basic  nondimensional  stability  derivative.  Accordingly, 

xu  -  (civ +  °d>  +  i  ir  t1"108) 

The  direct  thrust  contributions  to  ail  other  derivatives  is 
generally  negligible  for  conventional  airplanes,  except  as  it.  affects 
the  equilibrium,  operating  point,  conditions.  Accordingly,  its  possible 
variation  with  other  perturbations,  and  about  or  along  other  axes,  is 
not  considered  in  the  formulation  of  the  remaining  derivative  expressions. 

Zu  Since  lift  acts  along  the  negative  Z  axis,  an  increase  in 

lift  due  to  a  change  in  forward  speed' contributes  a  negative 


Z  force: 


By  noting  the  similarity  between  Eqs.  4-109  and  4-1 04,  .and  between  the 
lift  and  drag  equations  of  Eq.  4-101,  ve  can  immediately  write 

Zu  -  Tp  K  +  Cl] 

The  lift  coefficient,  C^,  is  the  equilibrium  of  trim  lift  divided 
by  PU^s/2.  For  the  trim  conditions  assumed  (Assumptions  8  and  9)  for 
the  stability  axis  equations  of  motion,  the  trim  lift  is  equal  to  the 
airplane  weight  times  cos  70  minus  the  upward  thrust  component  normal 
to  the  flight  path*  By  definition,  lift  coefficient  is  always  measured 
perpendicular  to  the  relative  wind  and  is  positive  upward  (Fig.  4-26), 
and  so  the  equilibrium  lift  coefficient  is  measured  along  the  negative 
equilibrium  z  axis  of  the  stability  axis  system.  On  the  other  hand, 
is  always  measured  along  the  positive  Z  axis  and  is  positive  downward. 

Low  values  of  Cl  are  associated  with  low  angles  of  attack  and  high  speeds, 
whereas  high  values  of  Cl  are  associated  with  high  angles  of  attack  and 
low  speeds . 

The  derivative  Ci^  is  the  nondimensional  change  in  lift  coefficient 
with  variations  in  forward  velocity  for  constant  angle  of  attack  and 
altitude,  (u/2) (dCi/du) .  arises  from  Mach  number  and  aeroelastic 
effects.  The  magnitude  of  the  total  CLu  can  vary  considerably  and  its 
sign  can  change,  depending  not  only  on  the  airframe  geometry  and  its 
elastic  properties,  but  also  on  the  Mach  number  and  dynamic  pressure  at 
which  it  is  flying.  The  magnitude  of  Ci^  is  negligibly  snail  for  low 
speed  flight,  but  it  may  reach  a  considerable  value  near  the  critical 
Mach  number  of  the  airframe. 

forward  speed  can 


(4-111) 


Mu 


The  change  in  moment  caused  by  a  change  in 
be  expressed  as: 

m  -  iu 


Mu  - 


Sm 

Su 
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The  same  mechanics  used  in  the  expansion  of  Xu  can  be  used  to  derive  Mu*. 

Mu  =  'Y^[°Mu  +  ck] 
y 

Here,  we  must  remember  that  Cji  represents  only  the  aerodynamic  portion 
...of  the  total  trimmed  pitching  moment,  and  that  the  latter  is,  by 
Assumptions  6  and  zero.  Thus,  in  general  there  will  be  a  nonzero 
only  in  the  presence  of  thrust  asymmetry  (Eq.  4-88) . 

The  derivative  is  the  nondimensional  change  in  pitching  moment 
coefficient  with  variation  in  forward  velocity  for  constant  angle  of 
attack  and  altitude,  (u/2) (cICm/^U) .  The  magnitude  of  Cmu  can  vary  con¬ 
siderably  and  the  sign  can  change,  depending  on  such  factors  as  the  air¬ 
frame’s  geometry  and  its  elastic  properties,  and  the  Mach  number  and 
dynamic  pressure  at  which  it  is  flying.  This  derivative  can  arise  from 
three  sources — thrust  or  power  effects,  Mach  number  effects,  and  aero- 
elastic  effects.  The  early  treatment  of  C^u  was  as  a  power  effect 
arising  from  the  propwash  of  propeller-driven  aircraft.  Today,  because 
of  the  use  of  jet  engines  and  the  associated  alleviation  of  power  effects 
on  dynamic  stability,  the  Cmu  from  slipstream  effects  is  small  except 
for  "unconventional"  VTOLs.  (The  direct  thrust  effects  themselves  were 
thoroughly  discussed  earlier  in  connection  with  Eq.  4-89.)  On  the  other 
hand,  the  contributions  to  CMU  clue  to  Mach  number  and  aeroelastic  effects 
have  become  increasingly  Important. 


Effect  of  w,  the  change  in  speed  along  the  Z  axis 


In  Fig.  4-27  the  quantities 
L0  and  D0  represent  the  lift  and 
drag  acting  on  the  airplane  dur¬ 
ing  the  steady  flight  condition. 
The  lift  and  drag  always  act, 
respectively,  normal  and  par¬ 
allel  to  the  relative  wind. 
According  to  the  definition  of 
stability  axes,  the  relative 


with  Change  in  w 
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wind  during  the  steady  flight  condition  is  parallel  to  the  X  axis. 
Therefore  the  only  component  of  linear  velocity  during  the  steady 
flight  condition  is  U0J  and  Lq  and  D0  are,  respectively,  perpendicular 
and  parallel  to  the  X  axis.  When  the  airplane  is  disturbed  from  steady 
flight  so  that  it  has  a  component  of  velocity,  w,  along  the  Z  axis  as 
well  as  a  forward  velocity,  U0,  the  relative  wind  shifts  to  a  new  posi¬ 
tion,  as  shown  in  Fig.  4-27*  This  shift  results  in  an  increase  in  angle 
of  attack,  denoted  by  the  perturbed  angle  a.  (The  trim  angle  of  attack, 
aD,  is  zero  by  definition.)  The  quantities  L  and  D  in  Fig.  4-27  represent 
the  lift  and  drag  acting  on  the  airplane  -during  the  disturbed  flight  condi¬ 
tion,  and  they  act  normal  and  parallel  to  the  relative  wind.  The  relative 
wind  acts  in  the  direction  opposite  to  the  vector  sum  of  UD  and  w. 

*w  The  perturbed  X  forces  due  to  w  are  found  by  resolving  L  and 
D  along  the  X  axis  and  taking  the  partial  derivative  with 
respect  to  w, 

X  =  L  sin  a  —  D  cos  a 


dX  _  1  3X 

Sr  U0  §a 


cos  aQ 


cos 


ao) 


Neglecting  perturbation  products  (Assumption  5) ,  and  recognizing  aD  =  0, 


Y  e  i  sx  _  i  /T  ao\ 

x»  e  ;s  ■  _ s) 


(4-115) 


Substitution  of  the  values  of  lift  and  drag  from  Eq.  4-101  into  Eq.  4-115 
yields 
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Xw  = 


mUr 


PSUl  r  3  PS£  \ 
2  CL“Sa  \“ 


Y  PSU 
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where  Cpa  s  dCjj/^a. 


! 


/  . 

The  derivative  is  the  change  in  drag  coefficient  with  varying 
angle  of  attack.  When  the  angle  of  attack  of  an  airframe  increases  from 
the  equilibrium  condition,  the  total  drag  increases,  hence  Cj^  is  positive 
in  sign.  By  far  the  largest  contribution  to  CDa  comes  from  the  wing,  but 
there  are  small  contributions  from  the  horizontal  tail  and  the  fuselage. 

is  generally  a  nonlinear  function  of  a,  but  it  can  be  considered 
piecewise  linear  for  small  perturbations. 

2^  The  change  in  the  Z  force  due  to  w  can  be  found  by  resolving 
the  forces  in  Fig.  4-57  along  the  z  axis  and  performing  opera¬ 
tions  similar  to  those  used  in  the  derivation  of  Eq.  4-11 4: 

-  =!rK  +  cD)  o*-"?) 

The  derivative  Ci^  is  the  change  in  lift  coefficient  with  varying 
angle  of  attack;  it  is  commonly  known  as  the  "lift  curve  slope."  When 
the  angle  of  attack  of  the  airframe  is  increased,  the  lift  force  will 
increase  more  or  less  linearly  until  the  wing  stalls.  The  derivative 
Clo,  is  therefore  always  positive  in  sign  at  angles  of  attack  below  the 
stall.  The  total  airframe  is  ma£e  up  of  contributions  from  the  wing, 
the  fuselage,  and  the  horizontal  tail.  Ordinarily  the  wing  accounts  for 
about  80  to  90  percent  of  the  total  Ct^,  although  it  may  account  for 
less  if  the  size  of  the  fuselage  is  large  in  comparison  with  the  size 
of  the  wing. 

Aeroelastic  distortion  of  the  wing,  under  the  incremental  loads  due 
to  an  angle  of  attack  change,  can  alter  its  geometric  twist  to  either 
increase  or  decrease  the  net  change  in  lift  and  therefore  the  value  of 
Cx^.  Figure  4-28  illustrates  how  pure  bending  deflections  of  a  sweptback 
wing  cause  a  reduction  in  the  local  angle  of  attack  (washout)  of  the  tip 
region.  Viewed  along  the  flight  direction,  the  trailing  edge  (5)  moves 
up  with  respect  to  the  leading  edge  (T)  ,  producing  a  negative  increment 
in  net  angle  of  attack.  On  the  other  hand,  airloads  concentrated  forward 
of  the  elastic  axis  tend  to  twist  the  wing  sections  to  a  positive  increment 
in  angle  of  attack. 
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Vertical  (bending) 
deflection  as  seen 
looking  aft  normal 
to  elastic  axis 


Fig.  4-28.  Effect  of  Wing  Bending 
on  Local  Angle  of  Attack 


M  The  change  in  moment  due  to  w  is  most  easily  visualized  by 
"w 

observing  the  components  of  the  total  lift  and  drag  that  act 
on  the  wing  and  the  horizontal  tail.  Figure  4-29  shows  these  components. 
The  subscripts  W  and  t  refer  to  •  ^ 

wing  arid  tail.  A  vertical  veloc-  f 

ity,  w,  causes  a  change  in  angle  - -  T  r+ 

of  attack  of  both  the  wing  and 
the  horizontal  tail,  and  conse- 

quently  changes  the  lift  and  Arttag  on 

the  Wing  and  the  Horizontal  Tail 

drug  acting  on  these  surfaces. 

The  resulting  moment  can  be  found  by  summing  the  moments  about  the  center 
of  gravity  caused  by  each  of  these  forces  to  give  the  nondimensional 
coefficient  %  (Eq.  4-101)  as  a  function  of  a  s  w/u0.  In  terms  of  this 
coefficient 
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where  m  dC^/da 


The  derivative  is  the  change  in  pitching  moment  coefficient 
with  varying  angle  of  attack,  and  is  commonly  referred  to  as  the  "longi¬ 
tudinal  static  stability  derivative.”  For  a  positive  increment  in  angle 
of  attack,  the  increased  lift  on  the  horizontal  tail  causes  a  negative 
pitching  moment  about  the  center  of  gravity  of  the  airframe.  Simulta¬ 
neously,  the  increased  lift  of  the  wing  causes  a  positive  or  negative 
pitching  moment,  depending  on  the  fore  and  aft  location  of  the  lift 
vector  with  respect  to  the  center  of  gravity.  These  contributions 
together  with  the  pitching  moment  contribution  of  the  fuselage  are  com¬ 
bined  tp  establish  the  derivative  Cj^.  Because  of  the  distributed  loads 
Involved)  can  be  strongly  influenced  by  aeroelastic  distortions  of 
the  wing,  tail,  and  fuselage .  However,  the  major  influence  on  the  mag¬ 
nitude  and  sign  of  the  total  for  a  particular  airframe  configuration 
Is  the  center  of  gravity  (c.g.)  location.  In  fact,  is  proportional 
to  the  distance  between  the  c.g.  and  the  aerodynamic  center  (a..c<),  the 
latter  being  the  point  about  which  the  increment  of  lift  due  to  a  change 
In  angle  of  attack  effectively  acts.  If  the  center  of  gravity  is  on  the 
aerodynamic  center  ;>s  zero;  if  ahead,  of  the  aerodynamic  center  Cj^  is 
negative,  and  the  airfnime  is  said  to  possess  static  longitudinal  stability; 
if  aft  of  the  aerodynamic  center  Cj^  is  positive,  and  the  airframe  is  then 
statically  unstable*  or  the  aerodynamic  center,  can  have  important 
configuration-dependent  nonlinear  variations  with  a,  but  can  generally  be 
considered  piecewise  linear  over  a  limited  range.  Also  the  aerodynamic 
center  generally  moves  aft  in  going  from  subsonic  to  supersonic  flight. 

Another  way  of  expressing  static  stability  is  in  terms  of  the  derivative 
»  -C^C^.  This  quantity,  called  "static  margin,"  is  identically 
equal  to  the  x-distance  from  the  a.c.  to  the  c.g.  divided  by  the  reference 
chord  length,*  i.e., 

&CM^CL  b  «  -*a.c./c 

where  x  is  measured  positive  forward.  A  positive  static  margin  corresponds 
to  statically  stable  conditions,  and  a  negative  dCM/dCL  and  Cl^. 


*e.g.,  Efckin,  oj>.  cit. 


Static  stability,  characterized  by  either  or  dC^Cj,,  is  perhaps 
the  most  important  of  the  longitudinal  derivatives,  and  is  a  major  factor  in 
determining  the  response  of  the  airframe  to  elevator  motions  and  to  gusts* 

Xffeot  of  the  rate  of  oha&ge  of  speed  along  the  s  axis 

In  the  earlier  discussion 
of  unsteady  and  quasi-steady  c 

flows,  the  existence  of  a  ^  |  _  _ x  ^'W  *** 

force  due  to  v  was  explained  X-«—  <m  *-<Tj 

on  the  basis  of  quasi-steady  I 

flow  considerations.  It  was  »w 

pointed  out  that  this  rate  of  j  . 

change  of  speed  along  the  Z  Z 

axis  re suit 3  in  an  effective  Fig*  4-30.  lift  and  Drag  Changes 

"  "  .  ,  _  . .  on  Horizontal  Tail  Due  to  Plunging  Acceleration 

change  of  the  angle  of  attack 

of  the  horizontal  tail.  This  change  in  angle  of  attack  causes  changes 
in  the  lift  and  drag  acting  on  the  horizontal  tall.  These  are  incremen¬ 
tal  forces  and  are  represented  by  Alt  £Dt  in  Fig.  4-30* 

^  The  change  in  drag  on  the  horizontal  tail  is  the  main  con¬ 
tributor  to  the  change  in  the  X  force.  But  the  drag  on  the 
horizontal  tail  is  generally  small  in  comparison  with  the  total  drag, 
and  the  increment  in  the  tall  drag  due  to  w  la  even  smaller.  Therefore, 

X£  is  considered  zero  in  the  first  approximation. 

2^  The  change  in  lift  on  the  horizontal  tall  causes  a  some  ,unes- 
important  change  in  the  total  Z  force  which,  in  terms  of  the 
total  lift  coefficient,  can  be  written 
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To  form  a.  aondimensional  coefficient,  Eq.  4-1 17'  is  multiplied  and  divided 
by  c/2U: 

^  ij  ^72uJ  (4*110) 


where  Cx^  B  dCi/d(dc/2U)< 


^  •  ^cIa 
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The  derivative  Cj^  arises  essentially  from  two  independent  sources — 
an  aerodynamic  time  lag  effect,  as  explained  in  the  discussion  of  quasi¬ 
steady  flow,  and  various  "deadweight"  aeroelastic  effects.  For  low  speed 
flight,  Ci£  arises  mostly  from  the  aerodynamic  lag  effect  on  the  horizon¬ 
tal  tail  and  its  sign  is  positive.  However,  even  tailless  aircraft  have 
Ci^'s  due  to  the  fact  that  the  wing  must  accelerate  the  air  mass  in  its 
path  as  it  accelerates  (apparent  mss  effect  which  goes  beyond  quasi¬ 
steady  flow  assumption) .  For  high  speed  flight  the  sign  of  C]£  can  be 
positive  or  negative,  depending  on  aeroelastic  effects  such  as  wing 
twisting  due  to  the  deadweight  moments  of  projecting  nacelles,  and  fuse¬ 
lage  bending  caused  by  the  deadweight  of  the  aft  fuselage  (see  Fig.  4-51). 


The  effect  of  on  longi¬ 
tudinal  dynamics  is  essentially 
the  same  as  if  the  airframe's 


Vs Flex,  f, 


mass  or  inertia  were  changed  in  7~l  a 

c.g.  J  *  a  RiSid  §, 

the  equation  relating  the  forces 

Q  .  ,  Fig.  4-31.  w  Effect  on  Aeroelastic 

in  the  2  direction.  This  .  Distortion  Due  to  Fuselage  Flexibility 

effect  is  very  small,  and  for 

this  reason  Ci£  is  often  neglected  in  longitudinal  dynamic  analysis 


This  derivative  can  be  expressed  in  terms  of  the  total  moment 
coefficient  as: 
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where  0%  **  dCM/d(ac/2U) . 

The  derivative  is  produced  by  the  same  aerodynamic  and  aero¬ 
elastic  effects  that  produce  Ci£.  However,  whereas  is  usually 
negligible,  Cj^  is  relatively  important  in  longitudinal  dynamics  because 
it  does  have  a  significant,  if  not  powerful,  effect  on  the  damping  of 
the  short-period  mode.  A  negative  value  of  Cj^,  which  is  its  normal 
sign,  increases  the  short-period  damping. 
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Sffeot  of  q,  the  pitching  velocity 


_  In  the  light  of  the  quasi-steady  flow  assumption  (Assump- 

*q 

tion  7)  the  major  effect  of  the  airplane's  pitching  about 
its  center  of  gravity  is  to 
cause  an  increase  in  the  angle 
of  attack  of  the  horizontal 
tall.  As  in  the  case  of  the  x 
effect  of  v,  the  resulting 
drag  increase  is  neglected  in 
the  first  approximation  and  Xq 
is  normally  set  equal  to  zero. 


«q,Mq 


The  incremental  lift 
produces  a  change 
both  in  the  Z  force  and  in  pitch* 
lng  moment.  The  expressions  for  Zq  and  Mq  can  be  derived  as  follows: 


Fig.  4-32.  Lift  and  Drag  Changes 
on  Horizontal  Tall  Due  to 
Pitching  Velocity 
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where  CLq  »  dCi,/d(qc/2U) ,  and 

bU  pSU2c  dCM  cSU2c  c  &CM 
Sq  "  2“  "S5T  *  2U  STv/suJ 

**  B  T^Sq  " 

where  CMq  e  dCM/5(qc/2U) . 

The  derivatives  Cj^q  and  are  the  change  in  lift  and  moment 
coefficients,  respectively,  with  pitching  velocity  at  a  fixed 
angle  of  attack.  As  the  airframe  pitches  about  its  center  of  gravity, 
the  fore  and  aft  angle  of  attack  distribution  changes,  and  lift  forces 
develop  primarily  on  the  horizontal  tail  and  wing  (see  Fig.  4-33).  These 
produce  contributions  to  !both  derivatives,  positive  in  sign  for  CLq  and 
negative  for  CMq. 
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* 


Flight  Bath 


Fig.  4-33.  Lift  and  Moment  Coefficient  Change 
Due  to  Variation  in  Pitching  Velocity 


There  are  also  contributions  because  of  various  "deadweight"  aero- 
elastic  effects.  Since  the  airframe  is  moving  in  a  curved  flight  path 
due  to  its  pitching,  a  centrifugal  force  is  developed  on  all  the  compo¬ 
nents  of  the  airframe.  This  force  can  cause  the  wing  to  twist  as  a 
result  of  the  deadweight  moment  of  overhanging  nacelles,  and  can  cause 
the  horizontal  tail  angle  of  attack  to  change:  as  a  result  of  fuselage 
bending  due  to  the  weight  of  the  tall  section.  In  low  speed  flight  both 
CLq  and  Cjijq  come  mostly  from  the  effect  of  the  curved  flight  path  on  the 
horizontal  tail,  and  their  signs  are  positive  and  negative,  respectively. 
In  high  speed  flight  the  signs  of  either  can  be  positive  or  negative, 
depending  on  the  nature  of  the  ae roe la Stic  effects. 

As  with  Ci£,  the  effect  of  CLq  on  longitudinal  stability  is  usually 
very  small  and  it  is  ordinarily  neglected  in  dynamic  analyses.  On  the 
other  hand,  Cj^  is  very  important  in  longitudinal  dynamics  because  it 
contributes  a  large  portion  of  the  damping  of  the  short-period  mode  for 
conventional  aircraft.  As  pointed  out,  this  damping  effect  comes  mostly 
from  angle  of  attack  changes  at  the  horizontal  tail,,  which  are  propor¬ 
tional  to  the  tail  length,  It  (i .e.,  /top  «=  qlt/u) .  The  tall  length  is 

•also  the  lever  arm  converting  tall  lift  into  moment'}*  therefore  CMq  is 
6 

proportional  to  !£• 


! 
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Effects  of  &p,  the  change  of  power  plant  control,  setting  (throttle) 
An  increase  in  power  plant 

control  setting  yields  an  C,g*~\  >  _ ■''17 

Increase  in  thrust  having  the  X-* - J 

general  orientation  shown  in  T  -X-  —  ~  »p 

Fig.  4-54.  Ry  simple  resolution,  ^  .  '  -21' 

Xg^,  *=  (l  /m)  (St/^6qj)  cos  arp  ’Z 

Zgj  *=  (-1  /m)  (dr/dB^)  sin  aq>  Pig*  4-34.  Resolution  of  Thrust  Into 

..  ,  ~  /<„  .  Forces  and  Moment's 

«  (-zij/Iy)  (oT/o&t)  cos  oj 

Further  breakdown  of  these  derivatives  into  conventional  nondimenslanal 
coefficients  is  not  warranted,  as  noted  above  in  the  discussion  of  Xu. 

Effects  of  aerodynamic  control  surface  defleotlons 


Aerodynamic  surfaces  pertinent  to  longitudinal  control  include 

elevators,  stabilizers,  flaps,  slats,  dive  brakes,  etc.  Where  applicable 

the  positive  direction  is  taken  as  that  giving  positive  lift,  as  in  the 

definition  of  positive  a  (see  Fig.  4-35)*  Usually,  deflection  of  such 

, _  surfaces,  in  addition  to 

+AL 

-M  producing  the  sought-for 

primary  effect  (e.g.,  tail 
X^  +8e  to  produce  a  pitching 

V  S_ — — •—  moment  for  an  elevator,  or 

drag  to  produce  longitudj - 

z 

nal  deceleration  for  a  dive 

««"  J:»;  Uft  M*  Moneot  Ctonec.  bnil[e)  .1.0  produce,  second- 

Due  to  Surface  Deflection  * 

ary  forces  and  moments. 

Generally,  therefore,  we  must  consider  contributions  to  the  X  and  Z 

forces  and  to  the  pitching  moment,  M,  as  follows: 


Fig..  4-35*  Lift  and  Moment  Changes 
Due  to  Surface  Deflection 


Xg 

B  J-  SX 
m  56 

- 

where 

^Cd 
°DB  E  *56“ 

zb 

_  ±  bZ 
m  <5b 

* 

where 

„  SCl 

°ie  h-5T 

Mg 

a  1  *M 
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* 

where 

e  SCm 

°m& 

(4-122) 
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The  general  forms  of  Eqs.  4-122  are  specialized  by  suitable  subscripts 
for  particular  control  surfaces,  e.g.,  6e  for  elevator,  8f  for  flap, 
for  dive  brakes,  etc. 

The  elevator  Is,  of  course,  the  primary  longitudinal  control  surface 
and  its  function  is,  through  applied  pitching  moments,  to  control  the 
angle  of  attack  of  the  airframe  in  equilibrium  and  maneuvering  flight. 
This  function  is  usually  considered  to  be  the  most  Important  of  all  the 
control  functions  about  the  three  axes,  so  the  elevator  control  effec¬ 
tiveness,  C|,|rig  is  of  great  importance  in  airframe  design.  Its  design 
value  is  determined  by  the  anticipated  fore  and  aft  center  of  gravity 
travel,  and  the  maximum  Cj,  capability  of  the  wing  as  influenced  by  high 
lift  devices.  In  general,  the  larger  the  center  of  gravity  range  and 
the  higher  the  maximum  Cl,  the  larger  the  required  value  of  Cm^*  Super¬ 
sonic  flight  may  impose  additional  requirements  because  of  the  attend¬ 
ant  aft  movement  of  the  aerodynamic  center.  The  sign  of  Ci^e  depends  on 
the  location  of  the  elevator,  fore  or  aft  of  the  c.g.;  for  aft  locations 
(as  in  Fig.  4-35)  and  the  elevator  sign  convention  used  here,  CMge  is 
negative . 

CLge  is  always  positive  in  accordance  with  the  convention  used  here 
to  define  positive  control  deflection  as  a  producer  of  positive  lift 
(Fig.  4-35).  On  conventional  aircraft  with  the  horizontal  tail  mounted 
at  an  appreciable  distance  aft  of  the  center  of  gravity,  CLge  is  usually 
vexy  small  and  its  effect  is  relatively,  unimportant,  except  for  auto¬ 
matic  control  involving  vertical  acceleration  feedback.  The  value  of 
CDgg  is  invariably  smaller  than  CLge  because  of  the  usual  variation  of 
drag  with  lift  and  it  is  normally  negligible.  However,  on  tailless  air¬ 
craft  having  small  effective  elevator  lever  arms,  the  values  of  CLge  and 
CDge  are  relatively  large  with  respect  to  the  required  CMge  and  neither 
can  be  safely  neglected.  The  sign  of  CDge  can  he  positive  or  negative, 
depending  on  the  trim  position  of  the  elevator  said  the  trim  angle  of 
attack. 
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Lateral  Stability  Derivatives 

Xffeet  of  v,  the  change  in  side  velocity 


When  an  airplane  is  disturbed 
from  steady  flight  so  that  it  has  a 
side  velocity,  v,  a  force  along  the 
Y  axis  and  moments  about  the  X  and 
Z  axes  are  developed.  The  major 
forces  caused  by  the  side  velocity 
are  labeled  Fj ,  Fg,  F^,  and  F^  in 
Fig.  4- 56.  Fi  arises  from  the 
change  of  the  angle  of  attack  of 
the  vertical  tall.  F2  is  the  side 
force  acting  on  the  fuselage,  and 
Fj  and  F^  are  differential  lift 
forces  acting  on  each  semi  span 
of  the  wing,  due  to  its  "effective 
dihedral." 

v  From  Eq.  4-101,  the 

*V 

side  force  equation 
has  the  form 


Fig.  4-36.  Forces  Accompanying 
Sideslippirg  Motions 


so  that 


to 

5v 


pU%  ^ 


and,  in  terms  of  p  ■=  tan”1  v/U0  =  v/U0, 


L  & 

m  5v 


(4-123) 


where  dCy/dp  ®  Cy^. 

The  major  portion  of  Cy^  normally  comes  from  the  vertical  tail,  with 
small  contributions  from  the  fuselage  and  wing.  It  is  usually  negative 
in  sign  for  practical  airframe  configurations;  i.e.,  the  side  force 
opposes  the  sideward  motion.  However,  the  forces  on  a  slender  fuselage 
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/ 


**>.  can  actually  be  in  the  aiding  direction  for  high  angles  of  attack.* 

*  These  effects  can  apparently  override  the  resisting  tail  forces  to  pro¬ 

duce  positive  values  of  Cy^  for  certain  (as  yet  rare)  configurations 
with  low -aspect -ratio  wings  which  operate  at  high  angles  of  attack. 

Snail  (or  positive)  values  of  Cy^  are  undesirable  because  the 
resulting  small  (or  reversed)  side  forces  make  the  detection  of  side¬ 
slip  difficult;  accordingly,  coordination  of  banked  turns  becomes  a 
piloting  problem*  Also,  such  values  of  Cy^  contribute  little  to  the 
damping  of  the  dutch  roll,  whereas  normal  (negative)  values  of  Cy^  can 
contribute  substantially  to  the  total  damping. 

Ly.  The  rolling  moment,  L,  about  the  X  axis  is  caused  mainly 
by  the  components  Fj  and  F4  which  act  normal  to  the  wing 
and  by  Fj  at  the  fin  center-of-pressure  which  can  be  either  above  or 
below  the  X  axis.  From  Eq.  4-101, 

i  -  * 

dL  pU^Sb  SCI  dJSb  ^Ci 
.  and  57  e  “  nr  *3^ 

*  •  £!?  *  (k-'2k) 
where  Cip  ®  dCi/dp.  Also, 

H  ■ 

Cip,  the  change  in  rolling  moment  coefficient  with  sideslip  angle, 
is  usually  referred  to  as  the  "effective  dihedral."  This  nomenclature 
is  a  holdover  from  earlier  days  when,  in  fact,  the  value  of  Cip  was 
governed  largely  by  the  geometric  dihedral  built  into  the  wing 
(Fig.  4-36).  For  positive  geometric  dihedral  is  negative,  and  this 
leads  to  some  confusion  because  negative  values  of  Ci^  are  referred  to 

^Bernard  Spencer,  Jr.,  and  W.  Pelham  Phillips,  Transonic  Aerodynamic 
»  Characteristics  of  a  Series  of  Bodies  Having  Variations  in  Fineness 

Ratio  and  Cross-Sectional  Ellipticity,  NASA  TH  D-2&2,  Feb.  1 965. 
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as  "positive  dihedral."  For  modern  configurations  the  wing  contribution 
to  Cj£  is  a  function  not  only  of  geometric  dihedral  but,  more  so,  of 
sweep,  aspect  ratio,,  and  angle  of  attack.  In  addition,  the  wing  loca¬ 
tion  on  the  fuselage,  high  or  low,  contributes  negative  or  positive 
increments,  respectively,  to  Ci^j  and  the  direct  forces  on  the  vertical 
tail  contribute  decreasingly  negative  increments  as  the  fin  moves  down 
with  respect  to  the  x  axis  with  increasing  trim  angle  of  attack.  While 
the  general  overriding  importance  of  the  wing  contribution  to  Cip  can¬ 
not  be  denied,  there  may  be  flight  conditions  where  it  is  small  relative 
to  the  vertical  tail  or  wing/fuselage  contribution. 

Cip  is  very  important  in  lateral  stability  and  control,  and  it  is 
therefore  imperative  to  consider  it  in  the  preliminary  design  of  an  air¬ 
frame.  It  is  involved  in  damping  both  the  dutch  roll  mode  and  the  spiral 
mode,  and  also  in  the  maneuvering  characteristics  of  an  airframe, 
especially  with  regard  to  lateral  control  with  the  rudder  alone  near 
stall.  To  improve  the  dutch  roll  damping  characteristics  of  an  airframe, 
small  negative  values  of  Cip  are  desired  but  difficult  to  obtain  in  gen¬ 
eral  because  of  the  influences  noted  above . 


Nil 


The  yawing  moment,  N,  due  to  a  side  velocity,  v,  is  caused 
mainly  by  the  force  on  the  vertical  tail,  Fi .  The  forms  of 
the  stability  derivatives  Nv  and  Np  are  similar  to  those  of  Eq.  4-124: 


N-i 


N, 


P 


pysb  c 

tjiz  S 

j*!sb  c 
2IZ  Cnp 


(4-125) 


Cjap  is  the  change  in  yawing  moment  coefficient  with  variation  in 
sideslip  angle.  It  is  usually  referred  to  as  the  static  directional, 
or  "weathercock,"  stability.  The  major  portion  of  Cnp  comes  from  the 
vertical  tail  area  and  lever  arm,  which  stabilize  the  body  of  the  air¬ 
frame  Just  as  the  tail  feathers  of  an  arrow  stabilize  the  arrow  shaft. 
The  Cnp  A  >ntribution  due  to  the  vertical  tail  is  positive,  signifying 
static  dj  actional'  stability,  whereas  the  Cn^  due  to  the  body  is  nega¬ 
tive,  slgni  „..ng  static  directional  instability.  There  is  also  a 
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f  v  contribution  to  Crip  from  the  wing,  the  value  of  which  is  usually  positive 

<  but  very  small  compared  to  the  body  and  vertical  tail  contributions.  Since 

both  the  major  contributions  depend  essentially  on  the  dimensions  of  the 
body,  c.g.  variations,  which  are  limited  by  longitudinal  considerations  to 
a  small  fraction  of  the  body  length,  have  little  effect  on  the  value  of  Cnp. 
Increasing  supersonic  speeds  generally  have  a  deleterious  effect  on  Cnp 
because  the  fin  lift  curve  slope  decreases,  whereas  the  body  moments  remain 
about  constant.  Also*  for  high  angles  of  attack,  the  fin  may  be  immersed 
in  the  wing-body  wake  with  consequent  drastic  reductions  in  C^. 

The  derivative  Cnp  is  very  important  in  determining  dynamic  lateral 
stability  and  control  characteristics.  It  primarily  establishes  the 
natural  frequency  of  the  dutch  roll  oscillatory  mode  of  the  airframe, 
and  is  also  a  factor  in  determining  the  spiral  stability  characteristics. 

A  high  value  of  Cap  aids  the  pilot  in  effecting  coordinated  turns  and 
prevents  excessive  sideslip  and  yawing  motions  in  extreme  flight  maneu¬ 
vers;  however,  in  rough  air,  excessive  Cnp  magnifies  the  disturbances 
due  to  side  gusts.  There  are  cases  on  record  where  a  reduction  in  the 
vertical  tail  resulted  in  improved  over-all  (rough  and  calm  air),  dynamic 
properties. 

Effeot  of  <r,  the  rate  of  ohasge  in  side  velocity 

The  existence  of  quasi-steady  forces  and  moments  due  to  v  was 
explained  in  the  discussion  of  unsteady  flow  as  arising  from  sidewash 
lags  which  produce  angle  of  attack  variations  at  the  vertical  tail. 

The  change  in  side  force  with  v  in  terms  of  the  side  force 

*v 

coefficient,  Cy,  is 

dY  1  dY  pSUq  dCy 

19  mamtm  BJ  wmmim’mmM 

dv  ap 

To  nondimencionaliae,  multiply  and  divide  by  b/2U,  whereby 

Y+  E  <4-126> 
where  Cy£  s  dCy/d(pb/2U) . 
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3L*J  The;  change  jn  roiling  laoj.i  ;-«t  ;  L,  in  terms  of  -the  roll  moment 
coefficient,,  Cp,  is 

...  1  ett,  P^i-'oh  dgl 

dv  t-0  c-  £p 


and  nandirosncionalizing,  ps  above, 


UcLj  e  1.; 

where  Cj£  e  3Ci/B(pb/?K!) . 


L  ^.L 

lx  Sp~ 


(4-127) 


Ily  The  corresponding  yawing  moment  derivative  is 


W  e  Np 


j_  Sh 
*2 


(4-128) 


where  e  Scn/8(pb/2U) . 

Generally  speaking,  not  too  much  is  known  of  the:  nondimensioml 
aerodynamic  derivatives  appearing  in  the  foregoing  expressions.  In  fact, 
as  concerns  the  usual  formulation  of  the  rigid-body  equations  of  motion, 
all  these  derivatives  arc  generally  neglected.  However,  there  are  cases 
where  the  observed  dutch  roll  damping  can  be  accounted  for  only  by  including 
the  significant  Cu*  effects,  when  Cn£  is  the 'same  order  of  magnitude  as  Cnr. 
The  difficulty  is  that  there  is  no  good  way  of  estimating  Cn£  or  of  knowing 
a  priori  for  which  configurations  it  may  be  important. 

Aside  from  aerodynamic  lag  effects,  v  derivatives  also  arise  due  to 
aeroolastic  effects.  Fig.  4 -37  shows  how  the  aft  fuselage  distortion  due 
to  lateral  acceleration  of  the  distributed  mass,  produces  a  vertical  tail 
angle  of  attack  sncl  a  concomitant  aerodynamic  side  force..  This  side  force, 
proportional,  to  v,  reduces  the  airpleuie's  resistance  to  lateral  motion  (i.e., 
its  effective  mass),  but  only  by  a  negligible  amount )  therefore,  even  con¬ 
sidering  such  aeroolastie  effects,  is  negligible.  Usually  the  rolling 
mament  contributed  by  the  side  force  will  ai so  be  negligible  because  of  the 
small  vertical  moment  arm  involved.  This  leaves  the  yawing  moment  deriva¬ 
tive,  N£,  as  the  most  probable  significant  contribution  of  aeroe.lastic 
distortions  and  aerodynamic  lag  effects. 


Fig*  4-37*  Distortion  Effects  Due  to  v 


Effect  of  p,  the  change  in  rolling  velocity 

The  rolling  velocity,  p,  causes  the  various  forces  shown  in 


Fig. '4-38. 


Down-Going  Wing  .  Up-Going  Y.ing 


Fig.  4-38*  Forces  Arising  from  Roll  Rate  Perturbations,  p 

Y  The  change  in  the  Y  force  with  p,  illustrated  as  F-)  acting  on 
the  vertical  tail  in  Fig.  4-38,  is  expressed  as: 

dY  _  pU2S  dCy 
5p  "  2  §p_ 

To  form  a  nondimensional  coefficient,  multiply  and  divide  by  b/2U.  Then 


e  J _  8Y  _  pUgS  _b 


m  dp  2m  2U  d(pb/2U) 
Y  -  n 

YP  -  4eT  % 


(4-129) 


where  Cyp  =  dCy/d(pb/2U) 


sign  of  fcy  can  be  positive  or  negative,  depending  oc  the  vertical 
tail  location  vith  respect  to  the  X  axis,  as  a  function  of  angle  of  attack; 
and  also  depending  on  the  sidevash  from  the  wing.  Since  Cy-p  is  of  very 
little  importance  in  lateral  dynamics,  it  is  cotanon  practice  to  neglect  this 
derivative  in  lateral  dynamic  calculations. 

jp  There  are  also  incremental  forces  acting  on  the  wing,  illustrated 
as  F2  and  Fj  in  Fig.  4-38*  The  vertical  velocity  of  the  down¬ 
going  wing  at  any  station  a  distance  I3  from  the  XZ  plane  is  plj.  This 
vertical  velocity  increases  the  effective  angle  of  attack  at  this  station 
by  an  amount  A 2,3  (where  A 23  =  plj/u0) .  This  increase  in  angle  of  attack 
increases  the  lift  and. drag  acting  on  the  wing.  The  effective  angle  of 
attack  of  the  upgoing  wing  at  a  station  a  distance  lg  from  the  XZ  plane  is 
decreased  by  an  amount  A (where  Adc^  =  pl2/U0)  •  This  increase  in  effective 

angle  of  attack  decreases  the  lifb  and  drag  acting  on  the  wing  at  this 

) 

'station.  Usually  the  change  in  drag  force  is  a  relatively  negligible  con¬ 
tribution  to-  the  change  in  rolling  moment  due  to  p,  which  can  be  expressed 
as: 

dL  _  PtfsbdCi 

Ip  2  dp 


Multiplying  and  dividing  by  b/2U, 


1  dL  _  PUSb2  - 
lx  Vlx 


(4-130) 


where  C^  b  c)Cj/S(pb/2U) . 

The  derivative  Cip  is  the  change  in  rolling  moment  coefficient  with 
change  in  rolling  velocity  and  is  usually  known  as  the  roll  damping  deriva¬ 
tive.  It  is  composed  of  contributions,  negative  in  sign,  from  the  wing  and 
the  horizontal  and  vertical  tails .  However,  unless  the  size  of  the  tails  is 
unusxially  large  in  comparison  with  the  size  of  the  wing,  the  major  portion  of 
the  total  Cip  comes  from  the  wing;  and  the  variations  in  Cip  with  Mach  number 
and  a  closely  follow  the  variations  in  wing  lifb-curve-slope,  Cj^. 

Cip  is  quite  important  in  lateral  dynamics  because  it,  alone,  essentially 
determines  the  damping  in  roll  characteristics  of  the  aircraft.  Its  value 
is  more  or  less  given  by  the  wing  planfonn  geometry  which  is  determined 
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other  riore  ieportant  design  criteria.  The  value  of  does 
directly  affect  the  design  of  the  ailerons,  however,  since  Cip  in 
conjunction  with  Cig&  establishes  the  airframe's  maximum  available 
rolling  velocity;  this  is  an  important  criterion  of  flying  qualities. 

Positive  values  of  Cip  occur  only  when  the -wing,  or  portions  thereof 
are  stalled.  Flight  situations  involving  stall  or  separated  flow  are 
generally  avoided,  except  for  demonstration  purposes,  and  are  seldom 
subjected  to  conventional  dynamic  analysis.  Such  situations  usually 
lead  to  spinning  motions  .which  can  only  he  successfully  analyzed  by 
including  nonlinear  terms  and  solving  the  equations  of  motion  by  numeri¬ 
cal  or  analog  methods. 

In  addition  to  the  change  in  magnitude  of  the  lift  forces 
acting  on  each  semispan  of  the  wing,  it  may  be  seen  from 
Fig.  4-38  that  the  lift  forces  acting  on  the  downgoing  and  upgoing 
semispans  are  rotated  forward  and  backward,  respectively.  The  change 
in  direction  of  these  forces  results  in  a  negative  yawing  moment  about 
the  Z  axis. 

Figure  4-38  represents  the  general  case.  However,  for  flight  near 
the  stall,  the  drag  forces  may  become  important  and  result  in  a  yawing 

A 

moment  of  opposite  sign.  The  change  in  yawing  moment  due  to  p  can  be 

1  V 

written  immediately  by  analogy  to  the  Eq.  4-130  result,  viz: 

%  -  (*-'30 

where  Cnp  s  dCn/$(pb/2U) . 

The  derivative  Cnp  is  the  change  in  yawing  moment  coefficient  with 
varying  rolling  velocity.  While  it  arises  mainly  from  the  wing,  as  dis¬ 
cussed  above,  the  vertical  tail  can  also  contribute  (see  Fig.  4-38). 

The  contribution  from  the  vertical  tail  can  be  either  positive  or  nega¬ 
tive,  depending  on  the'  vertical  tail  geometry,  the  sidewash  from  the 

\ 

wing,  and  the  equilibrium  angle  of  attack  of  the  airframe. 

Cnp  is  fairly  important  in  lateral  dynamics  because  of  its 
influence  on  dutch  roll  damping.  It  is  usually  negative  in  sign,  and 


for  nost  airframe  echf igtu ation s ,  the  larger  its  negative  value,  the 
greater  the  reduction  in  dutch  roll  damping.  Also,  the  more,  negative 
its  value,  the  higher  the  sideslipping,  (uncoordinated,*)  motions  accom¬ 
panying  turn  entry  or  exit.  Therefore,  positive  values  of  Cup  are  to 
be  desired,  although  it  is  completely  impractical  to  make  this  a  design 
goal. 

Effeot  of  r,  the  change  in  yawing  velocity 


A  side  force,  Fi ,  is  caused  by  a  yawing  velocity,  r,  which  is 

*r 

mainly  due  to  the  fact  that  the  effective  angle  of  attack  of 
the  vertical  tail  is  increased.  By  analogy  with  Yp,  derived  in  Eq.  4-129, 
it  is  possible  to  write  j 


Y 


r  - 


L  ^ 

m  £r 


(4-152) 


where  Cyr  =  dCy/d(rb/2U) . 

The  derivative  Cyr,  the  change  in  side  force  coefficient  with  yawing 
velocity,  is  of  little  importance  in  lateral  dynamics;  it  is  common 
practice  to  neglect  this  derivative  in  lateral  calculations. 


T  As  shown  in  Fig.  4-59,  'the  forward  speed  of  a  station  which 
is  a  distance  1-j  from  the  XZ  plane  on  the  semispan  of  the 
wing  is  decreased  an  amount  l{ r,  resulting  in  a  decrease  in  lift  at  this 
station.  Similarly,  the  forward  speed  of  a  station  a  distance  I2  normal 
to  the  XZ  plane  on  the  semi span  of  the  wing  is  increased  an  amount  1  gr, 


4-95 


J 


I 


resulting  in  an  increase  in  lift  at  this  section.  The  result  of  the 
changes  in  lift  acting  on  each  semispan  is  then  a  rolling  moment, 
usually  positive,  whose  variation  with  r  can  be  expressed  by  analogy 
with  Lp  (Eq.  4-150)  as: 


where  Cir 


I* 


1  dl«r  pUSb2  _ 

iiSF  -  T5TClr 


SCi/S(rb/2U) . 


(4-1 53) 


The  derivative  Cir  is  the  change  in  rolling  moment  coefficient  with 
change  in  yawing  velocity.  In  addition  to  the  major  wingvcontribution, 
discussed  above,  the  vertical  tail  will  also  contribute  to  Cpr  if  it  is 
located  either  above  or  below  the  X  axis.  Its  contribution  can  there¬ 
fore  be  positive  or  negative,  depending  on  the  vertical  tail  geometry 
and  the  equilibrium  angle  of  attack  of  the  airframe.  The  sign  of  Cqr  is 
usually  dominated  by  the  wing  contribution,  which  is  positive  and  pro¬ 
portional  to  the  trimmed  lift  coefficient  - 


Cir  is  of  secondary  importance  in  lateral  dynamics,  but  it  should 
not  be  neglected  in  lateral  dynamic  calculations.  For  a  conventional 
airframe  configuration,  changes  in  Cir  of  reasonable  nagnitude  show 
only  slight  effects  on  the  dutch  roll  damping  characteristics .  In  the 
spiral  mode,  however,  Cir  has  a  considerable  effect.  For  stability  in 
this  mode,  it  is  desirable  that  the  positive  value  of  Cir  be  as  small 
as  possible. 


v  The  side  force,  Fi,  in  Fig.  4-59  also  causes  a  moment  about 

"r 

the  Z  axis  since  the /vertical  tail  is  some  distance  aft  of 
the  center  of  gravity.  This  moment  is  usually  negative  and  its  varia¬ 
tion  with  r  is,  by  analogy  to  Ly, 


Nr 


1  dN 

% zS? 


(4-154) 


where  Cnr  =  dCn/c)(rb/2U) . 


The  derivative  Cnr  is  the  change  in  yawing  moment  coefficient  with 
change  of  yawing  velocity.  It  is  known  as  the  "yaw  damping  derivative" 
and  is  made  up  of  contributions,  all  of  negative  sign,  from  the  wing, 
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the  fuselage,  and,  as  discussed  above,  the  vertical  tail.  The  latter 
contribution  is  by  far  the  largest,  usually  amounting  to  about  80  or 
90  percent  of  the  total  Cnr  of  the  airframe.  Like  the  horizontal 
tail  contribution  to  CMq,  it  is  proportional  to  the  square  of  the  tail 
lever  arm. 

The  derivative  Cnr  is  very  important  in  lateral  dynamics  because  it 
is  the  main  contributor  to  the  damping  of  the  dutch  roll  oscillatory- 
mode  and  is  important  to  the  spiral  mode.  For  each  mode,  large  negative 
values  of  Cnr  are  desired. 

I 

Effects  of  Control  Surface  Deflections 

.The  conventional  lateral  control  surfaces  are  rudder  and  aileron, 
depicted  in  Figs.  4-40  and  4-4l ,  respectively.  The  primary  rudder  func¬ 
tion  is  the  provision  of  controllable  yawing  moments;  the  primary  aileron 
function  is  the  generation  of  rolling  moments.  Positive  rudder  deflec¬ 
tion  is  defined  to  produce  positive  side  force,  as  in  Fig.  4-40,  and  posi¬ 
tive  aileron  deflection  produces  positive  rolling  moment,  as  in  Fig.  4-4l  . 


Fig.  4-40.  Effect  of  the  Rudder  Fig.  4-4l  .  Effect  of  the  Aileron 
Deflection,  5r  Deflection,  5a 


In  addition  to  the  direct  (desired)  moments,  there  are  usually  indirect 
(and  undesirable)  cross-moments  and  side  forces  so  that  in  general 
either  surface  produces  side  forces  and  rolling  and  yawing  moments. 

The  lift,  drag,  and  pitching  moment  effects  of  lateral/directioni.1 
control  deflections  on  longitudinal  motion  arc  generally  ignored; 
however,  there  are  special  cases  involving  large  differences  between 
upgoing  and  dovngoing  ailerons  (as  e.g.,  in  spoiler-type  ailerons) 
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where  significant  changes  in  lift  and  pitching  moment  can  occur.  Even 
such  situations  do  not  usually  strongly  influence  the  lateral/directional 
motions,  because  the  pilot,  or  autopilot,  easily  counters  the  effect  with 
a  small  elevator  deflection.  Accordingly,  for  the  general  control  surface 
deflection  angle,  5,  we  limit  ourselves  to  the  following  important  lateral/ 
directional  derivatives : 
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These  quantities  are  specialized  for  the  particular  control  surface  in 
question  by  the  addition  of  a  suitable  subscript  to  6,  i.e.,  6r  for 
rudder,  5a  for  aileron. 

Cyg^  is  the  change  in  side  force  coefficient  with  variation  in 
rudder  deflection.  According  to  the  sign  convention  adopted  here,  a 
positive  rudder  deflection  gives  a  positive  side  force;  hence  the  deriva¬ 
tive  Cygr  is  positive  in  sign.  Its  effects  are  relatively  -unimportant 
in  lateral  stability  and  control,  except  when  considering  lateral  accel¬ 
eration  feedbacks  to  an  autopilot. 

Cyg^  is  the  change  in  side  force  coefficient  with  aileron  deflection. 
For  most  conventional  airframe  configurations,  the  magnitude  of  this 
derivative  is  essentially  zero.  However,  for  certain  aircraft  with 
highly  swept  wings  of  low  aspect  ratio  or  with  inboard  ailerons,  the 
strong  sidewash  in  the  vicinity  of  the  vertical  tail  caused  by  the 
asymmetrically  deflected  ailerons  can  produce  finite  values  of  either 
sign.  Even  then,  however,  the  effects  on  lateral  stability  and  control 
are  usually  negligibly  small. 

Clsr  is  the  change  in  rolling  moment  coefficient  with  variation  in 
rudder  deflection.  Because  the  rudder  is  usually  located  above  the 
X  axis,  a  positive  rudder  deflection  will  create  a  positive  rol3.ing 
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moment.  Cigr  is  therefore  usually  positive  in  sign;  however,  it  can  be 
negative,  depending  on  the  particular  airframe  configuration  and  the 
angle  of  attack  at  which  it  is  flying.  The  derivative  Cigr  is  usually 
of  only  minor  importance  in  the  dynamic  lateral  control  of  .conventional 
aircraft,  and  it  is  sometimes  neglected. 

Clfia  is  the  change  in  rolling  moment  coefficient  with  change  in 
aileron  deflection.  It  is  commonly  referred  to  as  the  aileron  effec¬ 
tiveness.  According  to  the  definition  given  above,  left  aileron  down 
or  right  aileron  up  is  a  positive  deflection.  This  produces  a  right¬ 
wing-down  rolling  moment  which  is  positive;  Ciga  is 'therefore  positive. 
As  far  as  lateral  dynamics  are  concerned,  the  derivative  Ciga  is  most, 
important  of  the  control  surface  derivatives.  The  aileron  effectiveness 
in  conjunction  with  the  damping  in  roll  (Ci  )  establishes  the  maximum 
available  rate  of  roll  of  an  airframe,  which  is  a  very  important  con¬ 
sideration  in  fighter  tactics  at  high  speed.  The  aileron  effectiveness 
is  also  very  important  in  low  speed  flight  during  takeoffs  and  landings 
where  adequate  lateral  control  is  necessary  to  counteract  asymmetric 
gusts  tending  to  roll  the  aircraft. 

Cn§r,  the  change  in  yawing  moment  coefficient  with  variation  in 
rudder  deflection,  is  commonly  referred  to  as  the  "rudder  effectiveness" 
(or  rudder  power).  When  the  rudder  is  deflected  positively,  that  is,  to 
the  left,  a  negative  yawing  moment  is  created  on  the  airplane;  hence  the 
derivative  Cn5r  is  negative.  The  design  value  of  Cngr  is  usually  deter¬ 
mined  by  considering  such  requirements  as  directional  control  for 
asymmetric  power  and  crosswind  takeoffs  and  landings,  counteracting 
adverse  yaw  in  rolling  maneuvers,  and  spin  recovery  control. 

■ Cnga  is  the  change  in  yawing  moment  coefficient  with  change  of 
aileron  deflection.  This  derivative  arises  in  part  from  the  difference 
in  drag  due  to  the  down-aileron  compared  to  the  drag  of  the  up-aileron. 
Where  such  effects  predominate,  the  sign  of  Cnga  depends  mainly  on  the 
rigging  of  the  ailerons,  their  profile  drag  characteristics,  and  the 
angle  of  attack  of  the  airframe.  Aileron  deflections  can  also  produce 
side  forces  on  the  vertical  tail,  as  discussed  above  in  connection  with 
Cy&a,  an<i  ^ose  can  become  important  contributors  to  Cnj,a •  If  negative, 
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Cnga  is  called  "adverse  yaw"  because  it  causes  the  airframe  to  yaw 
initially  in  a  direction  opposite  to  that  desired  by  the  pilot  when 
he  deflects  the  ailerons  for  a.  turn.  If  positive,  it  produces  favorable 
or  "proverse  yaw"  in  the  turning  maneuver.  Large  values  of  either  sign 
are  undesirable  for  good  lateral  .control  qualities . 

The  longitudinal,  and  lateral  derivatives  discussed  above  are  listed 
in  Tables  4-1  through  4-4  for  easy  reference.  Appendix  A  contains 
dimensional  derivative  data  for  a  variety  of  example  vehicles. 
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TABLE  1»-1 


LONGITUDEIAL  HO?!DIf-if3iSIOWA^  STABILITY  DERIVATIVES 
(STABILITY  AXIS  SYSTEM) 


*'J’hc  symbol  "q",  in  ad -lit  ion  to  its  noiral  use  to  designate  pitching 
velocity,  is  used  in  these  tables  to  also  denote  the  dynsnie  pressure, 
pU^/fi,  in  accordance  with  long-established  aeronautical  practice,  '..hen 
particularised  by  the  subscript  "h1'  (or  "v")  .it  signifies  the  local 
dynamic  pressure  at  the  horizontal  (or  vertical)  tail.  The  local  flow 
angles  relative  to  free  streau  conditions  are  denoted  by  (xv.  plane) 
and  -o  (>:y  plane). 
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TABLE  4-2 


LATERAL  NONDIMENSIONAL  STABILITY  DERIVATIVES 
(STABILITY  OR  BODY  AXIS  SYSTEMS) 


BASIC  NONDIMENSIONAL  STABILITY  DERIVATIVES 
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IN  TERMS  OF  BASIC  STABILITY  DERIVATIVES 

DIMENSIONAL 

NONDIMENSIONAL 

DEFINITIONS 
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•  IN  TERMS  OF 
NONDIMENSIONAL 
STABILITY  DERIVATIVE 
PARAMETERS 


tThe  thrust-gradient  terns  are  neglected  here  in  the  interests  of  syranetry  and  consistency. 

*t  Hm/pUS  in  the  dinensionless  tine  first  proposed  by  H.  Glauert,  A  Nondlmensional  Foro  of 
the  Stability  Equations  of  an  Aeroplane,  Br  ARC  R  and  M  1095,  1927. 

*For  Cn  =0,  as  in  subsonic  flight,  end  CL  =  W/(pU2S/2),  as  in  trirned  flight  for  yo=0, 
Zu--2g/U0. 
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TABLE  4-4 


LATERAL  DIMENSIONAL  STABIUTY  DERIVATIVE  PARAMETERS 
(STABILITY  OR  BODY  AXIS  SYSTEMS ) 


m  TERMS  OF  BASIC  STABILITY  DERIVATIVES 

IN  TERMS  OF 
•NONDIMENSIONAL 
STABILITY  DERIVATIVE 
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*The  starred  derivatives  arise  vheti  £  rather  than  v  is  used  as  the  lateral  motion  parameter 
(see  Chapter  6);  in  general,  Y*  Yx/'J0' 


CHAPTER  5 

LOKQXTUDXHAL  DYNAMICS 


3.1  INTRODUCTION 

The  vehicle  dynamic  properties,  defined  in  general  by  the  equations 
of  motion  derived  in  the  last  chapter,  are  best  specified  for  use  in 
control  system  analysis  by  a  series  of  transfer  functions  which  relate 
output  quantities  (various  airframe  motions)  to  input  variables  (usually 
control  motions  or  external  disturbances).  These  transfer  functions  are 
readily  obtained  from  the  linearized  Iaplace-transformed  airframe  equations 
of  motion  as  sets  of  ratios  between  transformed  airframe  output  and  input 
quantities  or  initial  conditions.  The  ratios  comprise  numerators  and 
denominators  expressed  as  rational  polynomials  in  the  Laplace  transform 
variable,  s.  The  various  polynomial  coefficients  are  composed  of  combi¬ 
nations  of  stability  derivatives  and  inertial  gravitational  quantities. 

For  maximum  utility  itvis  desirable  to  have  the  numerator  and  denominator 

'  ^ 

polynomials  in  factored  form.  Each  transfer  function  is  then  made  up  of 
a  zatio  of  first-  and  second-order  polynomial  products  and  a  gain.  The 
gains,  poles,  and  zeros  thus  obtained  define  the  fundamental  properties  of 
dynamic  elements  and  are  essential  in  most  servoanalysis  and  synthesis 
methods  and  in  response  calculations.  Even  though  most  of  the  polynomials 
involved  are  of  third-order  or  higher,  numerical  factorization  is  no  prob¬ 
lem,  especially  when  digital  computers  are  employed.  However,  unless  a 
large  number  of  cases  are  so  computed,  the  specific  connections  between 
vehicle  configuration  (represented  by  stability  derivatives,  etc.)  and 
transfer  and  response  characteristics  (represented  by  poles  and  zeros)  are 
difficult  to  appreciate.  Such  an  appreciation  is  important  in: 

•  Developing  the  insight  required  for  the  determination  of 
airframe/automatic-control  combinations  which  offer 
possible  improvements  in  over-all  system  complexity 

•  Assessing  the  effects  of  configuration  changes  on  air¬ 
craft  response  and  on  airframe/autopilot/pilot  system 
characteristics 
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•  Showing  the  detailed  effects  of  particular  stability 
derivatives  (and  their  estimated  accuracies)  on  the 
poles  and  zeros,  and  hence  on  aircraft  and  airframe/ 
autopilot/pilot  characteristics 

•  Obtaining  stability  derivatives  from  flight  test  data 

It  'is  highly  desirable,  therefore,  to  express  the  locations  of  the  poles 
and  zeros  directly  ill  terms  of  the  literal  stability  derivatives  and 
inertial  parameters.  This  can  be  accomplished  directly  by  decomposing  a 
fairly  complete  'transfer  function  form,  or  indirectly  by  the  use  of  fewer 
airframe  degrees  of  freedom.  In  either  case  an  approximation  is  required 
to  arrive  at  reasonably  compact  and  usable  expressions  which  delineate 
dominant,  as  opposed  to  trivial,  effects.  Such  effects  can.  vary  among 
vehicle  types,  so  it  is  to  be  expected  that  literal  approximate  factors 
which  apply  to  all  vehicles  for  all  flight  conditions  will  be  an  exception 
rather  than  the  rule. 

* 

With  this  background  the  immediately  succeeding  articles  in  this 
chapter  will,  first,  recapitulate  the  longitudinal  equations  of  motion 
as  normally  used;  present  the  polynomial  forms  of  the  most  significant 
control-input  transfer  functions;  and  develop  some  appreciation  for  the 
transfer  functions  and  responses  with  two  specific  numerical  examples. 

Based  on  the  physical  insights  provided  by  the  examples,  further- simplified 
sets  of  the  equations  which  apply  to  the  individual  modes  of  motion  will 
be  developed.  Following  this  the  complete  gust-input  transfer  functions 
in  polynomial  form  are  presented  and  our  numerical  examples  are  extended 
to  cover  these  transfer  functions. 

The  basic  understanding  accruing  from  the  above  process  is  further 
developed  by  considering  the  approximate  literal  expressions  for  the 
various  transfer  function  factors.  These  approximate  factors  are  shown 
to  be  related  to  the  simplified  equations  of  motion  appropriate  for  each 
mode,  and  their  implications  as  regards  the  direct  Influence  of  the 
.dominant  stability  derivatives  on  the  important  poles  and  zeros  are 
discussed.  In  the  final  article  a  discussion  of'  the  modal  response  ratios 
in  literal  form  is  presented. 
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5.2  RECAPITULATION  AID  FURTHER  SIMPLIFICATION 
OF  IBS  LONGITUDINAL  EQUATIONS  OF  MOTION 


Equations  4-97  are  somewhat  more  complicated  than  those  generally 
used  for  transfer  function  computations;  to  simplify  them  further  we  make 
the  following  two  assumptions: 

Assumption  10.  It  is  assumed  that  X$.«Xq«Z$»Zq»0. 

Perhaps  the  best  general  evidence  in  justification  of  Assump¬ 
tion  10  is  that  the  derivatives  named  in  it  rarely  appear  in  the  tech¬ 
nical  literature  concerned  with  aircraft  dynamics.  The  inference  here 
is  that  although  individual  investigators  have  evaluated  the  effects 
of  these  derivatives  for  a  multitude  of  various  airframe  configura¬ 
tions,  they  have  found  them  to  be  of  only  secondary  importance.  How¬ 
ever,  it  must  be  remembered  that  if  any  of  these  derivatives  are  of  ' 
actual  importance  for  a  particular  airframe,  this  assumption  may 
produce  somewhat  erroneous  quantitative  results  for  that  airframe. 

In  general,  any  stability  derivative  may  be  neglected  if  it  is 
first  determined  that  the  term  containing  the  given  derivative  is 
small  in  comparison  with  other  terms  in  the  same  equations.  For 
the  derivatives  in  question,  comparing  the  term  X^sw  with  Xvw 
shows  that  if  the  frequency  range  of  interest  extends  as  high  as 
| b |  A  Xw/X$,  X$  can  no  longer  be  neglected  a  priori.  Similarly, 
the  upper  frequency  limit  for  the  valid  a  priori  neglect  of  Xq  is 
|  s  |  i  I  g/Xq| .  As  Zq  occurs  in  the  group  (Zq  +  U0)sw,  the  appropri¬ 
ate  criterion  here  is  |Zq|  «  U0;  and  by  grouping  w  terms  together 
as  (s -Z£s)w  the  criterion  for  neglecting  Zfi  is  |Z^|  «  1. 

&  the  steady  flight  condition,  the  flight  path  of 
Assumption  n  ■  ^he  ^^3^  assumed  to  be  horizontal,  j0  -  0. 

Assumption  11  is  introduced  solely  to  simplify  the  mechanics 
of  the  analysis.  When  the  flight  path  of  an  airplane  is  initially 
inclined  to  the  horizontal,  yQ  must  of  course  be  included  in  the 
transfer  functions. 

On  the  basis  of  these  assumptions,  the  longitudinal  equations  of 
motion,  referenced  to  stability  axes,  become: 

(s-Xu)u  Xwv  +  g0  —  X5S  Xuug  XyVg 

-ZyU  +  (s-Z^w-  V0s6  =  ZsB-ZuUg-ZwWg  (5'rl) 

—MyU  —  (M^s+M^w  +  s(s -Mq) 9  =  MgB-MyUg-  [(M£-Mq/U0)s  +  Mtf]wg 


where  (Eq.  4-96) 


/inertial  terms  of\ 
\Z  equation  of  5-1 / 


s6  =  q 

az  =  w-U0s9  =  -U0(7) 


-h 


(5-2) 
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The  auxiliary  relationships'  of  Eq.  5-2  are  needed  to  convert  the 
motion  variables  of  Eq.  5-1  to  the  quantities  sensed  by  flight  instru¬ 
ments  such  as  rate  gyros,  accelerometers,  and  altimeters. 

3.3  oomoL-XNFur  Tsmm  morions 


As  fully  discussed  in  Chapter  2,  the  transfer  functions,  for  a  given 
input,  are  obtained  by  simply  solving  the  transformed  simultaneous  equa¬ 
tions  of  motion  for  the  output  variable  of  interest  with  all  other  inputs 
considered  to  be  zero.  For  example,  using  determinants  we  can  directly 
write  the  attitude-to-control- input  transfer  function  (i.e.,  neglecting 
gust  inputs  in  Eq.  5-1)  as: 


1  ‘ 

e(s) 

s-Xu 

“Zu 

-Mu 

"Xw 
s-  Z* 

~(M*s  +  My) 

Xb 

zb. 

Mb'1 

Nf(s) 

6(s) 

s  -Xu 

— Xw 

g 

A(s) 

-Zu 

S  -  Zy 

-U08 

1 

t 

-Mu 

-(MyS  +  My) 

s(s  -  Mq) 

By  expanding  the  determinants,  the  transfer  function  can  be  expressed  as 
.  the  ratio  of  a  numerator  polynomial  in  s  over  a  denominator  polynomial. 
The  denominator  polynomial,  A(s),  is  common  to  all  the  transfer  functions 
and  its  factors  determine  the- frequency  and  clamping,  or  time  constants, 

•  of  the  individual  modes  of  motion.  The  numerator  polynomials  depend  on 
the  output  quantity  of  interest.  The  general  polynomial  forms  of  the 
primary  longitudinal  transfer  functions  are  given  below,  together  with 
the  most  usual  factored  forms  of  the  polynomial  expressions. 

6(s)  N|(s)  AqS2  +  BgS  +  C9 

■■■■  —  ■  ■  s  *  ■  1  ■  as  . . . 

8(s)  Along  Aiong 

(5-4) 

A©(s  +  l/ltyKs  +  1/T02) 

Along 
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! 


i! 


where 


v(s)  =  Ns(s)  =  AyS3  +  ByS2  +  CyB  +  Dy 

6(8)  Along  Along 

((*  +  1/Twt)(s2  +  2^9  +  a|). 


or 


\(s  +  l/Tyj)(s  +  l/Tw2)(s  +  V^wj) 


Along 

u(s) 

■»(■) 

V5  +  ^S2  +  CUS 

+  Du 

5(s) 

Along 

Along 

1 

(<s 

+  l/TU1)(s  +  1/Tu2)(£ 

5  +  l/Tu5) 

Aul 

1 

or 

1 

i(s 

+  l/Tui)(s2  +  2^u%s 

+  <&) 

Along 

h(s) 

»6( 

s) 

Ahs5  +  Bhs2  +  Chs 

+  Dh 

8(s) 

Along 

sALong 

'(s 

+  1/Thi)(s  +  1/Th2)(£ 

*  +  1/Thj) 

Ah 

) ' 

or 

^  (b 

+  l/Thi)(s2  +  25h(%s 

+  4) 

(5-5) 


(5-6) 


(5-7) 


8Along 


a2(s)  -b2N^(s) 

6(s)  AIong 


(5-8) 


Along  -  As**  +  Bs^  +  Cs2  +  Ds  +  E  ‘  (5-9) 

(b2  +  2^pa^s  +  a|)  (s2  +  2$spa%ps  +  a|p) 

=  or  or 

(s  +  i  /Tpi )  (s  + 1  /a?P2)  (s  + 1  /Tsp:, )  (s  +  1  /Tsp2) 
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The  literal  expressions  for  the  various  A,  B,  C.,  etc.,  coefficients  of 
Eqs.  5-4  through  5-9  are  given  in  Table  5-1  in  terms  of  the  stability 
derivatives.  In  many  cases  a  derivatives  (w  derivatives  multiplied  by  U0) 

are  used  to  achieve  conciseness. 

•  #  • 

5.4  EXAMPIE  TRANSFER  FUNCTIONS,  BODE  FORMS,  AND 
TIME  RESPONSES  FOR  A  CONVENTIONAL  AXRPIANE 


To  develop  an  appreciation  for  the  usual  responses  and  transfer 
function  forms  we  will  study  some  numerical  examples.  Accordingly,  we 
consider  first  a  conventional  airplane  having  the  characteristics  given 
below  and  the  general  arrangement  shown  in  Fig.  5-1  *  Substituting  these 


Altitude  (ft)  .  20,000 

Weight  (lb)  .  30,500 

Mach  number . 0.63d 

True  airspeed  (ft/sec)  .  660 


^  .  -0.0097 

Xw  .  0.001 6 

x&e  . 0.0 

Zu  . -0.0955 

Z*  .  -1 .430 

Zgg  . -69.8 

Mu  .  0.0 

14,  . -0.0235 

M*  .  -0.0013 

Mq  .  -1 .920 

Mee  . -26.10 


data  into  the  Table  5-1  forms  and  routinely  factoring  the  resulting 
polynomials  yields  the  following  transfer  functions  (the  denominator, 
shown  only  for  6  is  common  to  all  the  transfer  functions  as  indicated) : 


e(s) 

-&e(8) 


(o.0095  + 

8  +  1 
1.371 

) 

S2 

.  2(0.0714)2  ' 

s2 

,  2(0A93)s  . 

.(0.0630)2 

+  0.0630  +  1J 

l(4.27)2 

4.27 

(5-10) 


5-6 


TABLE  5-1 

‘  LONGITUDINAL  CONTROL-INPUT  TRANSFER  FUNCTION  COEFFICIENTS 


5- 


Figure  5-1 .  Three-View  of  Conventional  Airplane  Used  for  the  Numerical  Example 


Inspection  of  the  roots  of  the  denominator  which,  set  to  zero,  is  the  \ 

characteristic  equation  (commonly  called  the  "longitudinal  stability  quar- 
tic")  shows  that  the  free  longitudinal  notions  consist  of  two  oscillatory 
modes.  One  of  these  is  a  relatively  well  damped  high  frequency  oscillation 
called  the  "short  period,"  and  the  other  is  a  lightly  damped  relatively  low 
frequency  oscillation  called  the  "phugoid."  The  subscript  notation 
employed  in  Eq.  5-9  reflects  this  nomenclature. 

Figure  5-2  contains  jo-Bode  plots  of  the  above  transfer  function's., 
including  amplitude  ratio  and  phase  asymptotes.  Among  other  things,  the 
Bode  diagrams  are  graphical  representations  of  transforms  of  the  weighting  ' 
functions.  In  this  view,  they  amount  to  response  transforms  for  unit 
impulse  inputs  and  can  be  used  to  draw  conclusions  concerning  the  appear¬ 
ance  of  the  phugoid  and  short-period  modes  in  the  transient  response  of 
the  airplane.  For  example,  Bart  (c)  of  Fig.  5-2  shows  that  the  amplitude 
ratio,  |u/8e|,  is  much  smaller  at  the  natural  frequency  of  the  short  period 
than  at  that  of  the  phugoid.  This  indicates  that  much  smaller  airspeed 
changes  occur  in  the  short-period  transient  mode  than  in  the  phugoid 
transient  oscillation.  Bart  (b)  shows  that  the  quadratic  in  the  numerator 
of  the  a/5e  transfer  function  very  nearly  cancels  the  denominator  quadratic 
corresponding  to  the  phugoid  oscillation.  Consequently,  we  expect  almost 
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no  change  in  angle  of  attack  during  the  phugoid  oscillation.  A  compari¬ 
son  between  the  Part  (a)  and  Bart  (c)  plots  shows  that  the  -values  of  the 
amplitude  ratio,  1 0/5e  I  >  the.  short-period  and  phugoid  frequencies  are 
more  nearly  the  same  magnitude  than  those  of  |u/8e|  at  the  same  frequen¬ 
cies.  This  implies  that,  for  the  same  inputs,  the  amplitudes  of  0 
occurring  in  the  characteristic  modes  are  more  similar  than  those  of  u. 
Finally,  the  Bart  (d)  plot  shows  that  the  vertical  acceleration  ampli¬ 
tudes  at  phugoid  are  only  somewhat  higher  than  those  at  short  period. 
However,  considering  the  large  differences  in  frequency,  a  given  oscilla¬ 
tory  vertical  acceleration  will  involve  much  higher  excursions  in  h  and  h 
at  phugoid  than  at  short-period  frequency.  This  can  also  be  visualized 

.  „  .  .  t  ‘a 

on  the  Bart  (d)  plot  by  considering  that,  successive  integrations  of  az-  to 
obtain,  la  and  h  involve  successive  clockwise  rotations  of  the  |a2/&e|  Bode, 
each  of  20  db/decade.  Such  rotations  progressively  suppress  the  short- 
period  hump  relative  to  the  phugoid  peak. 

In  summary,  it  appears  from  our  study  of  Fig.  5-2  that  only  relatively 
small  amplitudes  of  u  and  h  occur  in  the  short-period  mode  and  of  a  in  the 
phugoid  mode,  whereas  large  amplitudes  of  0  can  occur  in  both. 

The  response  time  history  of  the  example  airplane  to  an  elevator  pulse 
(the  weighting  functions  themselves  rather  than  their  transforms),  supports 
these  conclusions.  These  are  given  in  Fig.  5-5  using  two  time  scales;  that 
of  Fig.  5"3a  emphasizes  short  period,  while  that  of  Fig.  5- 5b  shows  the 
phugoid  best.  Here  we  see  that  the  maximum  amplitudes  of  u  arid  h  are  very 
much  smaller  in  the  short  period  than  in  the  phugoid,  and  that  the  maximum 
amplitude  of  w  (i  U0a)  during  the  phugoid  is  very  nearly  zero.  Further, 
the  maximum  amplitudes  of  0  in  each  mode  are  comparable  in  magnitude.  All 
these  facts  are  in  agreement  with  what  we  inferred  from  the  Bode  plots. 

Another  way  of  studying  the  relative  motions  is  to  draw  the  time 
vectors  and  force  and  moment  polygons  (Chapter  2)  as  we  have  done  in 
Fig;  5-4.  Note  the  relative  magnitudes  and  phases  of  the  component  motions 
for  each  mode  aB  shown  by  the  time  vectors,  and  compare  these  with  the 
appropriate  time  responses.  The  fore  and  aft  perturbation  from  the  undis¬ 
turbed  flight  path  (judt)  is  negligible  for  the  short-period  mode,  but  for 
the  phugoid  it  is  of  the  same  order  as  the  height  perturbation.  The  time 
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Figure  5-2 »  Example  Control- Input  Bode  Plots  for  Conventional  Airplane 
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Figure  5-3  •  Analog  Computer  Record  of  Time  History 
for  Pulse  Elevator  Deflection. Conventional  Airplane 
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vector  polygons  indicate  the  relative  importance  of  each  term  in  the 
equation  of  motion  for  each  mode;  e.g.,  compare  the  s2e  inertial  pitch 
acceleration  time  vector  for  the  phugoid  and  short-period  modes. 

3-3  WO-DEOHEE-QF-raBEDOM  SHORE-PERIOD  AFFR0XXMTX0B8 


Using  the  foregoing  observations  of  the  detailed  nature  of  the 
responses  we  can  construct  a  simplified  set  of  equations  applicable  specifi¬ 
cally  to  short-period  motions.  This  approximation  involves  setting  the 
variation  in  forward  velocity,  u,  equal  to  zero  and  deleting  the  first 
relation  of  Eq.  5-1  •  This  reflects  the  previous  statements  that  u  is  of 
relatively  small  amplitude  in  the  short-period  mode,  and  that  the  two 
degrees  of  freedom,  a  (i.e.,  w)  and  6 ,  are  dominant;  accordingly,  with 
ug  «  0, 

■  (8  -  Zy)w  -  UOS0  =  Zg&  -  ZyVg 

(5-1 4) 

—(sHj  +  My)v  +  (s  Mq)s0  a  Mg6  [(M*  —  Mq/Uo)s  t  M^jvg 


Solving  this  system  of  equations  with  vg  =  0  leads  to  the  transfer  func¬ 
tions 

a(s)  1  v(s] 


U0  6(s] 


V  +  (U0%-Z5Mq) 


(5-15) 


|(s) 


[s^  —  (UoM^  +  Zy  +  MqJs  +  (MqZy— UqM^)  j 

(*%  +  Zbm*)s  +  (z6mw-m6zv) 


B(8)  s  [s2  -  (UqM*  +  Z*  +  Mq)  s  +  (MqZ*-  UqM*)] 


(5-16) 


The  quadratic  term  in  the  denominator  is  of  the  form  s2  +  2(JBpC0spS  +  oj§p, 
with 

0%p  *  V^Zw  "  Ma 
2Sspa%p  c  ~(%v  +  Mq  +  M&) 


(5-17) 


Evaluating  Eqs.  5-15  and  5-16  for  the  example  niuaerical  values  of 
the  stability  derivatives  yields 


jj 

f 
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and 


•l  J 

These  results  are  compared  with  those  (Eqs .  5-1 0  and  5-1 1 )  obtained  from 
the  complete  equations  of' motion  in  Fig.  5-5.  We  see  that  for  frequen¬ 
cies  above  the  phugoid  the  tvo-degree-of-freedom  short-period  transfer 
functions  are  very  good  approximations  in  both  amplitude  and  phase.  Fur¬ 
thermore,  the  two-  and  three-degree-of -freedom  time  responses  in  w  and  6 
are  in  excellent  agreement  for  times  shorter  than  about  10  sec. 

In  summary,  the  two-degree  of  freedom  solution  of  the  pitching  moment 
and  vertical  force  equations  of  motion  is  a  suitable  approximation  to  the 
short-period  mode.  For  typical  flight  conditions,  the  short-period  mode 
can  be  considered  to  consist  of  changes  only  in  angle  of  attack  and  in 
angle  of  pitch,  and  the  short-period  motion  occurs  before  there  is  any 
appreciable  change  in  forward  speed.  We  shall  later  examine  the  limiting 
conditions  for  which  this  "typical"  behavior  is  still  reasonably  accurate. 

5.6  THREE-DEQREE-OF-FREEDOM  PHUOOXD  APPROXIMATIONS 

Characteristically,  the  phugoid  components  of  vehicle  motions  are 
very  slow  compared  to  the  short-period  components.  In  an  approximate 
sense  the  phugoid  mode  describes  the  long-term  translatory  motions  of  the 
vehicle  center  of  mass,  whereas  the  short-period  describes  rotations  about 
the  center  of  mass.  For  practical  purposes  in  the  phugoid  motion,  the 
"dynamic"  pitching,  inertial,  and  damping  moments  are  small  compared  to  the 
"static"  pitching  moment  changes  with  speed  and  angle  of  attack.  Classi¬ 
cally,  with  Mu=0,  the  phugoid  motion  was  conceived  to  involve  fairly 
large  oscillatory  changes  in  forward  speed,  pitch  attitude,  and  altitude, 
with  approximately  constant  angle  of  attack;  the  static  stability,  %, 
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“5et®7 


=  1.44 
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_ .  +  1 

27)2  4.27  'J 
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6(g) 

“&e(s) 


1-955 


1.371 


+  1 
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(5-19) 
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c)  Time  Responses  to  on  Elevotor  Pulse 
(Weighting  Function) 


Figure  5-5.  Comparisons  of  Complete  Three  Degree  of  Freedom 
and  Short  Period  (Two  Degree  of  Freedom)  Control-Input 
Transfer  Functions  and  Responses 


being  sufficiently  large  to  decouple  phugoid  and  short-period  and  to 
maintain  a  perturbations  small.  This  is,  of  course,  the  case  in  the 
numerical  example,  where  the  w  time  vector  is  very  snail  indeed  (Fig.  5-4b) 


On  modem  craft  M^  is  seldom  zero,  and  the  total  static  stability 
terms  become  M^-t-  M^-v,  When  only  these  static  moments  are  retained  in 
the  pitching  moment  equation,  the  three-degree-of-freedom  phugoid  equa¬ 
tions  of  motion  become 


(s  -  X^u  -  XyW  +  gfi  =  X55  -  XuUg  -  Xwwg 

“Zj^u  +  ( s  —  Z^)w  UQs Q  —  Zg5  2^Ug  ZyWg 

-J^u  -  MyV  0  =  M§5  -  MyUg  -  M^Wg 

(-5-20) 

With  ug 

=  Wg  =  0,  these  lead  to  the  transfer  functions 

* 

44  = 

Mbs2  +  [muX5  +  M^Zb  -  (Xu+ZjMsJs 

+  [(ZuJV-Z^MuJXs  +  (MuXw-M^XuJZs  +  (Z„XU-  X^Mg] 

(5-21) 

“Ma/V 

ufsj 

[(Xa-gjMB-MaXBjs  +  g^Z*- ZgMw). 

(5-22) 

5(s)  ' 

-flaAp 

1! 

UqMbS2  +  (UqMuXb  —  UqXuMb)  s  +  gCZgMu-MgZu) 

(5-25) 

where 

=  s2  +  2^pa>pS  +  a| 

2t  ox,  X  ,  ^(X»“6)  .  J2  -  xg/* 

2Cp^  -  Xu  +  ^  >  v  '  UqX11  Mw2^/ 

(5-24) 

Substituting  the  example  numerical  values,  the  resulting  three- 
degree-of-freedom  phugoid  approximate  transfer  functions  are 


(5-25) 


•  g(g)  _  H  v(s)  1110 
=BersT  “  U0  BjsJ  *  660 


(0.OO98  +  ^  (tT355  +  ^ 


[  82  2 

,  2(0.0710)3  1 

[(0.0683)2 

0.0683  '  J 

/ 

s  A 

) 

[ , 

/  s2 

] 

+  2(0.0710)8  \ 

\( 0.0683) 2 

+  0.0683  1 

(5-26) 


(5-27) 


These  transfer  functions  and  the  response  to  a  pulse  elevator  input  are 
compared  with  the  complete  three-degree-of-freedom  results  in  Pig.  5-6. 
The  correspondence  is  very  good  for  frequencies  below  about  1  rad/sec, 
roughly  one-quarter  of  c%p. 

Because  the  example  Mu  is  zero,  we  return  to  Eqs.  5-24  to  obtain  an 

appreciation  for  the  general  importance  of  %.  We  note  that  for  the 

normally  positive  values  of  Z^/M^  and  (Xa~g)/%  phugoid  frequency 

and  damping  increase  proportional  to  M^  Conversely,  for  sufficiently 

2 

negative  values  of  Mu,  <0p  becomes  negative  and  the  phugoid  mode  is  then 
characterized  by  two  first  orders,  one  convergent,  the  other  a  divergent 
"tuck,"  so  called  because  as  speed  increases  the  airplane's  nose  has  a 
tendency  to  "tuck  under"  (negative  Mu) . 

When  Mu  =  0,  the  approximate  factors  for  the  classical  case  result. 


These  are 


2($a>)p  =  "Xu 


(5-28) 


The  undamped  natural  frequency  result  can  be  further  simplified  by  eon- 

f 

i  sidering  Cj^  =  0,  as  is  generally  true  for  subsonic  flight,  and  taking 

the  trimmed  lift  equal  to  the  weight  so  that  ZiX  =  -2g/u0.  Then, 

^  i  (5-30) 

The  period  of  this  classical  phugoid  is  (^2  Jt/g)U0,  or  about  a  fifth  of  ' 
the  true  airspeed  in  miles  per  hour.  Based  partly  on  these  results, 
so-called  two-degree-of-freedom  phugoid  approximate  equations  have  been 
used  from  time  to  time.  These  are 

(s-Xu)u  +  g6  =  0  (5-31) 

-V-tfose  =  z5&  (5-32) 

The  characteristic  equation  of  this  set  is 

B2-Xus-p  =  0  (5-33) 

uo 

and  the  damping  and  undamped  natural  frequency  are  thereby  the  same  as 
those  given  above  (Eqs.  5-28,  5-29)  for  the  classical  (Mu  =  0)  case. 
Examination  of  the  X  and  Z  vector  polygons  in  Fig.  5-4  indicates  that  the 
two-degree-of-freedom  set  is  reasonably  good  for  this  example.  Unfor¬ 
tunately,  however,  some  of  the  transfer  functions  (and  thus  some  time 
responses)  derived  from  these  equations  are  very  poor  approximations  to 
the  complete  three-degree-of-freedom  situation  in  the  region  of  phugoid 
frequencies,  and  thus  the  two-degree-of-freedom  set  is  oversimplified  for 
most  practical  purposes. 

5.7.  HOVERING  EQUATIONS  OF  MOTION,  CONTROL-INPUT 
TRANSFER  FUNCTIONS,  AND  MODAL  RESPONSES 

The  preceding  example  has  illustrated  the  phugoid  and  short-period 
modes  which  characterize  the  longitudinal  motion  of  "conventional"  air¬ 
craft,  that  is,  aircraft  supported  principally  by  fixed  wings,  flying 
at  the  relatively  high  speeds  demanded  by  this  form  of  sustentation . 

% 

For  vehicles  such  as  helicopters  and  VTOLs  operating  at  zero  and  very 
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4)  Tim*  Reipsnte  to  on  Elevolor  Puls* 
(WtijWing  Function) 


Figure  5-6.  Comparison  of  Complete  and  Approximate  Phugoid 
(Three  Degree  df  Freedom)  Control-Input 
Transfer  Functions  and  Responses 


low  forward  speeds,  the  longitudinal  motions  display  modes  very  different 
from  the  phugoid  and  short-period.  These  differences  arise  because  many 
of  the  usual  derivatives  disappear  at  hovering.  It  is  pertinent,  there-  . 
fore,  to  delete  such  terms  from  the  equations  before  considering  a  numerical 
example  in  detail. 

For  hovering  vehicles  the  derivatives  M^,  M£,  and  are  usually 
negligible  due  to  considerations  of  symmetry.  This  can  easily  be  seen 
for  certain  very  simple  VIOL  aircraft,  e.g.,  a  "stand-on"  ducted-fan.* 

With  such  vehicles  perturbations  in  w  can  only  produce  Z  forces  because 
the  configurations  are  symmetrical  about  the  Z  axis.  For  more  complex 
VTOLs,  such  as  the  tilt-duct  shown  in  Fig.  5-7,  Mw  arises  principally 
through  flat-plate  drag  on  the  horizontal  tail  and  fuselage  for  the  usual 
c.g.  location  near  the  duct  axis,  which  is  vertical  in  hover.  The  Mw 

resulting  from  these  contributions  is  exceedingly  small  and  may  safely  be 
neglected  in  calculating  the  frequencies,  dampings,  and  time  constants  of 
of  the  longitudinal  modes.  The  contribution  of  the  horizontal  tail  flat- 

V 

plate  drag  to  the  and  Xw  derivatives  is  totally  negligible  for  this 
configuration;  in  fact,  for  any  reasonable  hover  arrangement,  nonzero  xw 
and/or  M£  are  very  unlikely. 

Significant  Mw  effects  can  occur  in  hover  in  the  following  cases: 

1.  When  the  tail  jet  (or  rotor)  is  of  high  disk  loading' and  con¬ 
tributes  significant  lift  in  the  unperturbed  trimmed  condition. 

The  thrust  of  a  high-disk-loading  tail  jet  (or  rotor)  is  virtually 
unaffected  by  w  perturbations  and  gives  a  negligible  contribution  to  Zw 
(and  hence  Mw)  •  However,  the  main  rotors  now  have  a  moment  arm  about 
the  c.g.  and  thus  induce  some  M^. 

2.  When  the  tail  disk  loading  (measured  in  the  perturbed  condi¬ 
tion)  is  appreciably  lower  than  the  main  disk  loading.  In 

this  case  the  tail  thrust  is  sensitive  to  perturbations  in  w  and  it  may 
give  a  significant  contribution  to  Zw  which  induces  some  Mw  due  to  the 
long  moment  arm  about  the  c.g. 

Even  in  these  cases  nonzero  Mw  usually  does  not  change  the  character 
of  the  typical  hovering  modes.  Their  description  can  therefore  proceed 
on  the  assumption  that,  for  U0  =  0,  Mw,  Mw,  and  Xw  are  negligible. 

*J.  P.  Campbell,  Vertical  Takeoff  and  Landing  Aircraft,  Macmillan  Co., 
New  York,  1962. 
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Example  Tilt-Duct  VTOL  Aircraft 


Deleting  these  and  gust-input  terms  from  the  equations  of  motion  (Eq.  5-2) 

gives  .  . 

(s-XjJu  +  gd  *r  Xg8 

“V  +  (s-Zjv  *  Zg8.  (5-3»0 

-MyU  +  (s2-.MqS)e  =  Mg8 

The  corresponding  control- input  transfer  functions  in  polynomial  form  are 
obtainable  directly  from  Table  5-1  with  M^,  M£,  and  X^  terms  deleted. 

Many  of  the  numerator  and  denominator  factors  are  directly  separable, 
and  canceling,  because  of  the  zero  terms  appearing  in  the  left  side  of 
Eq.  5-34-.  For  example,  for  Xg  «  0,  a  common  .occurrence,  the  v,  9,  and  u 
transfer  functions  are  most  directly  obtained  by  expanding  the  determi¬ 
nant  forms  (Eq.  5" 3)  as  follows: 


w(s) 

6(b) 


s-Jq,  o  g 

-Zu  Zg  0 

-Mu  Mjg  s2-MqS 

8— Xu  0  g 

— Zu  s  —  Zy  0 

-Mu  0  s2— i^s 


Z6 

(s-  Z*) 


(5-35) 


e(s) 

6(s) 


s — Xu  0  0 

-Zu  8  -  Zv  Zg 

-Mu  0  Mg 

l8”^)  ^hover 


Mg(s-XU)(K^) 

-AC  7  .  —  (5-56) 

^hover 


•Assuming  that  |ZuMs|  «  jMuZg|  as  usually  appropriate  to  ’’throttle" 
(vertical  thrust)  control. 
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'i 


Zg  8 -Zv 


hI®1 

8(8) 


s—  MoS 


“8Wb(®^w) 


(s-Z^)  Ajj0ver 


('^vv^w) 


* hover 


where 


Ahover  =  (s“X|1)(s^—MqS)  +  gM^. 


(5-37) 


(5-38) 


Prom  these  relationships  we  see  that  the  s-Zy-  mode  is  associated 
only  with  w  perturbations  and  does  not  appear  in  either  9  or  u  motions. 
Since  modal  response  ratios  are  independent  of  .the  input  assumed 
(Chapter  2),  this  is  a  general  conclusion  which  holds  as  well  for  Xqj^O. 
Furthermore,  since  for  U0  =  0,  h  =  — w  (Eq.  5-2),  the  mode  is  characterized 
by  pure  vertical  translatory  motions  in  altitude  (heaving  motions)  with 
an  aperiodic  time  constant  of  -1 /Zy,  invariably  positive.  Conversely, 
the  modes  associated  with  the  longitudinal  hovering  cubic. 


Ahover  *  ~  (Xu  +Mq)s2  +  XuMqS  +  gM^ 


(5-39) 


do  not  usually*  involve  w  or  h  motions  irrespective  of  whether  there  are 
three  real  or  one  real  and  two  complex  roots.  That  is,  the  longitudinal 
hovering  cubic  describes  motions  normally  consisting  of  u  and  e  pertur¬ 
bations  only.  The  relative  u  and  9  motions  can  be  most  simply  obtained 
from  the  X  equation  of  Eq.  5-34  as  &  modal  response  ratio: 


6  8  ~~  Xu] 

u  L  Js=-, 


(5-40) 


9hover 


where  -q^over  represents  the  roots  of  the  hovering  cubic.  For  real  roots, 
and  resulting  aperiodic  motions,  the  ratio  is  real;  for  complex  roots,  and 

v 

*The  absence  of  h  motions  depends  on  being  negligibly  small,  which 
is  generally  true  in  hover;  however,  the  tilt-wing  configuration  examined 
in  STI  TR- 128-1  (see  footnote,  p.  5-25,  for  complete  reference)  had  2^ 
almost  equal  to  5^. 


■i 


resulting  oscillatory  motions,  the  ratio  is  complex  and  must  he  character¬ 
ized  by  an  amplitude  and  phase. 


2.6  BCAMPX2  TRANSFER  JUNCTIONS,  BODS  FORMS, 

AND  TIMS  RESPONSES  FOR  A  HOVERING  VEHICIX  . 

To  illustrate  the  foregoing  in  more  concrete  terms,  we  now  consider 
the  example  VTOL  airplane  of  Fig.  5*7  which  has  the  following  character¬ 
istics  under  hovering  conditions:* 


Weight  (lb)  . .  3,100 

Pitch  inertia  (slug-ft2)  .  1 ,790 

Groundspeed,  Uo  (ft/sec)  .  0 


Xu 

Xw 

*5e 

Zu 

Zw 

Zn 


Mu 

M* 

Mfr 


-0.157 

0.0 

0.0 

0.0 

-0.137 

0.0 

-1.08 

0.0136 

0.0 

0.0 

-0.0452 

-1.0 


The  resulting  control- input  transfer  functions  are 


where 


w 

-6e 

e 

-6e 

u 

-6e 


_h_ 

3e 


1.08 


(s  +0.1 37) 


(s +0.1 37) 
Above r 

-32.2 
Above r 


Aiover  -  (s  +  Tib)[s2  +  2^s  +  “f] 

=  (s  +  0.824) [s2  -  2(0.439) (0.751 >8  +  (0.751 )2] 


(5-41) 

(5-42) 

(5-45) 


(5-44) 


*J.  Wolkovitch  and  R.  P.  Walton,  VTOL  and  Helicopter  Approximate  Trans 
fer  Functions  and  Closed-Loop  Handling  Qualities,  Systems  Technology,  Inc. 
Tech.  Rept.  128-1,  Sept.  1963. 
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d)  Time  Responses 


Figure  5-8.  Example  Control-Input  Bode  Plots 
and  Time  Responses  for  a  Hovering  Airplane 


Figure  5-8  contains  the  corresponding  Bode  diagrams  and  time  responses 
to  an  impulsive  elevator  input'.  The  Bodes  are  much  simpler  than  those 
given  for  the  conventional  airplane  in  Fig.  5-2.  The  leading  phase  shown 
for  9  and  u  results  from  the  negative  damping  of  the  hovering  phugoid  mode.* 

The  time  responses  show  the  divergent  oscillatory  character  of  the 
u  and  6  motions  and  the  first-order  convergence  of  the  w  motions.  The 
relative  amplitudes  of  u  and  9  are  clearly  shown  on  the  time  vector 
diagrams  of  Fig.  5-9*  Additionally,  the  time  vectors  for  the  phugoid  mode, 
Fig.  5 -9b f  show  that  the  instability  is  aggravated  by  a  very  small  |MqJ 
and  a  relatively  large  Mu.  Such  unstable  oscillations  are  quite  typical 
for  hovering  vehicles  out  of  ground  effect.  The  separate  influences  of 
these  two  derivatives  can  most  easily  be  traced  using  the  approximate' 
literal  transfer  function  factors  considered  subsequently. 

5.9  OUST-XNPOT  TRANSFER  FUNCTIONS 

The  gust-input  transfer  functions  are  obtained  from  the  equations 
of  motion  (Eq.  5“1 )  using  the  same  procedures  as  for  control  inputs. 

Because  the  denominator  remains  the  same  regardless  of  the  type  of  input, 
we  need  consider  only  gust-input  numerators .  These  are  given  in  poly¬ 
nomial  form  in  Table  5-2,  which  follows  the  format  established  in 
Table  5-1 .  In  addition,  Table  5-5  contains  the  gust  transfer  function 
numerators  for  the  truncated  short-period  and  phugoid  equations  of  motion, 
Eqs.  5-14  and  5-20,  respectively;  the  corresponding  denominators  are  those 
given  in  Eqs.  5-1 6  and  5-25. 

Figure  5-10  presents  Bode  plots  of  the  u-gust  transfer  functions  -for 
the  example  conventional  airplane.  We  see  here  that  the  primary  response 
occurs  at  the  phugoid  frequency.  Taking  peak  amplitudes  as  being  approxi¬ 
mately  proportional  to  the  magnitudes  of  the  phugoid  modal  response 
coefficients  in  the  several  degrees  of  freedom,  the  magnitudes  of  the 
relative  motions  in  decibels  are  given  by 


*For  such  nonminimum  phase  situations  it  must  be  remembered  that  the 
stability  criterion  for  the  closed-loop  system  is  no  longer  simply  that 
the  open-loop  amplitude  ratio  be  less  than  one  for  phase  lags  greater 
than  l80°  (see  Chapter  7  for  example  closures  under  such  circumstances). 
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Phasors 


Figure  5-9.  Time  Vector  Diagram  for  the  Example  Hovering  Airplane 


TABUS  5-3 

SPOT  TRANSFER  FUNCTION  NUMERATOR  COEFFICIENT! 
SHORT-PERIOD  AND  FHUGOID  EQUATIONS  OF  MOTION 


u:az:w:e  =  j  18  :  -5  :  -23  :  -37|db 

Converting  az  to  h  (i.e.,  ] az( jo^p)/oip|  =  |h(ja^p)| )  to  correspond  with  the 
u  and  w  velocities,  e  to  degrees  as  a  more  familiar  measure,  and,  finally, 
considering  linear  amplitudes  rather  than  db, 

u:h:w:e  =  (8  :  8.8  :  0.071  )^g  :  0.8° 

These  relative  magnitudes'  are  completely  consistent  with  our  already 
established  picture  of  the  phugoid  motions.  That  is,  they  show  that  the 
phugoid  responses  to  a  u  gust  are  predominantly  in  h  and  u,  secondarily 
in  0,  and  hardly  at  all  in  w.  Note,  however,  that  the  u  and  8  responses 
drop  off  sharply  with  increasing  frequency,  whereas  the  w  and  az  responses 
do  not.  Thus,  in  the  short-period  frequency  region  u  and  e  are  essentially 
nonexistent,  while  w  and  a2  are  about  the  same  as  in  the  phugoid  region. 
Furthermore,  the  az  response  for  frequencies  beyond  snort-period  remains 
constant,  so  that  there  is  a  distinct  possibility  of  u  gust  excitation  of 
lightly  damped  structural  modes  which  may  actually  exist  in  this  region, 
but  which  are  eliminated  by  the  rigid-body  assumption.  Finally,  notice 
that  the  short  period  is  almost  exactly  canceled  by  a  corresponding  numera¬ 
tor  term  in  both  the  u  and  az  transfer  functions,  indicating  that  the 
short-period  mode  itself  will  scarcely  be  present  in  u  and  az  responses 
to  u  gusts. 

The  w  gust  transfer  functions  given  in  Fig.  5-11  show  that  low 
frequency  responses  progressively  decrease  in  importance  relative  to  high 
frequency  responses  as  we  consider,  in  turn,  the  u,  0,  w,  and  az  outputs. 
The  u  response  is  somewhat  lower  at  phugoid  and  higher  at  short  period 
than  the  corresponding  u  response  to  ug  (Fig.  5-10).  Otherwise  both  plots 
are  similar,  the  inference  being  that,  regardless  of  input,  u  perturbations 
are  always  small  except  near  phugoid  frequency.  The  0  response  at  phugoid 
is  about  the  same,  but  that  at  short  period  is  considerably  higher  than 
the  similar  responses  obtained  for  a  Ug  input.  In  this  connection  the 
similarity  in  form  of  the  w/ug  (Fig.  5-10)  and  @/wg  transfer  functions 
should  be  noted,  i.e.,  w  responses  to  ug  are  almost  identical,  except  for 
a  scale  factor,  to  9  responses  to  wg.  This  similarity  also  extends,  but 
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Figure  5-11.  Example  w-Gust  Eode  Plots  for  Conventional  Airplane 


not  quite  so  markedly,  to  the  w/wg  transfer  function  where,  due  to  the 
near  cancellation  of  the  phugoid,  the  response  is  almost  completely  flat 
out  to  short  period.  The  response  occurs  predominantly  at  short  period 
and  beyond.  Again  the  possibility  of  exciting  structural  az  responses  in 
this  region  must  be  considered  for  an  elastic  airplane. 

5.10  COUPLING  NUMERATORS 

Multiloop  situations  in  which  more  than  a  single  input  to  the  vehicle 
is  involved  require  consideration  of  vehicle -introduced  coupling  effects 
between  loops.  Such  consideration  is  based  on  the  use  of  coupling  numera¬ 
tors.  These  are  defined  in  Chapter  3>  where  the  notation  established  is  a 
direct  indication  of  the  operations  required  to  compute  the  coupling 

C  11 

numerator.  For  example,  the  coupling  numerator,  %e5^,  appropriate  for 
simultaneous  0-*-5e  and  u-*~6r[  feedbacks  is  computed  by  substituting  the 
5e  and  5q;  input  coefficients  for  the  terms  normally  appearing  in  the  0 
and  u  columns  of  the  characteristic  determinant.  That  is,  from  Eq.  5-1 , 

X*,,  -Xw  Xse 

-  Z5t  (*~2v)  Z5e  (5-45) 

Mgj  —  (M&s  +  Mir) 

There  can  also  be  coupling  effects  between  gust  inputs  and  control 
inputs,  and  among  more  than  two  inputs,  control,  or  disturbance  (Chapter  3) 
so  the  possible  variations  are  quite  numerous.  However,  the  coupling 
numerators  are  always  easily  computed  and  factored  because  replacement  of 
at  least  two  columns  which  are  generally  functions  of  s  by  two  columns 
which  are  generally  constants  reduces  the  s  polynomial  to  second-order  or 
lower.  Accordingly,  it  is  unnecessary  to  catalogue  all  possible  input 
combinations.  Consequently  only  the  more  commonly  used  two-input  control¬ 
coupling  numerators  are  given  in  Table  5-4. 

Table  5-4  contains  the  polynomial  coefficients  in  literal  form,  the. 
corresponding  factored  form,  and  literal  approximations  to  the  factors.. 4 
Since  the  polynomials  are  either  first-  or  second-order  in  s,  factoring 
even  in  literal  form  is  no  problem  and  exact  literal  factors  can  easily 
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TABLE  5-4 

LONGITUDINAL  COUPLING  NUMERATORS  FOR  ELEVATOR  AND  THROTTLE  INPUTS 


"  V‘e  MV*  * 

♦  .  z^,)  ♦  2w(XfteM6x  -  X^) 

♦  M>V*f  *  M^} 


*6e«&T  *  Z6^6e 


^(«6eZftr  '  **1^) 

♦  MXfteM&T  -  Xa^6e) 

♦  HufZe*^  * 


Afih(8  +  i) 


*  ^5j4(  (^6j^6e‘*  +  ^l)  2a(^6eM6r  ” 

♦  (Xa  -  B)(^6e  -  »V6e) 

+  Htt(X5jZje  -  XgeZg^) 

Abu[»8  *  2(C«)bu*+ 

Ahui  -XOx^e  *  2(5«>)bu  -  *(Hl  +  Mi)  i  «|u  4  *(*  “  2j 


*  UltX^e  -  Z6jX6e) 


c(M&eZCr  *  ^6%) 


*“(’  +  Ti,)(*  4  T^s) 

.  •  y  -  1  .  g  fol?  *^t\  1  .  UoHfte 

*w»  -  *V&e  >  Tau,  "  «o\X#r  ’  *»T /*  Tau2  " 


be  written.  However,  the  approximate  factors  shown  are  considerably  more 
compact  than  exact  literal  factors  because  usually  unimportant  terms  have 
been  eliminated.  The  assumptions  involved  in  obtaining  the  approximate 
factors  are  readily  apparent,  almost  by  inspection,  and  are  not  explicitly 
listed.  They  are  however  usually  valid  for  conventional  elevator  and 
throttle  controls  (i.e.,  |X5e|  «  [Xgrp |  }  |M5j|  «  [Mse ! )  •  For  unconventional 
controls,  e.g.,  cyclic  and  collective  pitch  on  a  helicopter,  the  approxi¬ 
mate  factors  shown  may  be  inappropriate  and,  in  such  cases,  the  specifically 
important  contributions  to  the  exact  polynomial  coefficients  should  be  used. 

5 • 1 1  APPROXIMATE  FACTORS 

The  literal  approximate  factors  given  in  Table  5-4  for  coupling 
numerators  serve  to  reintroduce  the  subject  of  approximate  factors  in 
general.  In  addition  to  those  given  in  Table  5-4  we  have  already 
implicitly  derived  some  approximate  factors  in  connection  with  the  simpli¬ 
fied  short-period,  phugoid,  and  hover  equations  of  motion  (i.e.,  Eqs.  5-1 7, 
5-24,  5-35,  5-36) .  However,  using  such  truncated  equations  does  not  always 
produce  unambiguous  and  reasonably  accurate  approximate  factors  or  adequately 
identify  the  conditions  for  which  the  approximations  hold.  A  more  direct 
attack,  which  meets  these  requirements,  is  simply  to  factor  the  literal 
polynomial  expressions  in  Table  5-1  by  first  neglecting  terms  of  minor 
significance,  and  then  applying  an  approximate  factorization  technique 
such  as  that  described  in  Section  J.k.  Of  course  the  relative  importance 
of  various  derivatives  or  derivative  groupings  depends  on  the  vehicle  type 
and  flight  condition,  so  that  there  is  no  single  set  of  literal  approximate  - 
factors  generally  applicable  to  all  situations.  This  is  reflected  in  the 
profusion  of  approximate  factors*  given  in  Tables  5-5  and  5-8. 

*Taken  from: 

I.  L.  Ashkenas'and  I).  T.  McRuer,  Approximate  Airframe  Transfer  Func¬ 
tions  and  Application  to  Single  Sensor  Control  Systems,  WADC-TR-58-82, 

June  1958. 

J,  Wolkovitch  and  R.  P.  Walton,  VTOL  and  Helicopter  Approximate 

Transfer  Functions  and  Ulosed-Loop  Handling  Qualities,  Systems  Technology, 
Inc.,  Tech.  Rept.  128-1,  Sept.  1963*  ~ 

R.  L.  Stapleford,  J.  Wolkovitch,  R.  E.  Magdaleno,  C.  P.  Shortwell, 
and  W.  A.  Johnson,  An  Analytical  Study  of  v/STOL  Handling  Qualities  in 
Hover  and  Transition,  AFEDL-TR-65-73,  jfey  1965. 
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Table  5-5  presents  the  approximate  factors  for  conventional  airplanes, 

and  these  apply  as  well  to  VTOL  machines  and  helicopters  at  cruise  dr  high 

speed  flight.  Notice  in  particular  that  the  approximate  short-period 

frequency  and  damping  are  identical  to  those  of  Eqs.  5-1 J,  and  the  phugoid 

*  — 

frequency  and  damping  are  quite  similar  to  those  of  Eq.  except  for  the 
appearance  of  the  Z^Mq  term  in  the  Table  5-5  expressions.  Similarly,  the 
numerator  factors  implicit  in  Eqs.  5-1 5 >  5-1 6,  and  5-21  to  -23  have  their 
counterpart  in  Table  5-5.  For  example,  the  numerator  time  constants  in 
Eqs.  5-15  and  5-16  reduce  to  the  same  expressions  as  those  for  l/T^  and 
l/Teg  in  Table  5-5  when  the  Table  5-5  conditions  of  validity  are  invoked. 

The  various  expressions  in  Table  5-5  tell  us,  almost  at  a  glance, 
what  derivatives  are  important  for  a  given  control  situation.  Furthermore, 
they  also  display  the  explicit  connections  between  all  the  numerators  and 

the  denominators  via  the  dominant  derivatives.  For  example,  changes  in 
l/r@2  which  involve  changes  in  Zy  are  also  accompanied  by  important 
changes  in  SspOfep,  l/Tul,  and  (or  l/Tj^Thj)- 

The  approximate  factors  can  be  simple  and  effective  guides  to  the 
influences  of  speed,  c.g.,  and  configuration  changes  on  the  basic  trans¬ 
fer  functions  and  on  the  flight  control  system  accommodations  required 
for  such  changes.  They  are  especially  useful  for  the  preliminary  selec¬ 
tion  of  appropriate  flight  control  system  feedbacks.  For  example,  a  very 
crude,  albeit  relatively  accurate,  way  of  considering  the  basic  effects 
of  a  stability-augmenting  flight  control  system  is  to  regard  its  action 
primarily  as  one  of  directly  augmenting  various  aerodynamic  derivatives. 

From  this  point  of  view  a  pitch  rate  damper  (q-*-6e)  simply  augments  the 
derivatives  Mq  and  Zq  (for  X5e  negligible).  Accordingly,  the  primary 
effect,  related  to  the  increased  —Mq,  is  to  improve  the  short-period 
damping.  Table  5-6  delineates  the  important  derivatives  and  the  quali¬ 
tative  consequences  of  their  augmentation  for  conventional  aircraft. 

The  conditions  for  which  the  Table  5-5  approximate  factors  are  valid 
do  not  extend  to  those  appropriate  for  VTOL  aircraft  and  helicopters  in 
hovering  and  transition  flight.  Such  situations  are  treated  in  Table  5-6 
which,  because  of  the  different  vehicle  types  considered,  contains  a 
variety  of  possibly  applicable  expressions.  Table  5-7  serves  as  a  guide 
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to  Table  5-8  and  contains  additional  information  concerning  the  very  simple 
transfer  function  forms  appropriate  for  hover.  Although  the  unconventional 
aircraft  covered  are  all  VTOL  or  helicopter  types,  we  continue  to  call  the 
primary  control  inputs  "elevator"  and  "throttle."  However,  as  noted  in 
Table  5-7,  "elevator"  now  means  whatever  device  is  used  to  produce  a  pitch¬ 
ing  moment  (e.g.,  longitudinal  cyclic  pitch  on  a  single-rotor  helicopter) 
and  "throttle"  now  means  a  thrust  input  regardless  of  direction  (e.g., 
collective  pitch  on  a  helicopter  which  produces  a  vertical  thrust) . 

The  connections,  established  and  apparent  in  Table  5-8,  between  the 
dominant  derivatives  and  the  resulting  transfer  function  poles  and  zeros 
serve  the  general  purpose,  again,  of  delineating  potentially  important 
feedbacks  and  furnishing  direct  insight  into  the  basic  vehicle  dynamics 
and  the  effects  of  changes  in  configuration,  speed,  etc.  In  this  regard 
notice  particularly  the  expression  for  the  tilt-duct  hovering  oscillation 
given  in  Table  5-8a,  and  recall  that  the  corresponding  example  time  vectors 
(Fig.  5-9a)  indicated  strong  Mq  and  Mu  influences  on  the  damping.  We  can 
examine  such  influences  in  detail  by  directly  considering  the  approximate 
factor 

2£p<»p  »  -V£^  -  -j(xu  +  M q)  (5-46) 

First  we  note  that  substituting  the  example  values  into  Eq.  5-46 

gives 

2£p<up  =  -V32 .2(0.01 56)  +  -—(0.157  +  0.045) 

=  -0.759  +  0.121  A  -O.638 

in  good  agreement  with  the  exact  value  (Eq.  5-44)  of  -0.642.  With  our 
confidence  in  the  approximate  expression  thus  established,  we  can  now 
fix  the  relative  effects  of  the  dominant  derivatives  on  the  total  damping. 
Applying  Eq.  5-46,  we  see  that  for  the  example  values  the  order  of  dominance 
is  1^,  Xu,  Mqj  and  that  a  100  percent  increase  in  -Mq  can  be  counteracted 
by  about  a  12  percent  decrease  in  For  large  changes  in  Mq  Eq.  5-46  may 
not  be  appropriate  because  it  requires  as  a  condition  of  validity  that 
|gMu|  >|m||  .  For  example,  if  -Mq  is  increased  to  1.0  then  |gMu|  <|m||  and 
the  appropriate  approximation  (Table  5-8a)  is 

*1 
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General  assumption  is  «  0. 

Applicable  also  to  TOOL  airplanes in  cruise  or  high  speed  configuration  (i.e.,  tilt-wing  speeds  for  which  wing  Incidence  is  **5°  greater  than 
that  at  hover;  tilt-duct  speeds  greater  than  100  ft/sec;  tilt-rotor  at  all  speeds),  and  to  single-rotor  helicopters  at  speeds  greater  than 
50  ft/sec.  •• 
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TABLE  5-7 

SUMMARY  OF  THE  UNCONVENTIONAL  AIRCRAFT  LONGITUDINAL  APPROXIMATE  FACTORS  GIVEN  IN  TABLE  5-8 
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id  for  which  wing  incidence  is  within  45°  of  wing  incidence  at  hover, 
and  low  speed  factors  by  wing  incidence  is  empirical. 
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5-12  APPROXIMATE  MODAL  RESPONSE  RATIOS 


The  ways  in  which  the  various  degrees  of  freedom  enter  into  the 
total  motion  corresponding  to  a  given  dynamic  mode  can  most  simply  be 
studied  by  considering  the  modal  response  ratios.  We  have  already  used 
these  in  the  time  vector  diagrams  for  the  specific  examples  of  this  ■ 
chapter,  but  now  we  generalize  to  obtain  the  more  interesting  approximate 
literal  relationships  for  conventional  airplanes.  As  noted  in  Chapter  2, 
the  modal  response  ratios  can  be  expressed  using  any  one  of  the  n  cofactor 
sets  (for  n  degrees  of  freedom)  of  the  characteristic  determinant,  i.e., 
denoting  two  of  the  n  degrees  of  freedom  as  a^,  a j : 


where  k  =  1 ,  2,  . . »,  n 


Short  Period.  Applying  Eg..  5-48  to  the  short-period  modal  responses 
we  first  compute  the  ratio  u/w  from  the  selected  cofactors  of  the  Eq.  5-3 
denominator : 


s  -  -U0s 

-(MtfS  +  M w)  s(s  -  Mq) 


s  =  — 


flsp 


-Zu  -U0s 

-Mu  g(s  -  Mq) 


s  =• 


■<lsp 


(5-49) 


( 


e2  s(z„  +  Mq  +  Mi)  -  %  +  MqZy?) 


-Zu(s-Mq)  -  U0MU  !~  y  ,  ,  A  _  u2 

8  -“Cspcosp+  J^pV 1  £sp 
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For  the  approximate  short-period  frequency  and  damping  given  by  (Eqs.  5-17) 

«6p  =  "Hi  +  HjZw 

2fjSpO)sp  =  -(2w  +  Mq  +  %) 

it  is  obvious  that  the  numerator  of  Eq.  5*^9  is  identically  zero;  i.e.. 


(5-50) 


This  is  the  classical  statement  of  the  conditions  of  validity  for  the 
short-period  approximation.  It  is,  in  fact,  taken  as  the  starting  point; 
based  on  flight  test  observations,  for  the  development  of  the  approximate 
two-degree-of -freedom  short-period  equations  given  previously  (Eqs .  5- 1  *0  • 

From  the  characteristic. determinant  of  the  short-period  equations 
we  can  now  conveniently  compute  the  ratio  @/w  from  either  of  the  expres- 
sions : 


M  /S"M 

M^s  +  % 

IWsp  -  \  »0S  L-ist  ' 

s(s  -  Mq) 

Using  the  first,  and  converting  to  angle  of  attack,  a  s  w/u0, 


"Wsp  zw  +  j%pVl  Csp  ^  ^ 

sp  +  J^p  V^p 


The  magnitude  of  the  modal  response  ratio,  which  is  the  square  root  of 
the. squared  sums  of  the  real  and  imaginary  parts,  can  be  simplified  by 
substituting  the  approximate  expressions  for  and  2(£a))Sp  (Eqs.  5-1 7) 
to  yield 


e_ 

a 


sp 


1  + 


Zw(“Hi  “  Mq) 

1/2 

« 

“Hx  “ 

“Mo,  +  MqZw 

“Hi  +  Mq^ 

1/2 


(5-52) 


The  phase  angle  of  the  modal  response  ratio  can  be  written  as  the  differ¬ 
ence  between  the  numerator  lead  and  the  denominator  lag  contributions;  and 
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these  can  be  combined  via  the  identity 


to  give 


tan  ^  x  ±  tan  ^y 


FT5J 


=  tan 


sp 


• 

>sp  Z* 


(5-55) 


For  the  usual  £  «  a>„  /Z^  this  further  reduces  to 


5sp  sp 

i 


(4)  i  tan"1  h.  J^Z\ 
\  a  /  sp  “sp  » 


2 

sp 


in  terms  of  the  flight  path  angle ,  y  =  0— a,  Eq.  5-51  can  be  expanded 


to- 

{*)bP 

=  fr),  *  - (5-55) 

sp  ~i sp“sp  +  J“sp  VI  “  ^ sp 

whereby 

|_l| 

1  ~'ZJV 

•  a  Isp 

“sp 

i  (4p 

t  “1  “spVl-Cip  _1  Vi -Cft,  n  (5_56) 

-  "ten  -?sPV  ■  ten  5sp  -  180 

Notice  that  for  small  £sp;  Eq.  5-55  becomes 


““V^sp  ~  J“ep7sp  -  7sp 
~^aasp  =  ^To7sp  ~  hSp 


(5-57) 


This  is  simply  the  Z  equation  (5-1)  with  u  perturbations  neglected. 

Accordingly,  typical  short-period  motions  for  reasonably  large 
involve  je|  approximately  equal  to  but  somewhat  smaller  than  jaj;  0  lag¬ 
ging  a  (because  is  invariably  negative)  by  an  angle  whose  tangent  5  s 
given  by  -2^  Vs  -  tfp/“sp;  i jfa\  proportioncl  to  part  of  the  same  quantity, 
~zv/A°sp>  an°  7  lagging  a  by  somewhat  more  than  90°  (the  7  vector  lies  in 
the  third  quadrant). 
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Phugoid.  From  the  complete  denominator  of  Eq.  5-3  thf  phugoid 
modal  response  ratio,  (u/w)p,  is  most  simply  evaluated  in  literal  terms 
using  the  expression 


4  •  &)._■  - 


'  s  =  — qp 

s(Xa-g)  +  gZ* 


K  r  -  xus  - 


-Xv 

g 

s-Zvr 

-U0s 

s  -  — qp 

s-Xu 

g 

~7jn 

-U0s 

s  =  -qp 

(5-58) 


For  s  =  -^p(0p  +  jo^Vl  -  £p# 

^  _  _ (Xq-~g)(-^p<Mp  +  jo^Vl-Cp)  +  gZtf _ 

Uo  2^|o|  -  of  -  2jCpt|Vw|  -  Xu/-£po>p  + 

where  (Table  5-5)  (5-59) 

„2  i  g(MwZu  -  MuZh7)  0„  .  v  Mu(Xa-g) 

~  MqZtf-Ma  '  ^P“P  =  “Xu  ~  MqZ^  -  % 

Substituting  these  relationships  into  Eq.  5-59# 


(4  ‘ 


(Xa-g)f-£p<»p  +  O^Vl  “Sp)  +  g^w 


irpr  MuOva, - g)  (“Cp^p  +  ' 


n-Su/  +  gzw  Mu- 


MqZu 


(5-60) 


Considering  that  the  terms  generally  dominate  both  numerator  and 
denominator, 

j  u\  ^  -UpMyf  +  MqZw  . 

W/P  "  U0>lu-MqZu  D' 


(5-61 ) 


However,  assuming  (MqZuj  «  1 UqMu |  and  lMq^w!  «  iu0fVl  produce  the  same 
result,  for  either  Eq.  5-60  or  5-6l ,  namely,  f 
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or  (I^u  +  Mww)p  =  0 


(5-62) 


The  last  equation  corresponds  to  that  assumed  for  the  three-degree- 
of -freedom  phugoid  equations  of  motion  (Eqs.  5-20),  i.e. ,  a  balance  of 
only  the  static  moments.  Accordingly,  we  can  now  specify  more  precisely, 
via  Eq.  5-60,  the  conditions  under  which  these  equations  are  valid.  For 
1^  =  0,  Eq.  5-62  shows  the  classical  result,  w  =  0;  i.e.,  constant  angle 
of  attack,  a,  for  the  phugoid.  The  w  =  0  result  is,  in  fact,  given 
exactly  by  Eq.  5-58  when  the  classical  results  for  the  phugoid  undamped 
natural  frequency  and  damping  (Eqs.  5-28,  5-29)  are  inserted. 

Proceeding  to  another  modal  response  ratio,  using  now  the  generally 
valid  three-degree-of-freedom  phugoid  equations  of  motion  (Eq.  5-20)  we 
compute 


/££5\ 

1^21  /ess. 


s-Xu 

Xw 

-Mu 

-Mw 

03 

II 

1 

'xS 

-Xw 

g 

1 

~Mw- 

0 

W 

11 

1 

(5-65) 


s  -  Xu  + 


BB-SpOk  + ~  Cp 

For  the  approximate  factors  of  Eq.  5-24, 

XWMU  gMu 

_Xu  +  "iir  =  2?p“p +  •% 

and 

,  <•  gMu  / - o 

/— e\  +  mTT  +  p 


(5-64) 
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The  absolute  magnitude,  using  the  Eq.  5-2k  approximations,  is  given  by 


jg 

Uo 


M  u 


+  Zw  + 


_  _g_7 

Mw  /  Uo^1 


g£ 


(5-65) 


Generally,  Zy  will  be  the  domina..  j  term  of  those  in  the  parentheses  and 
for  such  circumstances 


and  for  the  usual  small  values  of  £p  and  gMy/copMo,  it  approaches  90°. 
Because  there  is  also  roughly  a  90°  rotation  between  u-and  u,  0  is  nearly 
aligned  with  -u,  and  in  view  of  this  and  Eq.  5-66, 


(u  +  g0)p  =  0 


(5-68) 


This  result  is  clearly  evident  from  Eq.  5-65  by  considering  the  s  terra 
to  dominate  the  numerator. 

For  Mu  =  0  we  can  multiply  Eq.  5-68  by  U  and  substitute  h  for  U0 
(since  w  =  0) ,  whereby 

Uu  +  gh  =  0  (5-69) 

lj2 

Now,  integrating,  ~  +  gh  =  const 

which  shows  us  that,  very  roughly,  the  sum  of  kinetic  plus  potential 
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energies  remains  constant  during  the  phugoid  motion.  This  is  again  a 
"classical"  result,  first  given  by  Ianchester.  Another  interesting 
result  follows  from  Eq.  5 -69  if  we  recognize  (Eq.  5-50)  that  —  =  -~j== 
and  that  hp  =  jo^hp;  then 


u0  y[2 


or 


_u  =  JS-h  !  -A— 

Uo 

h  +  zyfT  u  1  o' 


Integrating  twice  and  neglecting  the  first  constant  of  integration  (it 
leads  to  a  time  variation  inappropriate  to  the  assumed  trim  conditions), 

h  +  J\T2_  x  =  const 


or,  considering  absolute  values. 


h2  +  2x2  =  const 


(5-70) 


Equation  5-70  shows  that,  as  seen  by  an  observer  flying  in  steady  forma¬ 
tion  with  the  airplane,  the  phugoid  motions  have  an  elliptical  pattern 
with  an  amplitude  in  h  about  1 .4  times  that  in  x.  Furthermore,  for 
positive  climb  rate,  h,  u  is  negative  (Eq.  5-69)  and  x,  l80°  out  of  phase 

with  u,  is  positive;  the  motion  around  the  ellipse  is  therefore  counter- 
#  • 
clockwise,  with  h  and  x  being  in  phase.  Finally,  for  positive  h  and 

negative  u,  as  above,  9  is  positive  (Eq.  5 -68),  therefore  in  phase  with 

h  and  x,  and  also  aligned  with  the  path  (since  w=0).  The  complete 

picture  sketched  below  (Fig.  5-12)  is  consistent  with  the  time  vectors 

shown  in  Fig.  5* 4b. 
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CHAPTER  6 

LATERAL  DYNAMICS 


6.1  INTRODUCTION 

The  treatment  of  the  vehicle's  lateral  dynamic  properties  given  in 
this  chapter  closely  follows  the  form  and  content  of  the  preceding  chapter 
on  longitudinal  dynamics.  The  first  of  the  succeeding  articles  in  this 
chapter  recapitulates  the  lateral  equations  of  motion  as  commonly  used; 
presents  the  polynomial  forms  of  the  more  important  control- input  transfer 
functions;  and  develops  an  appreciation  for  the  transfer  functions  and 
responses  with  numerical  examples.  Based  on  the  physical  insights  thus 
afforded,  we  then  develop  further-simplified  sets  of  equations  which  apply 
to  the  individual  modes  of  motion  appropriate  for  conventional  aircraft; 
this  is  followed  by  similar  considerations  of  VTOL  aircraft  in  hover.  Then 
we  present  the  complete  gust-input  transfer  functions  in  polynomial  form 
and  extend  our  numerical  examples  to  cover  these.  Approximate  literal 
expressions  for  the  various  transfer  function  factors  are  given  next;  their 
relation  to  the  simplified  equations  are  established  and  their  implications 
as  concerns  the  direct  influence  of  the  dominant  stability  derivatives  on 
the  important  poles  and  zeros  are  drawn.  Finally,  we  develop  some  important 
modal  response  ratios  in  literal  form  and  discuss  their  implications. 

6.2  RECAPITULATION  AND  FURTHER  SIMPLIFICATION 
OF  THE  LATERAL  EQUATION’S  OF  MOTION 

Equations  4-98  are  usually  simplified  according  to  the  following 
assumptions : 

...  . .  In  the  steady  flight  condition,  the  flight  path  of 

^  11 ’  the  airplane  is  assumed  to  be  horizontal,  y0  =  0. 

This  assumption  has  already  been  invoked  in  the  simplification 
of  the  longitudinal  equations  (5-2)  and  is  repeated  here  for  con¬ 
venience  . 
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Assumption  12.  It  is  assumed  that  Yy  =  Yp  =  Yr  =  =  0. 

Generally  speaking,  this  is  a  good  assumption  for  most  config¬ 
urations,  especially  when  only  control  inputs  are  being  considered. 
Notice,  however,  that  for  gust  inputs  the  assumption  eliminates 
completely  the  pg  term  in  the  Y  equation,  and  requires  |Y-ys|«Yv 
in  addition  to  the  more  readily  evaluated  |Yy|«1.  Also,  in  the 
N  equation  Nrg/ll0  is  retained  while  N|  is  dropped,  whereas  they  may 
both  be  of  the  same  magnitude.  In  all  cases  the  validity  of  the 
individual  assumptions  should  be  checked  for  the  frequency  range  of 
interest,  once  the  derivatives  are  known,  by  the  process  described 
on  page  5“3  in  connection  with  Assumption  10.  Despite  such' reserva¬ 
tions  the  approximations  generally  introduce  only  small  errors,  and 
are  in  accord  with  common  flight  control  practice. 

With  these  assumptions  the  lateral  equations  of  motion,  referenced  to 
stability  axes  (Eq.  4-98)  and  conventionally  written  in  terms  of  (3  ~  v/Uo 
rather  than  v , *  become: 


(s 

"Yy)P 

- 

JL  £  + 

U0  s 

r 

+ 

(S-Lp)p  “ 

Lp 

=  L56- 

4 + 

(4)gs 

pe- 

❖g 

(6-1) 

- 

NpP  + 

(s 

-Nr)r 

=  45- 

N’  + 

Wgs 

h- 

Nppg 

In 

terms 

of 

the  unprimed 

derivatives,  the  equations 

>  (4-91, 

)  can 

also 

be 

written  as: 

(6 

-Yy)P 

- 

8  P 
U0  s 

+ 

r  =  : 

\ 

ip  - 

'xv% 

+ 

(s  —  Lp)p 

M  \ 

- 

+  Lrjr  =  : 

t,56  - 

4% 

4pg 

(6-2) 

-Npp 

- 

(fr4 

+ 

(s 

-Nr)r  =  %6  - 

(Np+N; 

rs)Pg 

"  Np] 

?g 

The  auxiliary  relationships  needed  to  convert  the  motion  quantities  to 
those  usually  sensed  by  flight  instruments  are  (from  Eq.  4-96  and  the 
Y  inertial  terms  of  Eq.  6-1 ) : 

P  =  s<p 

r  =  s\[r  ,  (6-3) 

ayc.g.  =  U0p  -s(p/s)  +  U0r  =;  v  -  gep  +  U0r 

I'fo  do  this  we  define  Yq  =  Yg/u0  and  note  that  L^v  =  L^fi,  NyV  =  N^p. 
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6.5  COlfFDL- INPUT  TRANSFER  FUNCTIONS 


The  control-input  transfer  functions  are  easily  obtained  from  the 
equations  of  motion  as  previously  discussed  and  illustrated.  For 
example,  the  p- output  to  8-input  transfer  function  can  be  written 
directly  from  Eq.  6-2  (i.e.,  assuming  no  gust  inputs)  as: 


Expanding  the  determinants  gives  the  transfer  function  as  a  ratio  of 
polynomials  in  s,  where  the  denominator  polynomial,  A(s),  is  common  to 
all  transfer  functions,  and  its  factors  determine  the  characteristic 
frequencies  and  dampings,  or  time  constants,  of  the  individual  modes  of 
motion.  The  numerator  polynomials  vary  with  the  output  quantity  of 
interest.  The  polynomial  forms  of  the  primary  lateral  transfer  functions 
are  given  below,  together  with  their  usual  factored  forms: 


N^(s)  ApS^  +  Bps^  +  Cfes  +  Dp 
Alat  Alat 

Ap(s  +  1/Tpi)(s  +  l/Tp2)(s  +  l/Tp5) 
Alat 


Mil 

8(c) 


(6-5) 


<p(g) 

6(s) 


*6(=)  v2  +  V  +  C<P 


Aiat 


Alat 


A<p(s2  +  2^^  +  o§) 

Alat 


(6-6) 


r(s) 

8(s) 


Hg(s)  Ars5  +  Brs2  +  Crs  +  Dr 


Alat  Alat 

(s  +  l/Tr^)(s2  +  2£ra)rs  +  a£) 


or 


(s  +  l/Tri)(s  +  1/Tr2)(s  +  1/Tr,.) 


■uat 


(6-7) 


Vc.g.  (S)  _  N5yC*g,(s)  Aays4  +  Bays3  +  Cays2  v  Days  +  Eay 

ALat  Alat 

Aay(s  +  1/Tayi)(s  +  1/Tayg)(s  +  1/Tay^)(s  +  l/Tay^) 

ALat 


(6-8) 


where  =  As^  +  Bs3  +  Cs2  +  Ds  +  E 


((s  +  l/Ts)(s  +  I/TrV 

=  A  <  or  [  (s2  +  2£do&s  +  of) 


(6-9) 


^(s2  +  2£-ja>i_s  +  ai[) 


An  additional  "a"  or  "r"  subscript  is  often  used  on  numerator  quantities 
to  specify  aileron  or  rudder,  respectively. 

The  literal  expressions  for  the  various  A,  B,  C,  etc.,  coefficients 
of  Eqs.  6-5  through  6-9  are  given  in  Table  6-1 .  There  the  coefficient 
expressions  are  in  terms  of  unprimed  derivatives,  but  can  easily  be 
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CONTROL- INPUT  TRANSFER  FUNCTION  COEFFICIENTS 


tote:  To  convert  to  primed  derivatives,  eliminate  all  Ixr  terns  and  substitute  L*  and  If'  tor  L  and  If,  respectively* 


converted  to  price  derivatives  by  the  simple  expedient  of  eliminating  all 
*xz  terns  and  priming  the  L  and  N  derivatives;  the  compactness  thus 
achieved  is  self-evident.  While  either  the  primed  or  unprimed  form  may 
be  used,  as  convenient,  to  obtain  the  polynomial  numerator  and  denominator 
expressions  and  eventually  the  factors,  the  transfer  function  gain  is 
properly  computed  only  when  the  same  derivative  forms  are  used  in  both 
numerator  and  denominator.  This  follows  directly  from  a  consideration 
of  the  A  coefficients  given  ;in  Table  6-1.  For  example,  the  high  frequency 
gain  of  the  p  transfer  function  is  given  by: 


P(s) 

8(b) 


Aos3 

A^ 


tSL 

As 


4 


1  - 


Iy 


xz 


IXIZ 


1  - 


‘xz 


Ixlz 


(6-10) 


If  now  the  prime  derivatives  were  used  (i.e.,  Ixz  =  0)  for  both  numerator 
and  denominator,  the  result  would  be  the  same.  However,  mixing  the  two 
forms  would  produce 


P(s) 

8(b) 


A's 


or 


S(s)  As 


1  - 


xz 


Ixlz 


v* 

■’•5 


1  - 


I2 

J-xz 


which  are  both  incorrect. 

6.4  EXAMPIE  TRANSFER  FUNCTIONS ,  BODE  FORMS-,  AND 
TIME  RESPONSES  FOR  A  CONVENTIONAL  AIRPLANE 


For  the  example  conventional  airplane  of  Chapter  5  (see  Fig.  5-1)  ‘the 
lateral  characteristics  are  given  by: 
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Altitude  (ft) . 20,000 

Weight  (lb)  . ..  30,500 

Mach  number .  O.638 

True  airspeed  (ft./ sec)  .  660 


Yv  . . 

.  -0.0829 

Y&a  . 

.  0 

*6r . 

.  0.0116 

h  . 

.  -4.770 

^  . 

. -1.695 

Lr  . 

.  0.1776 

LSa  . 

.  27.25 

L8r . 

%  . 

.  3-55 

%  . 

.  -0.0025 

Nr  . 

.  -0.0957 

K5a  . 

. -O.615 

Nsr . 

. -1-383 

IxzAx  •  •  •  • 

.  0.0663 

LxzAz  •  •  •  • 

.  0.0370 

The  corresponding  primed  derivatives  are: 


Lp 

Lr 

£ 

Hr 


-4.5 46  Np 

H.699  Np 

0.1717  Nr 

27.276  N^ 

0.5758  Ngr 


3-382 
-O.O654 
-0.0893 
0.3952 
-1  . 362 


Substituting  these  data  into  the  Table  6-1  forms  and  factoring  the  resulting 
polynomials  yields  the  following  transfer  functions  (ayc,g,/5a  is  not  given 
because  of  its  minor  importance) : 


P(s)  „  _ 
Ms) 


14.38 


For  aileron  inputE 

(0.0493  +  1)(— 6.250  +  ^ 


(-0.001 355  +  ])  (l  .777  +  ')  (1 .8775)2 +  2(°8TO3)s+  1 


8a(s) 


T  =  -IIO7O- 


r(s) 

Ms) 


=--  -543.7 


(6-11) 


s2  2(o'.6o47)_  ,  ‘ 

(1 .859)2  1.859  \ 

(  ) 

(  i 

(6-12) 


1 

i^+1) 

[  s2 

,g(-o...ea7)^,1 

|(2.659)2'  2.659  J 

(  )(  ) 

(6-13) 
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Tor  rudder  Inputs 


-  '•*9rz 

\-o. 


(-0.00374  +  q)(l  .75  +1)(l  1 7.23  +  ’) 


001 355  +  7  (l  •  777  +  1 


/[(1. 877 


tp(s) 

6r(s) 


r(s) 

6r(s) 


ayc.g.(s) 

5r(s) 


=  500 


■5)2  1.8775 

(2.561' +  ])  (-2.885  +  1) 


(  )(  )[ 


'=  24.35 


1 

f  s  \ 

^1  •  7767  +  / 

t 

.  2(0. OO563) „  .  , 

L(0. 293)2  '  0.293 

(  )i 

) 

=  7.00 


(0.000725  +  ])(l  .705  +  ^(2.551 +  ^(oss +1) 

(  )(  )[ 


(6-14) 


(6-15) 


(6-16) 


(6-17) 


The  roots  of  the  denominator  show  that  the  lateral  motions  consist 
of  three  modes: 

•  A  relatively  lightly  damped  oscillatory  mode  called  the 
"dutch  roll" 

•  A  first-order  divergent  mode  of  relatively  long  time 
constant  called  the  "spiral"  mode 

•  A  first-order  convergent  mode  of  relatively  short  time 
constant  called  the  "roll  subsidence"  mode 

The  subscript  notation  used  in  Eq.  6-9  and  in  subsequent  tables  and  figures 
reflects  the  above  nomenclature.  The  general  aspects  of  these  modes  will  be 
discussed  an  more  detail  later. 

Figures  6-1  and  6-2  present  the  jco-Bode  plots  of  the  transfer  func¬ 
tions,  including  amplitude  and  phase  asymptotes.  Using  these  as  repre¬ 
sentative  of  response  transforms  to  unit  impulse  inputs,  as  in  Chapter  5, 
we  can  draw  certain  conclusions  concerning  the  appearance  of  the  various 
modes  in  the  airplane's  transient  response. 
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Consider  first  the  dutch  roll  mode.  For  all  transfer  functions  but 
q )/&£!  the  dutch  roll  peak  is  a  dominant  characteristic,  indicating  that 
this  oscillation  will  be  a  major  component  of  the  weighting  function 
responses.  For  the  exception,  cp/Sg,,  the  quadratic  numerator  nearly  cancels 
the  dutch- roll  denominator.  Because  of  this  dipole  effect,  the  modal 
response  coefficient  for  the  dutch  roll  mode  in  the  cp  weighting  function 
for  63,  input  will  be  small.  If  the  cancellation  were  exact,  the  dutch 
roll  would  disappear  entirely  from  this  rolling .response.  Approximate 
values  for  the  dutch  roll  modal  response  ratios  can  also  be  determined 
using  the  jco-Bode  plots  because  £d  is  small;  therefore,  a  typical  amplitude 
ratio  evaluated  at  the  dutch  roll  root  becomes 

°[“(S®)d  +  “S|)]  4  [g(J«&)] 

Just  how  well  this  works  for  the  present  example  can  be  seen  by  comparing 
results  read  from  Figs.  6-1  apd  6-2  with  the  actual  modal  response  ratios. 
Thus,  for  rudder  inputs  (Fig.  6-1), 

p  :cp:r  i  [l  7 :  1 6  :  23]db 
=  [o,-i,  6]db 
=  1  :  0.89  :  2.0 


"and  for  aileron  inputs  (Fig.  6-2), 

p:cp:r  A  [ll»  :  18  :  2o]db 

4  [°  :  4  :  6]db 

=  1:1.6:  2.0 


The  exact  model  response  ratio  is 


p  :  cp :  r  =  1  :  0-9 9  :  1  -87 

Making  the  comparison,  it  is  seen  that  all  the  plots  but  cp/Sa  yield  values 
which  are  quite  comparable  to  the  exact  set.  The  difficulty  with  cp/6a 
again  stems  from  the  presence  of  the  numerator  quadratic.  The  amplitude 
ratio  of  this  transfer  function  evaluated  at  the  exact  dutch  roll  root,  sd, 
differs  considerably  from  the  approximation  based  on  sd  ±  ja^ .  Except  for 
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Fig.  6-2.  Exa- ->le  Aileron-Input  Bode  Plots  for  a  Conventional  Airplane 


this  effect,  the  dutch  roll  modal  response  ratios  computed  from  ampli¬ 
tude  frequency  response  plots  evaluated  at  are  quite  insensitive  to 
the  damping  ratio,  £d>  because  its  effect  cancels  when  the  response 
ratios  are  taken. 

Turn  now  to  the  roll  subsidence  mode.  For  this,  numerator  terms  in 
both  (3  and  r  responses  to  rudder  and  r  response  to  aileron  essentially 
cancel  the  roll  subsidence  mode  denominator.  These  dipole  effects  imply 
that  the  roll  subsidence  mode  will  be  small  in  the  p  and  r  rudder-input 
and  the  r  aileron- input  weighting  functions.  The  absence  of  a  similar 
near-cancellation  of  the  roll  subsidence  factor  by  a  numerator  term  in 
the  p/8a  transfer  function  might,  at  first  glance,  be  taken  to  imply  that 
the  roll  subsidence  mode  component  of  the  sideslip  response  to  aileron 
would  be  substantial.  Thus,  we  might  be  tempted  to  conclude  that  the 
relative  magnitudes  of  the  degrees  of  freedom  occurring  in  a  particular 
mode  depend  on  whether  the  mode  is  excited  by  aileron  or  rudder.  But  we 
know  from  the  modal  response  considerations  presented  in  Section  2.5  that 
this  cannot  be  so;  that,  in  fact,  the  response  ratios  for  a  given  mode  are 
independent  of  the  input.  A  second  look  at  the  p/Sa,  and  <p/8a  transfer 
functions  indicates  a  large  difference  in  gains  at  u>  -  i/Tr  (when  the  dutch 
roll  peaks  are  ignored)  which  results  in  a  large  |q>/p|  computed  for  aileron 
inputs,  just  as  the  near-cancellation  of  p  responses  to  rudder  inputs  also 
infers  a  large  |  q>/p  J  •  All  of  these  considerations  imply  that  the  roll 
subsidence  is  small  in  r  and  p  weighting  functions,  and  that  this  mode  is 
then  characterized  almost  entirely  by  rolling  motions.  This  is,  of  course, 
the  origin  of  its  name.  The  roll  subsidence  modal  response  ratios  evalu¬ 
ated  from  the  jo- Bode  plots  will,  in  this  case,  be  quite  inaccurate  if  the 
plot  itself  is  used  because  of  the  close  prpximity  and  dominance  of  the 
dutch  roll  peak.  Good  results  can,  however,  be  obtained  i<'  the  asymptotic 
plot  is  used. 

Finally,  for  the  spiral  mode  the  modal  response  ratios  could  be 
computed  from  the  dc  gains  if  all  the  other  poles  and  zeros  are  far  enough 
removed.  For  the  aileron  responses  (Fig.  6-2)  this  condition  obtains,  and 
the  modal  response  ratios  approximated  by  the  gain  ratios, 
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p  :  <P  :  r  =  (-14-38)  :  (-1 1 ,070)  :  (-5^5-7) 

=  1:770  :  37-8 

correspond  favorably  to  the  exact  ratios, 
p  :  <p  :  r  =  1  :  75 6  :  36 

The  close  proximity  of  a  numerator  factor  to  the  spiral  denominator  term 
in  the  p/5r  transfer  functions  makes  the  use  of  the  gain  ratios  alone 
inaccurate  for  the  rudder  case;  however,  the  9:  r  modal  response  ratio 
computed  using  the 'rudder-input  dc  gains  is  satisfactory.  The  predominance 
of  rolling  and  yawing  in  the  spiral  motion  indicates  that  this  mode,  albeit 
unstable,  is  nonetheless  nearly  coordinated.  Further,  because  of  the  rela¬ 
tively  small  sideslip,  the  r  :  <p  ratio  is  app~ oximately  g/UQ  (e.g.,  Eq.  6-3). 

Figure  6-3  presents  time  histories  of  the  responses  to  an  aileron  pulse 
and  a  rudder  step,  which  are  in  accord  with  the  foregoing  conclusions.  Here 
we  can  see  that  the  primary  response  to  an  aileron  input  is  in  roll  angle; 
and  that  nearly  constant  angle  is  achieved  in  a  short  time,  corresponding 
to  a  response  time  5Tr  of  the  roll  subsidence  mode.  The  spiral  mode  diver¬ 
gence  is  not  discernible  due  to  its  extremely  large  time  constant,  736  sec. 
The  dutch  roll  excited  by  the  aileron  appears  to  be  mostly  in  p  and  r,  but 
the  much  larger  scale  used  for  the  cp  trace  tends  to  mask  its  magnitude 
relative  to  p  and  r.  The  magnitudes  of  these  three  motions  in  the  dutch 
roll  mode  are  more  easily  seen  in  the  time  histories  for  a  rudder  step. 

These  also  show  a  relatively  small  average  roll  rate  response,  indicative 
of  the  reduced  excitation  of  the  roll  subsidence  mode  by  the  rudder  as 
compared  to  the  aileron. 

Figure  6-4  presents  the  time -vector  diagrams,  which  directly  indicate 
the  relative  magnitude  and  phasing  of  the  free  motions  (phasors)  and  show 
the  relative  importance  of  each  term  in  the  equations  of  motion  (polygons) 
for  each  mode.  Again  we  see  that  p  is  almost  nonexistent  in  the  spiral 
mode,  which  consists  therefore  of  coordinated  banking  and  turning  (i.e.,  no 
sideslipping)  motions.  For  the  roll  subsidence,  cp  is  the  dominant  motion 
parameter;  and  for  the  dutch  roll,  all  motions  are  the  same  order  of 
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magnitude.  The  snail  amount  of  lateral  motion  in  the  dutch  roll  is 
apparent  in  the  approximate  cancellation  of  the  r  and  sp  side  force 
components,  i.e., 

U0/  .  U0/  . 

y  '  f(P+t)  =  -^(sp  +  r)  =  0 

6.5  TWO-DEOREE-OF-FREEDOM  DUTCH  ROLL  APPROXIMATIONS 

Because  the  9  oscillations  occurring  in  the  dutch  roll  mode  can  be 
just  as  large  as  the  £  and  motions,  it  is  clear  that  they  cannot  safely 
be  neglected  in  formulating  a  generally  applicable  set  of  simplified 
dutch  roll  equations.  Nevertheless,  by  analogy  with  the  longitudinal 
short  period,  this  is  commonly  done  in  the  interests  of  obtaining  simple 
physical  insight.  If  we  assume,  therefore,  that  the  9  motions  are  negli¬ 
gible,  then  the  sum  of  the  rolling  moments  must  be  zero  at  all  times  and 
the  roll  equation  is  eliminated  along  with  9  perturbations.  Thus  the 
equations  of  motion  (6-1),  neglecting  gust  inputs,  reduce  to: 


(8-Yv)p  +  r  =  Yg5 

-N£0  +  (s-Nr)r  =  N56 


(6-18) 


The  corresponding  transfer  functions  are,  given  by: 


6(s)  Al2 


(6-19) 

6(s)  Ai2 

where  Aig  -  +  (“Yv  -  Ny)s  +  +  YvNr 


There  is,  of  course,  no  9  transfer  function  because  of  the  assumptions  made. 


For  the  example  airplane  derivatives,  the  rudder  and  aileron  numerical 
transfer  functions  are: 


M 

6r(s) 


r(s) 

8r(s) 


P(s) 

8a(s) 


r(s) 

8a(s) 


0.402. 


-0.0218 


—0« 1 1 66 


O.OO965 
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Comparing  the  dutch  roll  characteristics,  we  see  that  the  frequency  is 
fairly  close  to  the  exact  value  (1.8775);  hut  that  the  damping  is  about 
twice  as  high  (i.e.,  should  be  0.0245).  Also,  the  direct  Bode  amplitude 
comparisons  given  in  Fig.  6-5  show  that  while  the  rudder  transfer  functions 
are  fairly  well  matched,  the  two-degree-of-freedom  aileron  approximations 
depart  considerably  from  the  complete  three-degree-of-freedom  cases. 

6.6  affiffiE-DEOHEB-Oy-SSEEDOM  DUTCH  ROLL  WROXIMTIONS 

We  can  improve  on  our  approximation  to  the  dutch  roll  mode  by  consid¬ 
ering  that  several  of  the  smaller  terms  in  the  time  vector  diagrams  of 
Fig.  6-4c  are  negligible.  Prime  candidates  are  the  gravity  terms,  gcp/U0, 
the  rolling  acceleration  due  to  rate  of  yaw,  L^.r,  and  the  yawing  accelera¬ 
tion  due  to  rate  of  roll.,  Npp.  With  these  simplifications  the  approximate 
three-degree-of-freedom  set,  considering  only  control  inputs,  becomes: 
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Fig.  6-5  •  Comparisons  Between  Complete  Three-  and  Two-Degree-of-Freedom 
Dutch  Roll  Approximate  Bode  amplitudes 
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(s-Yv)P  +  r  =  Y§8 

-1^(3  +  s(s —  Lp)(p  =  L58 

-N^p  +  (s-Nr)r  =  l$j 

For  this  set  of  equations  the  denominator  determinant  is: 

Alj  =  s(s-I^)[s2  +  (-Yv-N^)s  +  (Np  +YyNr)]  (6-22) 

Here  the  free  s  corresponds  to  the  spiral  mode,  the  (s-L^)  factor  to  the 
roll  subsidence,  and  the  quadratic  to  the  dutch  roll.  The  dutch  roll 
approximation  is  of  course  the  same  as  that  for  the  two-degree-of-freedem 
set.  Likewise,  the  p  and  r  transfer  functions  are  unchanged.  The  advan¬ 
tage  of  the  three-degree-of- freedom  dutch  roll  approximation  is  to  obtain 
cp  transfer  functions.  Thus,  Eqs.  6-21  yield  the  following  <p  numerator: 


The  corresponding  numerical  transfer  function  for  aileron-input  to 
the  example  airplane  is; 


Figure  6-6  compares  the  three-degree-of-freedom  dutch  roll  approxima¬ 
tion  Bode  plot  with  the  complete  set.  This  comparison  shows  that  the  c p/8a 
transfer  function  based  on  the  approximate  equations  is  quite  close  to 
that  found  using' the  complete  three-degree-of-freedom  set. 
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6.7  THREE-DEOREE-OF-HMOM  SPIRAL  AND  ROLL  SUBSIDENCE  APPROXIMATIONS 

Approximate  equations  of  motion  appropriate  to  the  spiral  and  roll 
subsidence  modes  are  obtained  quite  simply  from  the  observation  that  for 
both  modes  the  p  motions  are  relatively  small,  as  shown  by  the  phasors  of 
Fig.  6-ha  and  b;  and  that  (s-Yy)P  for  the  spiral  mode  is  negligible  with 
respect  to  the  remaining  side  force  terms  (see  Fig.  6-h a).  Accordingly,  we 
neglect  this  term  to  obtain  the  approximate  equations  of  motion  given  by: 


— 

(g/u0)<p  + 

r 

= 

-Ipp  + 

s(s- Lp)<p  - 

L^r 

=  i4& 

(6-25) 

-Np6  - 

NpS^)  + 

=  Np,5 

These  lead  to  the  transfer  functions: 


p(»)  =  j! 

&(s)  N^R 


where  n|  is  the  complete 
form  given  in  Table  6-1 
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For  the  example  airplane,,  these  transfer  functions  are 


Directly  comparing  these  results  with  the  complete  transfer  functions 
given  in  Eqs.  6-11  to  6-17  we  see  first  that  the  approximate  values  of  the 
spiral  and  roll  subsidence  inverse  time  constants  are  quite  close  to  the 
exact  values  (i.c.,  -0.00135  and  1.852  versus  -0.001355  and  1.777)-  that  the 
low  frequency  gains  for  both  sets  are  essentially  the  same,  and  that  the 
0  numerators  for  both  sets  are  identical.  However,  the  cp  and  r  numerator 
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approximate  factors  are  quite  different  from  the  exact  factors.  For  the 
<p  numerators  these  differences  occur  at  frequencies  greater  than  that 
corresponding  to  the  roll  subsidence  mode,  as  might  be  expected.  For  the 
r  numerators  the  breakpoint  differences  occur  at  frequencies  below  the 
roll  subsidence,  and  it  is  quite  clear  that  the  approximate  Bodes  will 
not  closely  resemble  the  complete  Bodes  at  the  lower  frequencies  in  the 
vicinity  of  the  spiral  root. 


The  spiral  and  roll  subsidence  approximations  may  often  be  further 
simplified  by  recognizing  that  for  most  conventional  airplanes  the  value 
of  g/U0[(Lp/N(3)Hr*-L^)]  is  small  relative  to  the  other  terms  appearing  in 
Air*  Then,  lf  Yla  *  °t 

<P(s) 


This  can  be  contrasted  with  the  classical  single-degree-of-freedom  roll 
approximation  obtained  by  considering  only  the  rolling  equation  of  motion, 
and  neglecting  p  and  r  motions. 


<p(s)  _  L&a 

Ba(s)  s(s  -  l£) 


(6-29) 


We  see  that  both  the  gain  and  the  roll  time  constant  are  affected  by  three- 
degree-of -freedom  considerations,  but  that  the  temporal  nature  of  the 
motion  is  not,  i.e.,  the  response  to  a  step  aileron  input  is  an  exponential 
increase  from  zero  to  a  steady  rolling  velocity  in  either  case. 

6.8  COMMENTARY  ON  APPROXIMATE  EQUATIONS  OP  MOTION 


In  this  article  we  will  examine  both  the  discrepant  aspects  of  the 
approximations  and  their  positive  attributes.  In  this  process  we  will 
take  up  the  various  approximations  separately  first  and  then  consider  them 
as  a  whole. 
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3*wo-Degree-of -Freedom  Dutch  Roll 

Early  versions  of  the  simplified  equations  of  motion  for  the  dutch 
ro.ll  mode  were  very  similar  to  Eq.  6-1 8,  but  used  the  unprimed  deriva¬ 
tives  in  the  yawing  acceleration  equation.  A  principal  virtue  of  using 
the  primed  derivatives  shows  up  in  considering  the  denominator,  Alp*  anci 
its  factors.  The  fact  that  =  Np  +  YvNp,  as  implied  by  Eq.  6-19,  rather 
than  ag  =  Np+YvNr  is  an  important  distinction.  It  shows  that  the  effective 
directional  stiffness  is  a  function  not  only  of  the  weathercock  stability, 

Np,  but  also  of  the  dihedral,  Lp,  and  the  product  of  inertia,  Ixz,  i.e., 

%  +  (IxzAz)% 

No  =  - - ~ 

1  ~  (^xzAx^z) 

Thus,  even  though  Np+YvNr  -*►  0  it  is  still  possible  to  have  positive 
stiffness  and  a  finite  dutch  roll  frequency  if  Ixz  and  Lp  are  of  the  same 
sign  (i.e.,  for  normally  negative  Ip  and  nose-up  inclination  of  the 
principal  axis  of  inertia  to  the  direction  of  flight) .  Such  situations 
are  not  uncommon  for  high  angle  of  attack  conditions  where  a  negative  Np, 
e.g.,  due  to  fin  immersion  in  the  wing/body  wake,  can  be  stabilized  by 
overriding  negative  values  of  IXz  and  Ip.  Of "course  unfavorable  Np  char¬ 
acteristics  can  also  occur,  due  to  either  Ifech  and/or  aeroelastic  effects, 
at  low  angles  of  attack  corresponding  to  high  speed  operation.  The  possi¬ 
bility  of  IxzLp  overriding  Np  in  such  situations  is  small  because  of  the 
low  angle  of  attack  and  correspondingly  low  Ixz  and  Lp  generally  involved. 

The  dutch  roll  damping  implied  by  Eq.  6-19,  2Cda)d  ®  ~Yv“Nr^  is  almost 
always  positive  because  usually  both  Yv  and  Nr  are  negative.  There  are 
rare  cases,  as  noted  in  Chapter  4,  where  Yv  can  become  positive;  and  it  is 
conceivable  that  the  same  high  a  conditions  could  "blanket"  the  fin  and 
greatly  reduce  .  Except  for  such  uncommon  possibilities,  the  implica¬ 
tion  of  the  approximation  is  that  dutch  roll  damping  will  always  be  positive. 
Divergent  oscillations  have  been  observed  in  practice,  so  these  cannot  be 
"explained"  by  this  set  of  simplified  equations. 

The  possible  motions  for  the  two-degree-of-freedom  simplified 
equations  must  therefore  be  either  a  damped  (or  overdamped)  oscillation 


or  a  subsidence/divergence  combination.  Both  forms  have  been  observed, 
but  the  lightly  damped  oscillation  is  the  more  usual  characteristic. 

Three-Degree- of -Freedom  Dutch  Roll 

This  approximation  is  intended  primarily  to  allow  the  computation  of 
a  bank  angle  transfer  function  or  response  to  complement  the  two-degree-  . 

•'V** 

of- freedom  approximation  results  for  yawing  velocity  and  sideslip.  It 
satisfies  this  requirement,  but  is  otherwise  undistinguished. 

Spiral  and  Roll  Subsidence 

Until  recently  the  roll  subsidence  and  spiral  modes  were  usually 
thought  of  as  unconnected  and  independent.  Physically,  the  roll  subsidence 
was  associated  primarily  with  the  rolling  behavior  of  the  aircraft,  which 
is  described  largely  by  the  time  lag  in  attaining  a  nearly  steady-state 
rolling  velocity  after  a  step  application  of  the  ailerons.  This  lag  is 
due  principally  to  the  combination  of  the  roll  rate  damping  moment  and  the 
roll  moment  of  inertia,  so  the  mode  is  conventionally  considered  to  be 
essentially  single-degree-of -freedom.  On  the  other  hand,  the  spiral  mode 
has  long  been  recognized  generally  as  involving  at  least  two  degrees  of 
freedom  —  yawing  and  rolling.  Since  the  describing  time  constant  for  this 
mode  involves  a  very  small  root  of  the  lateral  characteristic  equation,  the 
approximation  for  the  root  (i.e.,  E/D  of  Alat)  has  been  well  known  for 
many  years. 

As  can  be  appreciated  from  these  remarks,  no  particular  reason  existed 
for  further  exploration  of  the  underlying  physics  of  the  roll  subsidence 
and  spiral  modes  at  a  time  when  most  aircraft  possessed  three-degree-of- 
freedom  rolling  motions  that  approximated  single-degree-of-freedom  char¬ 
acteristics.  However,  modern  craft  with  high  effective  dihedral,  low  roll 
damping,  etc.,  occasionally  exhibit  a  long  period  lateral  oscillation,  and 

I  p 

rolling  velocity  calculations  based  on  Lga  rather  than  Lga  (u^/ag.)  have  led 
to  later  surprises.  Early  contacts  with  these  phenomena  called  attention  to 
the  problem  of  obtaining  a  more  adequate  physical  understanding  of  the  spiral 
and  roll  subsidence  modes.  Equation  6-25  brings  the  two  modes  into  their 
present  closely  interconnected  context. 
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The  history  related  above  lias  certain  overtones  of  repetition  because 
the  earliest  partially  successful  gliders  and  umranned  aircraft  possessed 
considerable  "lateral  stability."  In  the  terms  used  here,  the  roll  subsi¬ 
dence  and  spiral  were  both  stable  modes  and  fairly  close  to  or  actually 
in  the  coupled  state.  Model  aircraft  also  use  the  same  principles  to 
obtain  as  much  over-all  lateral  dynamic  stability  as  possible.  It  was  not 
until  the  Wrights  correctly  deduced  that  a  "neutral  lateral  stability"  was 
desirable  for  lateral  control  that  the  roll  subsidence  became  essentially 
single-degree-of-freedom  and  the  spiral  simply  a  minor  headache  to  the 
pilot  in  IFR  conditions. 

Considering  the  terms  combined  in  Z^r(s) ,  it  can  be  shown  that  the 
time- response  characteristics  for  the  lateral  roll  subsidence/spiral  combi¬ 
nation  can  take  on  almost  any  second-order  form.  The  solitary  exception  on 
a  normal  winged  aircraft  is  two  divergent  first-orders.  All  other  forms, 
i.e.,  positively  or  negatively  damped  oscillation,  two  subsidences,  or  a 
subsidence/divergence  pair,  have  actually  occurred  in  practice. 

Combined  Considerations 


Preferably  we  would  like  approximate  relationships  which  could  be 
connected  together  in  some  logical  fashion  to  give  a  fairly  accurate 
picture  of  the  complete  three-degree-of -freedom  situation.  As  already 
noted,  in  terms  of  the  denominator  the  two  three-degree-of-freedom  approxi¬ 
mations  to  the  dutch  roll  and  spiral/roll- subsidence  modes  offer  a  combined 
set  of  denominator  dynamic  characteristics  in  general  quite  representative 
of  the  complete  situation.  The  major  denominator  deficiency  is  the  dutch 
roll  damping.  This  can  be  alleviated  by  considering  that  the  damping  for 
the  spiral/roll-subsidence  mode  is  more  correct  than  that  for  the  two- 
degree-of-freedom  dutch  roll,  and  by  recalling  that  the  s3  coefficient  of 
the  complete  denominator  is  the  sum  of  all  the  damping  terms.  Then  a  better 
estimate  for  the  dutch  roll  damping  will  be 
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For  normally  negative  Ip  and  positive  negative  values  of  Np  and/or 
small  values  of  U0  will  result  in  a  negative  damping  contribution  due  to 
the  added  term.  This  can  be  large  enough  to  overpower  the  "two-degree- 
of -freedom"  damping  provided  by  (— Yv— N^)  and  thereby  to  produce  a 
divergent  oscillation. 

Unfortunately,  as  observed  earlier,  the  various  example-case 
approximate  numerators  show  a  very  spotty  correspondence  with  the  exact 
numerators.  In  all  cases,  however,  we  can  say  that  for  the  spiral/roll- 
subsidence  the  asymptotic  low  frequency  gain/dynamics  closely  approximate 
those  for  the  complete  transfer  function;  also,  either  of  the  dutch  roll 
approximations  approaches  the  correct  asymptotic  high  frequency  gain/ 
dynamics.  As  for  the  numerator  factors,  those  that  are  reasonably  correct 
numerically  for  the  example  airplane  are  limited  to: 

Two-degree-of -freedom  dutch  roll 

p/6,  r/:>  —  Good  agreement  at  high  frequencies 

Three -deg.  <-c-of -freedom  dutch  roll 

<p/6a  —  Identical  to  exact  complete  numerator  if  Yga  =  0 
p/6,  r/6,  cp/5r*  —  Good  agreement  at  high  frequencies 

Three-degree-of-freedom  spiral/ roll- subsidence 

<p/&a  —  Good  except  in  immediate  region  of  dutch  roll 
p/6a,  p/5r  —  Identical  to  exact  complete  numerator 

This  picture  contrasts  somewhat  to  the  situation  for  the  longitudinal 
approximations  where  the  numerator  and  denominator  factors  are  in  better 
agreement  with  the  exact  factors.  It  appears  that  the  use  of  simplified 
modal  equations  of  motion  cannot  in  general  yield  good  approximate  numerator 
factors;  and  tliat  another  approach  to  approximate  factors  is  required  to 
supplement  the  approximate  equation  technique.  'Such  an  approach  was  out¬ 
lined  in  Section  J.k,  and  has  been  applied  extensively*  to  the  problem  of 
obtaining  approximate  factors. 


*Not  given  in  text;  computed  example-case  factors  are  +  l)  (g~^' +  1 )  ♦ 

te.g.,  I.  L.  Ashkenas  and  D.  T.  McRuer,  Approximate  Airframe  Transfer 
Functions  and  Application  to  Single  Sensor  Control 'Systems,  WADC  TR  ^8-b£, 

June  Appendix,  pp.  191-210. 


6.9  HOVERING  EQUATIONS,  CONTROL-INPUT  TRAH3IER 
FUNCTIONS,  AND  TIME  RESPONSES 

In  their  simplest  practical  form  the  lateral  small-perturbation 
equations  of  motion  in  hover  are: 


(s-Yy)v  -  gcp  =  Y55 

-LyV  +  s(s-Lp)cp  =  L58 

(s-Nr)r  =  N56 


(6-31) 


Equation  6-31  assumes  U0  =  Np  =  Lr  =  Ixz  =  Nv  =  Yp  =  Yr  =  0  and  applies 
fairly. well  to  any  hovering  vehicle  without  a  tail  rotor,  or  with  a  tail 
rotor  of  high  disk  loading.  It  is  riot  completely  valid  for  typical 
single-rotor  helicopters  because  the  tail  rotor,  being  of  low  disk  loading, 
is  sensitive  to  local  sideslip  velocity  perturbations  and  hence  generates 
(for  example)  Nv  and  possibly  Lr  and  Np.  Notice  that  it  is  completely 
analogous  to  the  longitudinal  hover  equations  (5-3!+)  -with  cp  replacing  0, 
v  replacing  u,  and  r  replacing  w;  the  Y,  N,  L  derivatives  replace  X,  Z, 
and  M  derivatives,  respectively.  The  resulting  transfer  functions  and 
modal  responses  are  correspondingly  similar  in  form  to  those  given  previ¬ 
ously  for  the  longitudinal  motions;  that  is: 


r(s) 

NS 

8(s) 

s  -  Nr 

<P(s) 

Lb|s  -  Yv  + 

Ms) 

^hover 

v(s) 

y8p-V  +  s| 

&(*) 

Clover 

(6-32) 


(6-33) 


(6-34) 


where  Aiover  “  +  (“Yv~Lp)s2  +  YvLpS  -  gLy  (6-35) 


From  these  relationships  we  see  that  the  s~Nr  mode  is  associated  only 
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with  yaw  rate  perturbations,  r,  and  doesvnot  appear  in  either  <p  or  v 
motions.  Conversely,  there  are  no  r  motions  in  the  modes  associated  with 
the  lateral  hovering  cubic  (Eq.  6- 35)  which  usually*  factors  into  a  nega¬ 
tive  real  root  describing  a  stable  mode,  plus  a  complex  pair  associated 
with  a  lightly  damped,  or  unstable,  oscillatory  mode. 

The  similarity,  in  form,  of  these  and  the  longitudinal  equations  is 
matched  by  similarities  in  the  derivatives.  For  most  hovering  vehicles* 

Xu  «  Yv  and  IxLy  »  -IyMuj  however,  the  equations  of  motion  are  not  numeri¬ 
cally  identical  because  usually  Ix  ^  Iy,  hence  Ly  ^  -Mu  even  if  IxLy  =  -IyMu. 
Similarly,  Mq  /  Lp,  although  often  IyMq  =  IxLp.  Despite  this,  the  analogy 
between  longitudinal  and  lateral  equations  is  sufficiently  complete  to 
suggest  that  the  root  locations  and  modal  response  coefficients  may  be  very 
similar. 


As  an  example  which  illustrates  this  we  again  choose  the  configuration 
shown  in  Fig.  5-7,  and  consider  small  perturbations  from  a  near-hover  con¬ 
dition  (Uo  =1.0  ft/oec)  to  detect  any  possibly  significant  effects  of  not 
being  exactly  at  hover.  As  will  be  shown,  the  effects  of  small  Uo  are 
trivial.  Yp  =  Yr  =  Y^  =  Lr  =  Nv  =  Np  =  %a  are  zero,  but  Ixz  f  0  and 
this  produces  some  coupling  of  the  yawing  mode  ( s  -  Nr)  with  the  roll  and 
sideslip  modes.  Because  the  example  configuration  has  no  tail  rotor,  it 
has  essentially  zero  Nv,  Lr,  and  Np.  The  assumed  characteristics  are: 


Weight  (lb)  .  5,100 

Roll  inertia  (slug-ft2)  .  1 ,990 

Yaw  inertia  (slug-ft2)  . . .  5,450 

Groundspeed,  U0  (ft/sec)  .  •  1 


Yp  .  0 

Yr  .  0 

Yv  .  -0.1 4 

*8a  .  0 

Y6r .  1.017 


Lp  . -0.271 

Lr  .  0 

L y  . -0.0122 

Lga  .  O.69 

Lor . -0.185 


*J.  Wolkovitch  and  R.  P.  Ualton,  VTOh  and  Helicopter  Approximate  Trans¬ 
fer  Functions  and  Closed-Loop  Handling  Qualities,  Systems  Technology,  Inc.,’ 
Tech.  Rept.  128-1 ,  Sept.  1965- 
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-0.1246 

-0.07188 


%  .  0  IxzAx 

Nr  . -O.656  Ixz/lz 

Ny  .  0 

NSa  .  0 

Nsr . -0.539 


The  corresponding  primed  derivatives  are: 


Ip  . 

. -0.275 

»P  . 

U:  . 

Nr  . 

. 

. -0.0125 

N^  . 

I<a . 

.  O.696 

N6a  . 

.  -0.0500 

^r . 

. -0.119 

Ndr . 

For  the  above  assumed  characteristics,  the  control-input  transfer  functions 
are: 

For  yaw  control,  5r 


JL 

8r 


_r_ 

5r 


-0.119  (s  +  0.267) (s  +  1 .008) 
Alat 


-0 


.531  (s  +  0.886) [s2  -  2(0.348)(0.674)s  +  (0.674)2] 

Alat 


(6-35) 


JL  =  1 .0l7(s  -  1 .75) (s'  +  0.99*0 (b  +  2.22) 
5r  Alat 


For  roll  control,  6a 

J&.  =  0.696(s +  0.l4)(s  +  0.65610 
6a  Alat 

JL  -  -0.050Qsg(B  +  0.1 4)  , 

6a  Alat 

JL  =  0»0500(p  ±  0.657) (s  +  447.0) 

6a  ~  Alat 

where 

Alat  =  (s  +  O.655) (s  +  0.888) [s2  -  2(0. 5^7)(0. 669)5  +  (O.669)2] 
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Bode  diagrams  of  these  transfer  functions  and  time  responses  for  impulsive 
8&  and  8r  inputs  are  given  in  Figs.  6-7  and  6-8.  The  Bodes,  in  general, 
show  the  approximate  cancellations  of  the  hovering  cubic  in  the  r  transfer 
function  and  of  the  (s-Nr)  subsidence  mode  in  the  cp  and  v  transfer  func¬ 
tions,  as  anticipated  by  the  approximate  expressions  6-352  through  6-34. 

The  one  exception  is  the  r/8a  Bode  which  is  radically  different  in  appear¬ 
ance  from  r/Sr.  This  difference  is  traceable  to  the  product  of  inertia 
influence,  which  "recreates"  many  of  the  derivatives,  e.g.,  l£,  Ny,  Np, 
considered  zero  in  their  unprimed  state,  and  to  the  size  of  these  deriva¬ 
tives  relative  to  N^,  the  normally  important  yaw-rate-input  excitation  term. 

The  time  responses  are  consistent  with  the  foregoing  differences  and 
similarities.  In  particular,  the  yaw  rate  first-order  subsidence  can  be 
clearly  seen  in  the  rudder-input  response,  and  the  negatively  damped 
oscillation  associated  with  the  hovering  cubic  is  clearly  visible  in  the 
cp  and  v  traces.  However,  the  first-order  portion  of  the  cubic  cannot  easily 
be  separated  from  the  initial  portions  of  these  latter  responses  because 
its  time  constant  is  near  the  period  of  the  second-order  oscillation.  This 
mode  "subsides"  almost  completely  in  about  3  sec  so  that  the  residual  trace 
thereafter  is  almost  entirely  due  to  the  second-order. 

The  time  vector  diagrams  of  Fig.  6-9  enhance  considerably  our  under¬ 
standing  of  the  physical  nature  of  the  modes  of  free  motion  and  the 
significance  of  each  derivative.  For  example,  the  yawing  acceleration  time 
vectors  for  the  "spiral"  mode,  Fig.  6-9a,  show  that  the  approximation  s=Nr 
for  the  root  is  very  accurate.  The  yawing  moment  induced  by  roll  accelera¬ 
tion,  Ixzs2cp,  is  not  visible  on  the  same  scale,  so  for  this  mode  the  sideslip 
and  roll  equations  of  motion  are  superfluous. 

The  time  vectors  for  the  remaining  modes  present  a  quite  different 
appearance.  Considering  both  Fig.  6-9b  and  6-9c,  it  is  seen  that  the  balance 
of  yawing  accelerations  in  free  motion  includes  an  appreciable  contribution 
due  to  Ixz.  However,  the  time  vectors  representing  the  rolling  and  side 
accelerations  show  negligible  contributions  due  to  yawing  velocity  or 
yawing  acceleration .  Hence  these  modes  can  be  calculated  using  roll  and 
side  force  equations  of  motion  only. 
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Figure  6-9.  Time-Vector  Diagrams  for  the  Example  Hovering  Vehicle 
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Thus,  despite  the  nonzero  IX2,  free  yawing  motions  are  essentially 
uncoupled,  and  the  roll  and  sideslip  motions  are  similar  to  the  hovering 
forward  displacement  and  pitching  motions  described  in  Chapter  5*  In 
this  regard,  comparing  the  X  force  and  pitching  moment  time  vectors  of 
Jig.  5-9  with  the  side  force  and  rolling  moment  vectors  of  Pig.  6-9 
shows  that  the  principal  difference  between  longitudinal  and  lateral 
motions  is  due  to  the  greater  damping  in  roll,  IxLp,  than  that  in  pitch, 
lyMq.  (The  difference  in  the  inertias  is  secondary,  Ix  =  1 ,990  versus 
Xy  =  1,790  slug-ft2.)  The  increased  Lpscp  (compared  to  MqS©)  vector  tends 
to  distort  the  appropriate  time  vector  polygon  so  as  to  make  the  damping 
angle,  sin"1  £d>  -less  negative  than  its  longitudinal  counterpart,  sin"1  £p. 

Criteria  for  the  neglect  of  Ixz  on  the  hovering  modes  can  be  found 
by  substituting  the  missing  Ixz  terms  into  Eq.  6-3 1.  The  characteristic 
equation  then  becomes; 

(s-Nr)[(s-Yv)(s2-Lps)  -  gLy]  -  (^)s4  +  Yv(^)s5  =  0  (6‘38)  ' 

and  the  conditions  for  the  hovering  cubic  roots  to  be  hardly  changed  by  Ixz 
are; 


IXIZ 


IXIZ 


Y 

ivAxz 


»  I 


«  lv._  J.  T_  J.  TO 


(6-39) 


The  unimportance  of  a  small  nonzero  forward  speed  on  the  dynamics  is 
shown  by  the  small  size  of  the  Uor  time  vector,  which  is  invisible  in  the 
roll  subsidence  and  dutch  roll  vector  ‘.ygons;  and,  although  visible  in 
the  spiral  mode,  it  appears  in  the  summation  of  side  forces  which  are  not 
needed  to  describe  the  mode,  as  noted  earlier. 

6.10  OUST -INPUT  TRANSFER  FUNCTIONS 

The  gust-input  transfer  function  numerators  (the  denominator  is 
independent  of  input  and  has  already  been  fully  considered)  are  obtained 
in  their  most  general  polynomial  form  from  Eq.  6-2,  and  are  given  in 
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Table  6-2.  Here,  in  order  to  allow  direct  conversion  to  the  primed  nota¬ 
tion  (Eq.  6-1)  by  conventional  rules  (i.e.,  Ixz  =  0,  L  ,  N  we 

have  included  an  LysPg  input  term  not  shown  in  Eq.  6-2;  further,  we  have 
distinguished  p-gust-gradient-input  derivatives  with  a  "g"  subscript  so 
that  potential  differences  between  response  and  input  derivatives,  e.g., 
as  in  (Nr)g  of  Eq.  6-1 ,  can  be  identified. 

Figure  6-10  presents  Bode  plots  of  the  p  gust  transfer  functions  for 
the  example  conventional  airplane;  it  shows  quite  clearly  that  the  major 
response  is  in  <p.  In  fact,  considering  the  roll  rate  response,  p  (which 
corresponds  to  rotating  the  q>  amplitude  Bode  plot  counterclockwise 
20  db/decade  about  the  asymptotic  zero  db  intersection,  as  indicated),  we 
see  that  it  is  exactly  equal  to  the  pg  input  for  low  frequencies  and  is 
sharply  attenuated  beyond  frequencies  corresponding  to  the  roll  subsidence 
mode.  Because  the  dutch  roll  mode  in  cp  almost  cancels  exactly,  the  dutch 
roll  modal  response  coefficient  for  cp  will  be  sms, 11,  resulting  in  little 
<p  dutch  roll  motion.  For  frequencies  below  dutch  roll  the  p  motions  are 
quite  small,  and  the  r  amplitudes  are  roughly  g/u0  times  the  cp  amplitudes. 
All  these  observations  are  in  agreement  with  our  previous  ideas  regarding 
the  relative  motions  appearing  in  the  various  modes. 

The  p  gust  Bode  plots  of  Fig.  6-11  assume  zero  gust  gradient  terms 
Ji.e.,  (%)g  =  (Lr)g  =  0  (see  Table  6-2) J  because  such  terms  are  incon¬ 
sistent  with  the  step  gusts  assumed  for  the  time  histories  to  be  subse¬ 
quently  considered  (Fig.  6-12).  At  dutch  roll  frequencies  the  relative 
amplitudes  between  p,  cp,  and  r  are  substantially  the  same  as  those  for 
the  rudder- input  situations.  If  the  peak  amplitudes  are  used  to  estimate 
the  modal  response  ratios,  the  result  is 

p:cp:r  =  [26  :  26  :  3l]db 
=  1  : 1  : 1 .78 

This  is,  of  course,  very  close  to  the  exact  values,  1  :  0.99  ’  1 .87. 

For  low  frequencies,  Fig.  6-11  shows  that  p  =  pg  so  that  p-  pg  =  0; 
this  means  that  the  sideslip  relative  to  the  air  mass  is  zero  (see 
Eq.  4-83).  Thus  the  aerodynamic  side  forces  are  zero  and  the  banking 
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LATERAL  GUST-INPUT  TRANSFER  FUNCTION  NUMERATORS 


Note:  To  convert  to  primed  derivatives,  eliminate  all  Ixz  terms  and  substitute  L'  and  N’  for  I,  and  N,  respectively. 


and  turning  motions  for  the  spiral  mode  are  coordinated,  as  we  expect 
them  to  be,  and  as  reflected  in  the  g/U0  (—26.3  db)  relationship  between 
<p  and  r  at  the  spiral  inverse  time  constant.  However,  whereas  for  other 
inputs  (e.g, ,  &  or  pg)  the  relationship  r  =  (g/U0)cp  holds  as  well  for  fre¬ 
quencies  bplow  the  ''open-  or  closed-loop)  spiral  mode,  for  Pg  inputs  it 
does  not.  For  example,  for  a  Pg  ramp  input,  (3g  =  constant,  the  resulting 
steady  motions,  applying  the  final  value  theorem,  are  p  =  pg,  r  =  0, 

<P  =  (u0/g)P- 


Figures  6-10  and  6-11  show  that  for  a  given  input  all  motions  (except 
p/Pg  discussed  above)  follow  roughly  the  same  pattern  with  frequency. 

That  is,  responses  to  Pg  excitation  are  primarily  low  frequency  in  nature, 
whereas  those  due  to  pg  excitation  occur  primarily  near  dutch  roll.  Although 
not  shown  in  Fig.  6-11,  the  lateral  acceleration  (ay)  response  at  high 
frequencies  wou3.d  be  quite  large.  For  example,  using  the  basic  Eq.  6-3 


relationship, 


=  U0(P  +  r)  -  gcp 


ayc.g. 

The  high  frequency  asymptote  is  given  simp3.y  by 


^c.g. 

Pg 


hi  freq 


U0  (Aps^  +  Ars^)  —  gAqjS? 


where  the  A  terms  are  those  in  Table  6-2.  Accordingly, 


ay, 


c.g. 


hi  freq 


U0(Ap  +  Ar) 

TW 


=  “U0YV 
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Notice  that  this  asymptote  is  constant  (i.e.,  not  a  function  of  s)  and 
therefore  does  not  attenuate  with  frequency.  This  .situation  is  analogous 
to  that  noted  with  respect  to  the  az  high  frequency  asymptote  in  Chapter  5 
and  the  same  comment  applies.  That  is,  the  possibility  of  exciting,  and 
coupling  with,  high  frequency  structural  responses  must  be  considered  in 
any  system  involving  ay  feedbacks. 


Figure  6-12  presents  time  histories  of  the  response  to  a  pg  step 
and  to  a  pg  pulse  (rather  than  a  step  to  keep  the  bank  angle  trace  within 
bounds).  The  motions  shown  are  consistent  with  those  deduced  above  from 
the  Bode  plots. 
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Responses  of  the  Example  Conventional  Airplane  to  Gust  Inputs 


6.11  COUPLING  NUMERATORS 


The  general  uses  of,  comments  on,  and  appreciation  for  the  longi¬ 
tudinal  coupling  numerators  given  in  Chapter  5  apply  equally  veil  to  the 
lateral  coupling  numerators .  In  fc:.j.ef , 

•  They  are  required  for  analysis  of  multiloop  situations 
involving  more  than  a  single  input  to  the  vehicle 

•  They  are  simply  obtained  by  replacing  motion  derivatives 
in  the  characteristic  determinant  by  the  appropriate 
feedback  control- input  derivatives 

•  They  can  be  due  to  coupling  between  gust-  and  control- 
inputs  and  among  more  than  two  inputs,  control  or 
disturbance 

•  They  are  always  of  order  s^  or  lower,  and  are  easily 
computed;  therefore  it  is  unnecessary  to  catalogue  all 
possible  combinations 

The  most  commonly  used  aileron  and  rudder  coupling  numerators  are 
given  in  Table  6-3,  which  contains  the  polynomial  coefficients  in  literal 
primed-derivative  terms,  the  corresponding  factored  forms,  and  literal 
approximations  to  the  factors.  The  latter  are  based  on  neglecting  terms 
usually  unimportant  for  conventional  airplanes  (terms  neglected  are  obvious 
by  comparison  with  the  complete  polynomial  coefficients) ..  For  unconven¬ 
tional  configurations  the  approximate  factors  shown  may  not  be  appropriate, 
in  which  case  the  specifically  important  contributions  to  the  exact 
polynomial  coefficients  can  be  used. 

6.12  APPROXIMATE  FACTORS 

We  have  already  derived  some  approximate  factors  in  association  with 
the  various  sets  of  simplified  equations.  However  we  have  also  noted  that, 
in  general,  the  numerator  factors  thus  obtained  arc  not  necessarily  good 
approximations  to  the  complete  situation.  For  these  wc  can  use  a  direct 
approach  which  involves  factoring  the  literal  polynomial  expressions  in 
Table  6-1  by  partitioning  the  polynomial  into  a  form  N(s)  +KD(s)  which  can 
be  factored  by  servo  analysis  methods  (see  Section  3  JO*  This  approach 
yields  relatively  accurate  factors  for  specific  "conditions  of  validity." 

Naturally,  the  relative  significance  of  given  derivatives  or  groups 
thereof  depends  on  the  vehicle  configuration  and/or  flight  condition;  therefore, 
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IATERAL  COUPLING  NUMERATORS  FOR  AIIERON  AND  RUDDER  INPUTS 
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as  ip  the  longitudinal  case,  there  is  no  single  set  of  literal  approximate 
factors  which  applies  to  all  situations.  This  results  in  the  large  collec¬ 
tion  of  approximate  factors  given  in  Tables  6-*i  and  6-7,  which  are  taken 
from  the  same  references  used  for  the  corresponding  longitudinal  tables. 

Table  6-4  contains  the  approximate  factors  for  conventional  airplanes, 
and  these  apply  also  to  single-rotor  helicopters  at  speeds  over  50  ft/sec. 
Notice  that  the  denominator  factors  are  essentially  identical  to  those 
obtainable  (Eqs.  6-22,  6-26)  from  the  three-degree-of- freedom  dutch  roll 
and  spiral/roll-subsidence  approximate  equations  of  motion.  Some  of  the 
numerator  factors  are  expressed  in  terms  of  unprimed  derivatives  and  some 
in  terms  of  primed  derivatives,  depending  on  which  results  in  the  more 
compact  form.  As  noted  earlier,  this  may  lead  to  confusion  regarding  the 
proper  value  of  the  transfer  function  gain;  this  is,  however,  easily 
resolvable  according  to  the  rules  given  cn  page  6-6. 

The  various  expressions  in  Table  6-4  indicate  directly  the  deriva¬ 
tives  of  primary  importance  for  a  given  dynamic  mode  and  the  connec¬ 
tions  between  denominator  and  numerator  factors.  These  connections  are  - 
specifically  spelled  out  for  conventional  aircraft  in  Table  6-5,  which  can 
also  be  used  to  indicate  the  gross  effects  of  artificial  stability  deriva¬ 
tive  augmentation  via  motion  feedback  to  the  control  surfaces. 

In  general,  the  conditions  for  which  the  Table  6-4  approximate  factors 
apply  are  inappropriate  for  hovering  and  transition  flight  of  helicopters 
and  VTOL  aircraft.  The  latter  situations  are  treated  in  Table  6-7,  to 
which  Table  6-6  serves  as  a  guide.  In  Table  6-7  we  continue  to  refer  to 
aileron  and  rudder  controls;  as  noted  in  Table  6-6,  these  are  to  be  taken 
as  whatever  devices  are  used  to  produce  rolling  and  yawing  moments,  respec¬ 
tively  (e.g.,  main  rotor  lateral  cyclic  pitch  and  tail  rotor  collective 
pitch  for  a  sing3.e-rotor  helicopter) . 

We  can  check  some  of  the  VTOL  approximate  factors  against  our  example 
hovering  vehicle.  Doing  so,  we  find,  for  instance,  from  Table  6-7a  and  b 
that  the  approximate  expressions  yield  ; 


0.696(s  +0.l4)(s  +0.662) 


(s  +0.662)(s  +0.875)  [s2  -  2(0. 347) (0. 662)  +  (0.662)2] 


6-4*1 
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SUMMARY  OP  CONVENTIONAL  AIRPLANE  LATERAL  APPROXIMATE  FACTORS 


’Applicable  also  to  single-rotor  helicopters  at  high  speed  (U0 > 50  fpc). 
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TABLE  6-5 

QUALITATIVE  IMPORTANCE  OF  NORMAL  AIRFRAME  STABILITY  PARAMETERS 
TO  LATERAL,  AILERON  A®  RUDDER  INPUT,  TRANSFER  FUNCTION  QUANTITIES* 


n  «nd  y  n  w  F'lSp'nm  choice  m  vonre  or 

*  v  p  r  a*™  “  ««*«■  applicatio:. 


1«  Denominator,  A(s) 

a.  Spiral  Mode,  1/Tt 

b.  Roll  Subsidence  Mode,  1/Tr 

c.  Dutch  Roll  Undamped  Frequency,  u’d 

d.  Dutch  Roll  Damping,  25414 

t.  Lateral  Phugold  Undamped  Frequency,  o§n 
f.  Lateral  Phugoid  Damping,  2£gj£fcD 


2.  Roll  (Aileron  Input)  Numerator,  Nja(s) 

a.  Undamped  Frequency,  <i^ 

b.  Damping, 


J.  Roll  (Rudder  Input)  Numerator,  N?  ( s ) 

a.  Undamped  Frequency,  or  Product  of 

Firat  Order*,  l/T^T^ 

b.  Damping,  2^oa^,  or  Sen  of  First  Orders, 


4.  v  ving  Velocity  (Aileron  Input)  Numerator,  N£ft(s) 

a.  Fir*t-Ordcr  Factor,  l/Tra  Undamped  Frequency 

of  Quadratic  Factor,  aTjl 

b.  Quadratic  Factor  Damping,  2$T^^ 


S  Yaving  Velocity  (Rudder  Input)  Numerator,  N$r(s) 

a.  Fir*t  Factor,  l/Tri 

b.  Second  Factor,  l/Tr? 

c.  Third  Factor,  1/Tr^ 

d.  Quadratic  Factor  Frequency,  U* 

«*  Quadratic  Factor  Damping,  2$^ 


6.  Sideslip  Numerator, 

a.  First  > actor,  l/Tpj 

b.  Second  Factor,  l/Tpg 

c.  Third  Factor,  1/Tp^  (RuJdcr  Input) 


7,  Side  Acceleration  (Rudder  Input)  Numerator,  Njj(*; 

a.  First  Factor,  l/T*^ 
b*  Second  Factor,  l/T*^ 

c.  Third  Factor,  1/Tfty^ 

d.  Fourth  Factor,  l/T»y^ 

e.  Quadratic  Factor  Frequency,  a^y 

f.  Quadratic  Factor  Damping,  2^0^ 


j 

*The  only  stability  parameters  considered  in  this  Table  are  those  that 

CCDS 

, ' 

1 

(1)  Exist  in  the  normal  uncontrolled  airframe,  and 

(2)  Can  be  au$iented  by  relatively  simple  automatic  control  systems. 

Blann  -  kittle  or  no  effect 

x  -  Moderate  effect 

' 

1 

xx  -  Important  effect 

; 

• 
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xxx  -  Predominant  effect 
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APPROXIMATE  FACTORS  CONDITIONS  OF  VALIDITY  APPLICABLE  TO: 
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Tanden-rotor  hel:.copter . aileron 


Table  6-7  (Concluded) 
v-Numerator  Factors 


'i 
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which  is  in  excellent  agreement  with  Eq.  6-57*  Because  of  this  correspon¬ 
dence,  we  can  use  the  approximate  factor  expressions  to  answer  a  variety 
of  questions.  For  example,  to  determine  what  changes  will  stabilize  the 
negatively  damped  dutch  roll  mode  in  the  above  denominator,  one  should  make 

2£do>d  =  +  -|(-i^-Yv)  (6-42) 

greater  than  zero.  It  takes  about  a  2.7-fold  increase  in  -L^— Yv  as 
opposed  to  a  reduction  by  a  factor  of  about  1 / 20  on  — Ly  to  accomplish 
such  a  change)  and  these  relative  effects  are  consistent  with  the  inter¬ 
pretation  of  the  time  vector  polygons  of  Fig.  6-9c.  For  the  stable  system 
that  results  for  such  changes,  the  final  value  theorem  applies  (Chapter  2), 
but  now  a  step  aileron  input,  instead  of  producing  a  steady- state  roll  rate, 
as  for  a  conventional  airplane  (with  small  1 /Ts),  results  in  a  steady- state 
bank  angle  given  approximately  by  (Eq.  6-33): 


Lira  ^t-oo 


L5a8a(“Yv) 

ziV 


(6-43) 


6.13  APPROXIMATE  MODAL  RESPONSE  RATIOS 

We  have  already  studied  the  modal  responses  of  selected  example 
configurations  by  means  of  the  time  vector  diagrams.  Now,  on  the  basis 
of  the  approximate  factors  and  equations  of  motion,  we  can  generali.ze  to 
show  the  most  interesting  literal  relationships  for  conventional  airplanes. 

Spiral  and  Roll  Subsidence 

From  the  three-degree-of-freedom  spiral  and  roll  subsidence  equations 
(6-25),  and  first  considering  the  side  forces,  we  can  say  that  both  spiral 
and  roll  subsidence  (free)  motions  involve  an  approximate  balance  between 
gravitational  forces  (g;o)  and  centripetal  forces  (U0r),  and  that  side 
accelerations  are  produced  only  by  sideslip,  i.e.,  (s-Yy)p  =  0.  Unfor¬ 
tunately,  the  latter  condition  tells  us  little  about  the  values  of  (3 
relative  to  the  remaining  motion  quantities.  To  obtain  information  on 
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this  point  we  can  evaluate  the  modal  response  ratio  p/r  separately  for 
the  spiral  and  roll  subsidence  modes  using  the  simplified  equations. 

We  choose  p/r  =  (see  Eq.  548)  for  the  spiral  evaluation, 

whereby 


(a)  • 

\  r/s 


(A)  = 

\r/s 


=S 

1 

.  Uo 

"Nps 

s-nA 

s  =  —1  /ts 

0 

IS 

Uq 

-Nps 

s=-l/Ts 

l|+i 
U0J  4 

*1 

Uq 


(644) 


Substituting  the  values  of  s,  and  collecting  terms. 


(J.\  i  III  _  T  l&L'  _  _S_ ^  /N'  _  A) 

\rh  nA  R  Wp\P  Uo/J  Np  lp  u0; 


i  Z^L.  JL\ 

Np  p  Np  \  P  U0/  k;A  P  Uoj 


and  now  substituting  for  1  /Tr  (from  Table  64 ) , 


-LA  + 

Nr  \  Uo/ 
% _ J 

J"  |(mp  -  4) 


(6-45) 
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The  final  approximator}  follows  because  of  fche  usual  magnitude  of  the 
(Np-g/U0)  term  relative  to  L^.  Note  that  it  accurately  predicts  the 
balance  of  yawing  moment  contribution  shown  in  Fig.  6- 4a. 

For  the  values  appropriate  to  conventional  airplane  flight,  Ny/ilp 
is  invariably  small.  The  spiral  mode  is  therefore  usually  characterized 
by  banking  and  turning  motions  which  produce  little  side  acceleration 
and  which,  therefore,  are  approximately  coordinated.  In  the  case  of  an 
unstable  spiral  (l/Ts<0)  the  uncontrolled  bank  angle  and  turn  rate 
gradually  increase  (diverge);  and  as  the  bank  angle  increases,  the 
vertical  component  of  lift  is  reduced  so  the  airplane's  descent  rate 
increases.  Thus  the  motion  through  space  consists  of  a  tightening 
spiral  dive,  from  which  the  mode  takes  its  name. 

For  the  roll  subsidence  mode,  we  evaluate  p/r  =  A-ji/A ^y. 


sCs-Ljp  -L^ 

— N^S  S  —  Ny 


s(s-i£) 

"M's 


(s  — L^)(s  — NjQ  ~  LyNp 
N^(s-L^)  +  IpNp 


-1/TR 


Recognizing  that  |LyNp/L^Ny  |  <<  1  and  dividing  through  by  (s~Lp), 


where 


(6-h6) 
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When  (Np— g/U0)  is  i.dentically  equal  to  zero,  (p/r)p  is  also 
identically  zero  (Eq.  6-46).  Then,  to  the  extent  that  contributions 
are  generally  negligible,  the  single-degree-of- freedom  dynamics  apply 
regardless  of  the  value  of  g/U0.  This  result  is  also  indicated  by  the 
fact  that  for  (Kp-g/U0)  =0  there  is  no  difference  between  — and  1  /Tr. 
Nevertheless,  even  for  these  ideally  suitable  circumstances  the  single¬ 
degree-  of-  freedom  approximation  is  not  adequate  to  accurately  describe 
the  magnitude  of  the  rolling  response  which  can  be  affected  by  p  motions 
induced  by  aileron  yaw  (e.g.,  Eqs.  6-28  and  6-29). 

Dutch  Roll 

The  dutch  roll  motions,  being  oscillatory,  are  basically  much  more 
complex  than  the  first-order  spiral  and  roll  subsidence  modes.  Neverthe¬ 
less,  as  we  shall  see,  there  are  pertinent  generalizations  which  can  be 
made.  To  derive  these  we  examine  the  modal  response  ratios,  cp/p  and  \jf/p, 
as  obtained  from  the  complete  characteristic  determinant  of  Eq.  6-1 : 


where 


8  “  -Cd<%  + 


Noting  that,  usually,  | YVL^|  « |lp|  and  I(g/u0)Lr!<<:  and  substituting  the 

expression  for  s  but  dropping  the  subscript  "d"  for  convenience. 


JL  'i 
P 


Ip  +  C«&r  -  jcoLrVl  “  i2 

2£2cd2  -  <d2  +  Lp^oj  --  -  ^2  (lp  +  2{;<o) 


(6-47) 


Assuming  terms  are  negligible  and  =  1  /Tr, 
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±  = 
0 


tan 


-1 


_ J _ 

£d  +  “HTR 


(6-52) 


For  I^/Np-*-0,  so  that  only  Lp  terms  are  left, 

,  cp  .  ^  — 1  1 

<  ft  “  tan  - r- 

P  trf - — 

0£TR 

But,  from  Eq.  6-18  |:?/p  |2  =  L^2/(o^4lp2)  is  very  small,  so  that  effectively 
cp-*~0  and  the  phasing  of  9/p  is  unimportant.  In  general,  therefore,  when 
significant  cp  motions  do  occur,  Eqs.  6-^9  and  6-52  are  pertinent. 

These  relationships  show  that  the  predominant  effect  on  the  magni¬ 
tude  of  the  rolling  motions  is  the  ratio  I^/Np,  with  the  roll  damping  of 
increasing  importance  in  reducing  the  motions  as  l/o|[TR  =  Ip2/Np  approaches 
and  exceeds  unity.  The  phasing  between  the  9  and  p  motions  is  influenced 
primarily  by  the  value  of  o^Tpj  i.e.,  from  Eq.  6-52  for  small  £d, 


and  the  bank  angle  therefore  leads  sideslip  by  less  than  90°  for  Np  >  0. 
The  leading  phase  relationship  is  a  result  of  the  fact  that  in  the  dutch 
roll  mode  p  is  of  opposite  sign  to  the  heading  change,  ty,  as  we  shall  see 
below.  Thus,  referenced  to  the  yawing  oscillations,  9  lags  by  from 
approximately  90°  to  180°  as  the  roll  damping  decreases  from  large  to 
small  values. 

To  evaluate  ty/p  as  simply  as  possible,  we  express  the  side  force 
equation  (Eq.  6-1)  as: 


so  that 


where 


sd 


“£cPd  +  <3a\l 


(6-53) 


Generally,  Yv  is  very  small  with  respect  to  u^,  and  for  reasonable  flight 
speeds,  U0,  so  is  ( g/U0)  ( cp/p )  j  accordingly, 


Recognizing  that  (for  7o  =  0J  i|f  =  r/s,  we  get  finally 
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We  see,  therefore,  that  the  usual  heading  and  sideslip  motions  in  dutch 
roll  are  consistent  with  those  in  relatively  flat  yawing  oscillations. 
Implying  from  this  that  the  rolling  motions  are  not  of  primary  importance 
leads  to  the  two-dcgrec- of- freedom  approximate  dutch  roll  equations  of 
motion  (Eq.  6- 18)  presented  earlier. 


CHAPTER  7 

ELEMENTARY  LONGITUDINAL  JEEDRACK  CONTROL 


A  most  powerful  approach  to  obtain  an  appreciation  for  the  effects 
of  automatic  control  on  the  motions  of  an  aircraft  is  to  consider  closed- 
loop  systems  formed  by  direct  feedback  of  aircraft  motion  quantities  to 
the  controls.  Such  systems  are  idealizations  since,  in  fact,  the  controls 
cannot  be  moved  without  lag  and  instruments  cannot  sense  and  reproduce 
the  motion  quantities  instantaneously  and  in  a  pure  form.  Nevertheless, 
consideration  of  these  idealized  systems  shows  the  ultimate  performance 
approachable  by  some  practical  system  or,  by  way  of  contrast,  reveals 
directions  in  which  it  would  be  unprofitable  to  proceed.  * 

The  prototype  for  all  the  systems  to  be  discussed  is  the  single-loop 
flight  controller  shown  in  Fig.  7-1 •  This  illustrates  the  direct  feed¬ 
back  of  a  generalized  aircraft  motion  quantity,  §,  to  a  control  deflec¬ 
tion,  5.  The  reader  will  recognize  that  the  transfer  function  which 
belongs  in  the  controlled  element  block  may  be  any  one  of  the  several 
developed  in  Chapters  5  or  o,  which  relate  the  aircraft  motion  quantities 
to  control  deflections.  Table  7-1  lists  the  most  promising  possibilities 
in  connection  with  longitudinal  motions.  Control  using  all  of  the  output 
quantities  listed  will  be  discussed  below  using  elevator  as  the  actuation 
quantity. 

In  many  situations  it  will  be  instructive  to  consider  that  the 
controller  is  simply  a  gain,  but  in  other  cases  it  will  be  desirable  to 
provide  for  lead,  or  lag  and  lead  equalization.  Yet  in  each  instance 
only  a  single  output  motion  variable  will  be  of  interest  or  concern. 

7.1  FEEDBACK  OF  PITCH  ANGIE  AND  PITCH  RATS  TO  THE  ELEVATOR 

Historically,  the  earliest  automatic  pilots  comprised  a  vertical 
gyroscope  and  an  associated  actuator  which  deflected  the  elevator  in  such 
a  way  as  to  oppose  departures  from  the  reference  or  commanded  pitch  atti¬ 
tude.  In  modern  terms  this  would  be  described  as  negative  feedback  of 
the  pitch  attitude,  6 ,  to  the  elevator  control  deflection,  5e.  The 
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Aircrof t  Output 


«  Control  Deflection 

8 

Motion  Quantity 

t 

r  . 

Sis) 

a)  The  Open  -  Loop  System  (Controlled  Element) 

Controlled 


b)  Elementary  Single  Sensor  Control  System 

Fig.  7-1  •  Feedback  of  Aircraft  Motion  Quantities 


TABLE  7-1 

LONGITUDINAL  MOTION  AIRFRAME  OUTPUT  AND  ACTUATING  QUANTITIES 


OUTPUT  QUANTITIES 

ACTUATING  QUANTITIES 

y.  pitch  angle 

5e,  elevator  deflection 

q.,  pitch  rate 

Bf,  flap  deflection 

u,  forward  velocity 

&rp,  engine  power  control 

• 

deflection 

a,  angle  of  attack,  v/U0 

ax,  longitudinal  acceleration 

. 

as,  normal  acceleration, 

azC.g.  “  xa4 

h,  altitude 

appropriate  controlled  element  transfer  function  is  therefore  0(s)/8e(s), 


„0 

9(b)  _  %e 

^e(s)  ALong 


[s2  +  2^8  +  o|]  [s2  +  2£spo>sps  +  ofp] 


(7-1) 


In  what  follows  several  variants  of  this  controlled  element  transfer 
function  will  be  considered.  First,  we  assume  that  the  airplane  pitch 
attitude  characteristics  are  well  behaved,  with  good  short-period  damping, 
large  separation  between  snort-period  and  phugoid  frequencies,  etc.  Then 
we  explore  a  variety  of  less  favorable  characteristics,  including  insuffi¬ 
cient  short-period  damping,  longitudinal  divergences  of  one  kind  or  another, 
non-zero  position  error,  etc. 

Conventional  Pitch  Attitude  Control 

Figure  7-2  shows  the  block  diagram  of  the  0  to  &e  (0— *►  &e)  feedback 
control  system  with  a  pure  gain  controller.  The  figure  also  contains  a 
"system  survey"  using  Bode  and  conventional  root  loci  to  show  the  loca¬ 
tion  of  the  closed-loop  roots  as  a  function  of  the  closed-loop  system 
gain.  The  dyramics  of  the  uncontrolled  vehicle  represented  by  the  open- 
loop  characteristics  illustrated  in  Fig.  are  typical  of  a  well-behaved 
aircraft  in  cruising  flight  at  moderate  altitudes.  The  min  features  of 
these  characteristics  are  the  wide  separation  between  the  short-period 
and  phugoid  breakpoints,  in  both  amplitude  ratio  and  frequency,  and  the 
relatively  heavy  damping  of  the  short-period  mode. 

From  the  system  surveys  it  can  be  appreciated  that,  at  moderate  gain, 
the  modified  (closed-loop)  phugoid  roots  are  driven  into  close  proximity 
to  the  zeros  while  the  short-period  roots  move  to  a  higher  frequency  and 
lower  damping  ratio.  This  is  not  undesirable  provided  the  open-loop 
short-period  damping  is  not  initially  already  marginal.  The  key  point 
is  that  the  phugoid  damping  increase  is  obtained  at  the  expense  of  the 
short  period.  In  fact,  the  total  system  damping  is  unchanged  by  the 
feedback  of  terms  which,  when  considered  as  creating  or  augmenting 
stability  derivatives,  do  not  affect  the  coefficient  of  the  second  term 
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in  the  characteristic  equation.  Such  feedbacks,  which  do  not  augment 
Xu,  Mq>  etc.,  can  only  redistribute  the  open-loop  damping  among 

the  closed-loop  modes.  This  is  a  specific  example  in  somewhat  different 
terms  of  a  general  algebraic  rule  previously  given  (in  Chapter  3)  as 
Rule  10  for  the  root  locus  method. 

The  closed-loop  asymptotic  amplitude  Bode  constructed  for  moderate 
gain  shows,  by  its  nearly  flat  properties  in  the  vicinity  of  the  modi¬ 
fied  phugoid,  that  this  mode  will  be  suppressed  almost  completely  in  the 
pitch  attitude  response  to  0C  commands.  Also,  as  a  consequence  of  the 
heavily  damped  phugoid,  any  fluctuations  of  the  other  longitudinal 
degrees  of  freedom,  such  as  speed  and  altitude,  will  exhibit  well-damped 
long-period  characteristics.  This  will  be  true  even  if  the  uncontrolled 
aircraft  has  negative  phugoid  damping.  For  these  reasons  the  feedback 
of  pitch  angle  alone  to  the  elevator  has  been,  and  will  continue  to  be, 
a  successful  control  technique  in  many  aircraft. 

Attitude  Control  for  Small  Static/Short-Period  Gain 

In  the  feedback  system  described  above  the  open-loop  gain  does  not 
become  infinite  at  zero  frequency  and,  therefore,  the  closed- loop  frequency 
response  has  an  amplitude  ratio  slightly  less  than  one  at  low  frequencies. 
This  corresponds  to  a  small  steady- state  position  error  in  response  to 
step  commands,  which  is  not  serious  for  the  condition  described  in 
Fig.  7-2.  However,  the  situation  is  likely  to  be  aggravated  at  low  speed, 
as  in  landing  approach,  or  at  very  high  altitude.  Here  the  static-to- 
shorl-period-gain  ratio,  l/a^T^T is  likely  to  be  snail  and  indeed 
my  well  be  less  than  one.  When  this  occurs  the  long-term  response  of 
the  closed-loop  system  to  commands  is  very  poor.  Figure  7-5  presents  the 
0  8C  system  survey  plots  for  such  an  airplane  in  the  approach  config¬ 
uration.  The  typical  closed- loop  zero  db  line  shown  is  for  a  gain  which 
is  about  as  large  as  possible  without  seriously  degrading  the1  closed- loop 
short-period  damping.  Yet,  as  indicated  graphically  by  the  closed-loop 
asymptotes,  there  will  be  a  very  low  frequency  lead/lag  and  a  DC  gain  less 
than  unity  in  the  closed-loop  pitch  attitude  transfer  function.  In  the 
indicia!  response  of  0  to  a  step  0C  those  correspond  to  a  very  long  time 
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constant  mode  and  to  a  steady- state  position  error.  The  closed- loop 
asymptotic  plot,  when  considered  as  a  frequency  response,  also  exhibits 
this  low  frequency  "droop"  as  a  region,  indicated  by  the  cross-hatched 
area,  where  the  output/input  amplitude  ratio  is  less  than  unity. 

To  define  more  precisely  the  aircraft  characteristics  which  govern 
the  static-to-short-period-gain  ratio,  l/o^Tg^Tgg,  we  can  express  it  in 
terms  of  the  approximate  factors 


(7-2) 


For  the  simplified  but  quite  normal  conditions  where  IZwMq/Mal  «  1  > 

| |  «  1,  and  the  Mq  terms  are  negligibly  snail,  the  static- 
to-short-period-gain  ratio  becomes 
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The  magnitude  of  1/o^Tq  T will  be  unity  when  l/T^  -  0  and  less  than 
unity,  a?  l/T}^  decreases  to  negative  values.  As  developed  in  Chapter  5, 
iMvj  i*5  given  by 


(7-4) 
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Thus,  a  static -to- short-period  gain  of  1 .0  occurs  approximately  at 
•»  performance  reversal,  m/Th-j  =  dD/dU  -  dT/dU  =  0.  This  is  also  usually  . 

close  to  the  condition  for  minimum  drag,  i.e.,  dD/dU  -  0.  Because  near- 
minimum-drag  flight  is  sometimes  desirable  from  a  performance  standpoint, 
flight  conditions  near  the  performance  reversal  are  not  uncommon. 

For  automatic  pilot  systems  which  are  intended  to  follow  commands, 
such  as  systems  with  attitude-hold  features,  the  deficiency  in  low 
frequency  gain  can  be  made  up  with  a  form  of '-integral  control.  A  "pitch 
integrator"  is  added  in«  parallel  to  the  straight-: through  gain  of  the 
controller.  This  configuration  is  shown  in  Fig.  7-^*  The  transfer  func¬ 
tion  of  the  controller  is  now  Kg+Kg/s  and  an  integration  and  higher 
frequency  lead}  (Kg/s) (s  +Kg/Kg) ,  are  cascaded  with  the  open-loop  function 
representing  the  dynamics  of  the  airplane.  As  indicated  by  the  amplitude 
ratio  asymptotes  for  the  compensated  system,  the  lead  time  constant 
represented  by  the  ratio  Kg/Kg  is  chosen  so  that  its  breakpoint,  Kg/Kg, 
is  greater  than  a>p,  thus  making  the  low  frequency  amplitude  ratio  in  the 
region  of  o>p  as  large  as  feasible.  This  effectively  eliminates  the 
"droop"  shown  in  Fig.  7-3.  The  addition  of  the  K q  feedback  introduces  a 
fifth  root  to  the  characteristic  equation  without  changing  the  sum  of 
the  roots.  The  total  system  damping  therefore  remains  constant  and, 
since  the  added  root  is  a  low  frequency  subsidence,  the  effect  of  the 
integral  feedback  is  to  detract  from  the  phugoid  damping.  This  is,  of 
course,  offset  by  the  Kg  feedback  vhich  damps  the  phugoid  by  taking 
damping  away  from  the  short  period. 

Attitude  Control  with  Deficient  Short-Period  Damping 

Somewhat  by  contradistinction  to  the  two  cases  just  considered, 

Fig*  7-5  is  a  system  survey  of  6  Se  feedback  for  open-loop  dynamics 
appropriate  to  an  interceptor  at  supersonic  speed  and  high  altitude. 

Here  the  damping  of  the  longitudinal  short-period  motion  is  weak,  and 
the  feedback  causes  it  to  deteriorate  rapid] y  with  increases  in  the 
controller  gain.  The  desirable  suppression  of  the  phugoid,  therefore, 
nay  be  considered  to  exact  too  high  a  price  with  regard  to  the  short 
period.  To  alleviate  the  short-period  damping  deficiency  a  pitch  rate 
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signal  can  be  fed  back,  as  in  a  pitch  damper,  to  produce  an  elevator 
deflection  and  a  corresponding  pitching  moment  proportional  to  pitching 
velocity,  q,  i.e.. 


or 


6e  —  -Kqq 

%e6e  =  “KqM6eq 


(7-5) 


This  feedback  then  has  the  same  effect  as  an  increase  in  magnitude  of 
the  stability  derivative  Mq.  As  seen  from  the  short-period  approximate 
factor 

2(£®)Sp  =  -(Zw  +  %  +  **&)  (7-6) 

an  increase  in  ~Mq  directly  increases  the  short-period  damping. 

This  same  effect  is  illustrated  in  the  system  survey  in  Fig.  "J-6 . 
These  plots  show  that  at  a  comparatively  low  value  of  the  loop  gain  the 
short-period  motion  can  easily  be  overdamped.  The  phugoid  motion  is 
hard3.y  altered  by  the  action  of  this  relatively  low  gain  feedback, 
although  it  can  eventually  be  overdamped,  with  an  attendant  reduction  in 
frequency,  for  sufficiently  high  gain. 

Figure  7-7  illustrates  the  combined  effect  of  pitch  rate  and  pitch 
angle  feedback  for  the  preceding  high  speed,  high  altitude  case.  Now, 
at  only  moderately  high  controller  gains,  the  phugoid  is  heavily  damped 
and  suppressed  for  attitude  commands  and  the  short-period  motion  is  also 
heavily  damped.  This  technique  is  so  efficacious  that  it  has  become 
nearly  universal,  and  most  modern  automatic  pilots  feed  back  pitch  angle 
and  pitch  rate  signals  to  the  elevator.  The  teclinique  is  applicable  not 
only  to  aircraft  with  typical  dynamics,  such  as  the  ones  which  have  been 
illustrated,  but  also  in  cases  where  the  longitudinal  motions  of  the 
vehicle  alone  (open-loop)  are  unstable. 


Pitch  Attitude  Control  of  longitudinal  Divergences 

As  we  have  seen  in  Chapter  5,  the  phugoid  oscillation  ray  become  a 
convergence  and  a  divergence,  especially  in  the  high  subsonic  flight 
regime.  The  unstable  divergence  is  sometimes  called  the  "tuck"  mode 
because  it  usually  manifests  itself  as  a  slow  increase  in  speed  end 


nose-down  pitc'  attitude.  ’’Tuck”  is,  in  essence,  a  static  instability 
due  to  an  Mu  which  is  sufficiently  negative  to  cake 


HAi  -  MU7V  <  0 


The  result  is  a  pole  on  the  positive  real  axis. 
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Figure  7-8  presents  a  system  survey  for  the  feedback  of  pitch  angle 
to  elevator  when  the  aircraft  exhibits  a  tuck  mode.  The  a-Bode  diagram 
shows  that  at  a  very  moderate  gain,  corresponding  to  an  open- loop  DC  gain 
of  1.0  (zero  db),  the  closed-loop  root  crosses  from  the  right  half  to  the 
left  half  plane,  and  the  closed-loop  system  becomes  stabilized.  The  value 
of  pitch  angle  feedback  is  evident  here.  Pitch  rate  feedback  would  serve, 
as  before,  to  damp  the  short-period  mode. 

Figure  7-9  shows  the  effect  of  pitch  angle  feedback  to  the  elevator 
in  connection  with  another  form  of  longitudinal  instability.  In  this 
case  the  short-period  oscillation  has  become  a  convergence  and  divergence 
associated  with  the  inequality 
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due  to  a  sufficiently  positive  value  of  In  all  practical  cases  of 
this  kind  the  Inequality  of  Eq.  7-7  also  applies.  One  possible  fix  for 
this  condition  is  a  pitch  attitude  control  system.  It  may  be  seen  in 
Fig.  7-9  that  the  feedback  of  pitch  angle  and  pitch  angle  rate  can 
stabilize  the  violent  instability  and  that,  here  again,  the  value  of  this 
particular  feedback  is  strikingly  illustrated. 

Still  in  connection  with  pitch  angle  feedback,  consider  the  case  of 
a  hovering  VTOL  aircraft  or  helicopter.  The  transfer  function  relating 
pitch  angle  to  longitudinal  control  is  given  by 


(S  +  *5)  f"2  *  2^S  + 


to 
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This  is  quite  different,  in  both  fora  and  kind,  from  the  corresponding 
0/6  for  a  typical  aircraft  in  forward  flight.  Not  only  does  the  transfer 
function  have  a  third-order  denominator,  but  typically  the  low  frequency 
oscillation  is  unstable  (£p  <  0).  The  system  survey  of  Fig.  7“10  shows 
that  when  the  feedback  loop  is  closed  at  moderate  gain,  the  divergent 
oscillation  is  made  stable.  Of  course  this  possibility  depends  on  1 /Tsp 
being  sufficiently  large.  If  it  is  not,  pitch  rate  feedback  should  also 
be  employed.  This  necessity  is  real  for  the  majority  of  helicopters  and 
VTOL  machines,  and  Fig.  Y-1 1  shows  the  effect  of  both  pitch  angle  and 
pitch  rate  feedback.  For  simplicity  the  lead  is  set  equal  to  1 /Tnp, 
although  this  will  not  be  true  in  general.  Once  again  the  benefits  of 
these  feedbacks,  in  combination,  are  apparent. 

All.  of  the  systems  described  in  this  article  are  conditionally  stable. 
That  is,  they  require  a  minimum  value  of  gain  for  stability  to  be  attained. 
In  actual  designs  this  property  demands  careful  consideration  of  nonlineari¬ 
ties  (such  as  limiting),  which  tend  to  reduce  gain  from  the  nominal,  siiall 
perturbation,  linearized  values. 

Generalised  Pitch  Attitude  Control  and  Nature  of  Gain  Adjustments 

Accumulating  the  experience  gained  from  all  the  cases  treated  above 
indicates  that  a  general  pitch  control  law  with  Kite,  proportional,  and 
integral  terms  would  be  adequate  for  all  conceivable  pitch  command  control 
and  attitude  stabilization  situations.'  This  would  have  the  form 


5e  =  K gOe  +  K0Oe  +  Kg  J  ©e  dt  (7-10) 

or,  in  transform  style, 
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In  most  systems  where  pitch  command,  0C,  is  often  steplike  in  nature  the 
rate  term,  shovn  here  as  Kg0e,  is  actually  mechanized  as  KgO  to  avoid  had 
effects  due  to  a  pulsed  elevator  signal  at  the  initiation  of  the  command. 
This  is,  however,  a  detail  which  need  not  concern  us  further.  While  the 
control  law  form  of  Eq.  7-10  is  generally  satisfactory,  the  gains  must  be 
made  consonant  with  the  control  requirements-  imposed  by  the  airplane 
characteristics.  Since  the  latter  vary  with  changes  in  the  conditions  of 
flight,  the  gains  must  sometimes  also  be  modified  to  accommodate  these 
changes.  The  characteristics  of  the  variations  actually  employed  depend  on 
the  specific  variations  of  key  stability,  derivatives,  the  functional  mecha¬ 
nization  of  the  gain-changing  devices,  and  the  specified  closed-loop  per¬ 
formance  envelope.  However,  some  insight  into  the  nature  of  appropriate' 
gain  variations  can  be  obtained  on  an  elementary  basis  by  considering  the 
pitch  attitude  control  system  sketched  in  Fig.  7-12.  This  shows  the  con¬ 
troller  time  constants  appropriately  oriented  relative  to  each  other  and  to 
the  aircraft  breakpoints,  and  indicates  a  desirable  zero-db  line  location. 
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Fig.  7-12.  Pitch  Attitude  Control  with  &e  =  Kg0e  +  Kg0e  +  Kg  f  0e dt 
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When  the  controller  time  constants  are  well  separated  as  shown,  they 
nay  be  expressed  in  terns  of  the  controller  gains  as 


1  i  M  i  ■  Ke 

Te,  '  Ke  ’  %  "  KS 


If  the  relative  locations  illustrated  can  be  inaintained  over  the  flight 
envelope,  the  pitch  attitude  control  will  generally  be  excellent,  with 
both  short  period  and  phugoid  extremely  well  damped  and  with  good  dis¬ 
turbance  suppression. 


The  region  where  feedback  is  least  effective  occurs  in  the  flat 
stretch  between  1 /Tg2  and  l/Tgp.  Ideally,  the  amplitude  ratio  in  this 
region  should  be  held  at  or  above  some  minimum  level  to  assure  positive 
control  and  disturbance  suppression,  and  to  avoid  dynamic  "droops"  due  to 


the  dipole  pairs  at  1  /Tp2  and  l/Tgp^,. 
here  will  be  given  approximately  by* 


The  ampli.tude  ratio  of  the  asymptote 
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"A"  can  be  kept  approximately  constant  by  varying  Kg  so  as  to  offset  the 
variations  in  /C^.  With  a  fixed  c.g.  location  this  ratio  varies  only 
slightly  with  Mach  number  for  subsonic  and  supersonic  flight,  although  it 
is  different  in  the  two  regimes.  The  ratio  fluctuates  in  the  transonic 
region  and  is,  of  course,  in  general  a  direct  function  of  c.g.  location. 

All  of  these  factors  enter  into  determining  the  required  change  in  Kg 

1  *  * 

with  flight  condition  to  maintain  A  at  or  near  a  desired  level. 


*Kotice  that  because  of  the  negative  sign  on  Mgg,  Kg  must  also  be 
negative.  In  other  words,  a  positive  0C  requires  an  up  (negative) 
elevator  deflection. 
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The  cqualizal-ion  time  constant:"  should  be  kept  approx!  irately  in  the 
came  positions  relative  to  the  key  airplane  breakpoints.  For  instance, 
lAteg  should  remain  somewhere  between  1 /t and  coSp.  Thus,  as  indicated 
below,  its  basic  variation  with  flight  environmental  parameters  should 
be  proportional  to  a  function  intermediate  between  pU0  and  p  o,  i.e., 

5T  ®  P"ocLa  <  557  <  %p  “  (7-13) 

For  the  simplest  condition  where  a  fixed  K q  is  feasible,  appropriate 
adjustment  of  1 /Te;2  cou^  he  obtained  by  varying  Kg  inversely  with  p^2U0; 
then  the  closed-loop  short-period  time  constant,  will  vary  as 

jr—  =  Kg%e  at  pl/2U0  (7-14) 

In  theory,  at  least,  a  variation  of  1  /Tj^  with  pU0  or  p"*  /^UQ  can 
keep  this  breakpoint  properly  located  relative  to  up  and  1 /Tq2*  It  will 
be  recalled,  however,  that  the  addition  of  integral  control  was  only 
required  at  conditions  near  minimum  drag.  These  are  quite  specific,  so 
generally  one  or  more  fixed  gain  settings  can  be  used  instead  of  a 
continuous  variation. 

In  concluding  this  discussion  of  single-loop  attitude  control,  two 
further  things  should  be  mentioned.  The  first  is  a  deficiency,  one  of 
the  few  associated  with  attitude  as  a  feedback.  The  tight  high-gain 
attitude  control  system  described  immediately  above  will  tend  to  hold 
the  pitch  angle  constant  in  the  presence  of  disturbances.  As  a  consequence, 
when  the  aircraft  is  subjected,  to  gusts  this  rigidity  in  attitude  prohibits 
any  veathercocking  tendency  to  nose  into  the  wind  and  thereby  reduce  accel¬ 
erations.  It  also  tends  to  make  the  angle  of  attack  change  coincide  with 
the  gust,  considered  as  an  equivalent  angle  of  attack.  The  net  results 
are  somewhat  increased  structural  loads  and  linear  accelerations  due  to 
gusts  over  those  which  would  be  present  in  the  uncontrolled  aircraft  with 
the  same  short-period  damping.  The  second  point  relates  to  the  use  of 
attitude  as  an  inner  loop  for  subsequent  outer  loop  controls .  Although 
multiloop  systems  are  not  discussed  until  Chapter  11,  it  is  pertinent  to 
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Consider  next  the  feedback  of  speed  error  to  the  c-lcvator.  The 
appropriate  controlled  element  transfer  fu»et.i on  (with  X5C.  ^  0)  is: 


u(fQ 
&c  ( ,r; ) 


The  zero,  l/Tu£>>  can  be  *rj  either  the  right  or  loll  half  piane,  depend¬ 
ing  on  elev  tor  location  aft  or  forward  and  Cj,/ Cj^  larger  or  smaller  than 
one.*  In  any  event  it  is  typically  very  remote  from  the  origin,  so  that 
for  most  practical  purposes  at  can  be  neg3.ec.ted. 


Figure  7-1 3  presents  the  system  survey  for  negative  feedback  of  a 
speed  error.  This  control  may  be  seen  to  have  a  povorful^effect  on  the 
phugoid  undamped  natural  frequency,  and  also  to  increase  the  phugoid 
damping.  The  modified  phugoid  roots  rapid. 1y  move  up  a)jd  deeper  into  the 


left  half  p3ane,  and  comparatively  large  damping  ratios  for  the  phugoid 
mode  can  be  achieved  before  the  short-period  mode  has  been  much  altered. 


The  changes  to  both  the  phugoid  frequency  and  damping  illustrated 
in  Fig.  7-1 3  are  in  accord  with  the  approximate  factors,  i.c., 


of; 
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(7-16) 


"x  Ashkenas ,  Ironing  L.,  arid  Duane  T.  KcRucr,  Approximate  Transfer 
Functions  and  Application  to  Single  Sensor  Control  Systems,  V.7d;C-TR-58~02 , 
June  195$  • 
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where  M^ugmented  =  Mu  ~  KuMoe  .*  The  sane  beneficial  effects  on  the 
phugoid  occur  when  a  tuck  is  present,  and  My  augmentation  is  often  used 
to  counter  such  tendencies. 

Although  the  closed- loop  phugoid  damping  is  somewhat  improved  by 
the  feedback  of  speed  error  alone,  it  is  materially  increased  if  u  as 
well  is  fed  back.  This  action  creates  a  new  stability  derivative,  Mj; 
its  effect  on  phugoid  characteristics  can  be  examined  with  the  aid  of 
the  phugoid  approximation  equations.  When  an  M^su  pitching  acceleration 
is  aclded  to  these  (Eq.  5“  )  ,  the  characteristic  equation  becomes 


Ap  = 


(s  —  Xu) 

~xw 

8- 

• 

-Zu 

-(M^s  +  Mu) 

(s  —  Zy) 

*-Mw 

-U0r. 

0 

=  0 
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Using  the  primed  notation  to  indicate  that  a  loop  has  been  closed,  the 
characteristic  equation  for  the  modified  phugoid  becomes 


s2  +  2t^s  +  «^2 


,  .Mu(Xd  g)  gMu^vr  g 

‘u  W  W  _  UoH  Mtf  J 

.  Mu(Xa-e)  '  S  ”  ,  Md(Xa-g)  (7_1 


While  is  present  in  the  denominator  for  both  the  damping  and  the 
undamped  natural  frequency,  the  quantity  in  which  it  appears  is  generally 
small  relative  to  one.  On  the  other  hand,  the  gMu^/Mo,  addition  to  the 
s  term  in  Eq.  ,7-1 8  can  constitute  a  major  modification  to  the  damping. 

These  conclusions  hold,  of  course,  only  for  the  relatively  small  values 
of  gain  for  which  the  approximate  equations  of  motion  arc  still  applicable. 


^Notice  that  because  of  the  negative  sign  on  M50,  Ku  must  be  posi¬ 
tive  to  augment  Mu.  In  other  words,  a  positive  speed  error  (speed  less 
than  the  set  speed)  requires  a  down  (positive)  elevator,  which  tends  to 
restore  the  command  speed. 


The  system  survey  of  Fig.  7-1 ^  shows  that  substantially  the  same  effects 
are  present  for  much  larger  values  of  gain. 

To  increase  clamping,  should  be  positive,  as  should  Mu  to  increase 
the  undamped  natural  frequency.  The  effect  of  the  control  is  thus  to 
apply  a  positive  pitching  moment  whenever  the  speed  is  greater  than  the 
set  speed  and  increasing.  Speed  is  thus  controlled  at  the  expense  of 
attitude  changes.  This  property  can  cause  difficulties  if  the  pitching 
moments  used  to  control  speed  are  too  great.  The  British  experience 
cited  in  Chapter  1  is  just  such  a  case  where  the  atmospheric  turbulence 
components  in  the  direction  of  flight  were  sensed  by  the  speed  error 
instrument,  which  actuated  the  elevator  in  such  a  way  that  large  and 
disconcerting  changes  in  the  pitch  angle  of  the  aircraft  occurred. 

An  explanation  of  this  phenomenon  was  discovered  by  computing 
transient  responses,*  but  it  can  likewise  be  appreciated  by  considering 
the  ratio  of  the  airspeed  to  attitude  numerators  for  gust  excitation. 
These  are  readily  computed  from  the  simplified  phugoid  equations  with 
added: 


(s  -  Xu)u 

— ZyU 


-XWW  +g0 
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“(Mu3  +  Mu)ug 


The  appropriate  numerator  ratio  is 

Xq(^S+Mq)  -  Mcgu 

NUg  ~  S  (MuS+Mu)(s-2V)  +  ZuM* 


At  frequencies  in  the  neighborhood  of  either  the  open-  or  closed-loop 
phugoid,  i.e.,  either  Mu  and  approximately  zero  or  Mu  and  dominant, 


*S.  Keumark,  The  Disturbed  longitudinal  Motion  of  on  Uncontrolled 
Aircraft  and  of  an  Aircraft  with  Automatic  Control,  ARC  R  arid  M  Ho.  2073, 
His  Majesty's  Stationary  Office,  London,  Jan.  1 
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respectively,  this  ratio  of  numerators  is  very  nearly  the  first  term  in 
Eq.  7-20  alone.  That  is. 


or 


Mu 
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N, 


zi 
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su  =  — g 0,  implying  du/dt  A  -g 0 


(7-22) 


as  far  as  the  phugoid  motion  components  are  concerned.  (Note  that  this 
result  is  consistent  with  the  phugoid  approximate  modal  response  ratios 
developed  in  Chapter  5*)  The  increase  in  phugoid  undamped  natural  fre¬ 
quency  and  damping  brought  about  by  the  u,u  5e  feedbacks  causes  a 
corresponding  increase  in  the  du/dt  and  attitude  responses  to  gusts. 

That  is,  Eq.  7-22  indicates  that  making  the  speed  response  inore  rapid 
must  incidentally  result  in  larger  values  of  0. 

•  To  avoid  the  phenomenon  described  here,  an  attitude  loop  is  also 
ordinarily  used ’when  speed  control  is  desired.  This  loop  has,  among 
other,  things,  the  effect  of  favorably  modifying  the  ratio  of  closed- loop 
u  and  6  gust  numerators. 


7-3  JEBDBACX  OP  ANGLE  OP  ATTACK  TO  THE  ELEVATOR 

1 

Angle  of  attack  and  its  derivative  are,  in  principle,  very  desirable 
feedbacks  to  the  elevator.  Considered  as  stability  derivative  augmenta¬ 
tion,  a  5e  and  a  5e  increase  the  magnitude  of  !•&  and  %  =  U0MW 
directly,  which  will  increase  the  damping  ratio  and  undamped  natural 
frequency,  respectively.  These  features  ai’e  indicated  by  the  short-period 
approximate  factors  •  ' 

2(£»)sp  =  -(Zw  +  %  -  \^ent  J 

(7-23) 

o|p  =  Mq  ~  Augmented 

The  phugoid  approximate  factors  do  not  contain  an  Mi  terra,  and  %  enters 
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only  in  conjunction  with  Mu,  so  there  will  be  little  effect  of  these  • 
feedbacks  on  the  phugoid  when  %  «  0. 

The  appropriate  transfer  function  for  the  controlled  element  is 
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and  Fig.  7-15  illustrates  the  system  survey  for  the  feedback  of  angle  of 
attack  alone  to  the  elevator.  The  close  proximity  of  the  complex  zeros 
to  the  phugoid  poles  implies  very  little  angle  of  attack  change  in  the 
phugoid  mode.  This,  of  course,  is  an  inference  already  well  established 
above  and  in  Chapter  5.  Under  the  condition  of  closed-loop  operation, 
the  angle  of  attack  motion  in  the  phugoid  mode  will  be  suppressed  to  an 
even  greater  extent  than  in  the  open-loop  case,  but  otherwise  this  feed¬ 
back  does  not  appreciably  alter  the  phugoid  characteristics.  The  short- 
period  roots,  on  the  other  tend,  are  greatly  affected  by  the,  feedback. 

They  are.  seen  to  move  rapidly  to  a  very  large  frequency,  just  as  would 
be  expected  from  the  approximate  factors.  In  the  idealized  case  extremely 
high  gains  can  give  very  heavy  damping  of -the  modified  short  period. 
However,  this  is  difficult  to  achieve  in  the' practical  case  because  of 
servo  and  sensor  lag  effects  at  the  modified  short-period  frequencies, 
and  because  the  high  gains  would  tend  to  drive  the  servo  to  its  limits 
for  all. but  -the  smallest  inputs  or  disturbance. 

'  To  Improve  the  short-period  damping  in.  practice  'lead  equalization 

i  ’  ‘  >  *  ' 

is .added,- with  the  result  shown  by  lh«. system  survey  in  Fig.  7-1 6..  Here 
.  again  the  effect  of-  the-  lead  at  moderate  gains  i^  just  as  would  be 
predicted  by  the  -hpproximrt'e . factors. 


The  angle  of  ’attack  system,  when  tightly  closed,  is  similar  to  the 
pitch  attitude -plus  rate  systems' described  in  Section  7.1.  Thus,  both 

*  t'  '  i '  ‘ 

systems  stabilise  attitude  and  damp  short  period,  and  the  nature  of  gain 
compensation  requirements  is  similar.  However,  the  reference  for  orien- 
tation  stabilization  is,  quite  different,  being  the  g  vector  (or  horizon) 


iG(Jw)! 


Attack  Attitude  and  Bate  (a,  a  5e)  Control  System 


for  pitch  attitude  and  the  relaid  '»  wind  for  angle  of  attack.  Consequently 
a  substantial  difference  occurs  when  vertical  gust  disturbances  are  ' 
encountered.  The  angle  of  attack  system  rotates  the  craft  into  the  new 
relative  wind  direction,  thereby  tending  to  maintain  the  angle  of  attack 
and  load  factor  constant.  In  these  same  circumstances  pitch  .attitude 
control,  as  already  mentioned,  will  resist  any  tendencies  to  rotate  the 
craft  relative  to  inertial  space.  Also,  the  pitch  attitude  system  has  a 
very  beneficial  effect  on  phugoid  stability,  whereas  the  angle  of  attack 
system,  as  noted  above,  has  essentially  none. 

7.4  FEEDBACK  OF  NORMAL  ACCELERATION  TO  THE  ELEVATOR 

The  favorable  effects  on  the  short-period  characteristics  of  a,d  8e 
are  often  difficult  to  achieve  with  practical  controls  because  of  sensing 
problems.  However,  an  alternative  control  system  using  a  normal  accel¬ 
erometer  as  the  basic  sensor  has  many  similar  features.  A  major  component 

I 

in  the  normal  acceleration  signal  is  proportional  to  angle  of  attack. 

For  instance,  for  y0~ 0,  and  considering  only  short-period  characteris¬ 
tics,  the  acceleration  at  the  c.g.  is  < 

azc.g.  *  >r“U0q  A  V,  *  Z5e5e  (7-25) 

Actually,  it  is  seldom  possible,  even  if  desirable,  to  measure  normal 
■  acceleration  at  the  aircraft's  center  of  gravity  voider  all  operational 
loading  distributions.  A  case  of  more-  interest  is  the  feedback  of  normal 
acceleration  measured  in  the  plane  of  symmetry  at  some  distance,  from 
the  center  of  gravity  (xa  is  positive  forward) .  The  normal  acceleration 
at  this  point  is 

az  =  aZc>s>-Xa4  =  Zaa  +  Z5e6e  -  %4  (7:26) 

The  frequency  range  over  which  the  normal  acceleration  and  angle  of 
attack  transfer  functions  are  similar  can  be  compared  directly  using  the 
short-period  approximations.  The  three  transfer  functions  of  interest 
arc  aZc  /50,  az/&e,  and  a/&e.  These  are 
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The  break  frequencies  corresponding  to  the  numerators  of  Eqs.  7-27  and 

7-29  (az„  /Se  and  a/Se)  are  gencralDy  considerably  greater  than  the 

c  •  2  • 
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short-period  undamped  natural  frequency.  This  will  also  be  true  for  the 
az/Se  numerator  breakpoints  for  any  accelerometer  location  suitable 'for 
control  purposes.  Belov:  these  breakpoints  the  acceleration  transfer 
functions  become 


M&ez a  “  Hxz5e 
s2  +  2^spmsps+afp 


Th2  *  5  TSZ2  ’  Taz3 


or  %z  (7-30) 


Similarly,  for  frequencies  less  than  l/l'a  and  the  usual  inequality, 
Z5eMq/M5eU0  «  1 ,  the  angle  of  attack  transfer  function  will  be  approxi¬ 
mately 


(7-31 ) 


It  is  apparent,  therefore,  that  for  the  frequency  band  defined  by  the 
minimum  of  the  several  numerator  breakpoints  the  acceleration  and  angle 
of  attack  transfer  functions  are  directly  related  by  a  proportionality 
factor,  az/a  «  Za  -  (Z5e/Mse)l>?a;  this  can  also  be  recognised  from  the 
approximate  0/5e  factors  as  equivalent  to  -U0(l /Tqq) . 

To  deterjnine  the  frequency  range  over  which  the  above  simple 
proportionality  applies,  and  to  consider  means  to  make  and  keep  this 
frequency  range  reasonably  large  (and  thereby  he tain  the  desirable 
features  of  a  feedback),  we  must  now  consider  the  magnitude  of  the 
smallest  numerator  breakpoint.  Of  those  that  require  consideration 
(Eqs.  7-30,  7-31),  l/T<x  is  easily  eliminated  as  being  generally  the 
largest.  That  is, 
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which  is  of  the  order  of,  and  varies  directly  with,  airspeed  and  takes 
the  sign  of  lge  (positive  for  aft  control) .  Next,  consider  the  numerator 
terms  for  the  acceleration  at  the  c.g.  When  the  point  of  control  appli¬ 
cation  is  aft  (Msc  <  0),  the  constant  term  j.n  the  quadratic  is  negative 
since  in  general  | Moeza/z5e |  >  M&  •  The  numerator  then  consists  of  two 
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real  roots  which  are  nearly  equal  but  of  opposite  sign  (the  negative 
root  is  somewliat  smaller  in  magnitude  than  the  positive  one  because 
their  sum,  which  is-!-&-Mq,  is  invariably  positive).  The  magnitude  of 
these  breakpoints  is  approximately 


(7-35) 


When  the  longitudinal  control  is  forward,  the  quadratic  form  does  not 
factor  and  its  undamped  natural  frequency  becomes 
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For  either  the  forward  or  aft  elevator  the  numerator  breakpoint  i's  greater 
than  cugp,  although  seldom  by  a  large  factor.  This  relatively  close 
proximity  lias  a  profound  effect  on  control  systems  using  the  c.g. -mounted 
acclerometer.  As  illustrated  in  the  system  survey  of  Fig.  7-1 1>  the  az 
feedback  increases  the  short-period  undamped  natural  frequency,  but  the 
right-half -plane  zero,  1  /Thy  pulls  the  short-period  roots  into  the  right 
half  plane.  As  is  apparent  from  the  Bode  x’oot  locus,  much  of  the  move¬ 
ment  of  the  short-period  roots  occurs  with  but  a  slight  change  in  the 
gain.  For  instance,  only  a  tiny  increment  in  gain  is  needed  to  drive 
the  short  period  from  a  value  vhere  co^p  is  about  equal  to  1  /i'h^  to  the 
negative  real  axis  rendezvous  and  thence  unstable. 

To  extend  the  frequency  range  over  which  the  az/a  correspondence 
holds  and,  specifically,  to  alleviate  the  deleterious  effects  associated 
with  the  nonminimum  phase  numerator  of  the  c.g. -located  accelerometer, 
other  locations  arc  desirable.  From  Eq.  7-28  it  is  apparent  that, 
including  location  effects, 
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7-17*  System  Survey  of  Normal  Acceleration  (aZ( 
Control  System  for  Short -Period  Approximation 


We  see  now  that  the  numerator  roots  can  be  increased  in  magnitude  by 
locating  the  accelerometer  so  that  the  %  term  subtracts  from  one.  For 
an  aft  elevator  control  (Mse/Zse  >  0)  the  appropriate  %  is  positive, 
implying  an  accelerometer  location  ahead  of  the  c.g.  Up  to  a  point  the 
change  in  location  simply  moves  the  numerator  breakpoints  farther  out 
and  away  from  the  short-period  breakpoint,  thereby  permitting  a  higher 
gain  without  instability. 

When  the  term  involving  Xq,  is  greater  than  one,  the  numerator  becomes 
a  quadratic  with  an  undamped  natural  frequency: 


With  further  increase  in  xa,  <%z  is  decreased  and  the  numerator  break¬ 
point  starts  back  toward  the  short  period. 


The  detailed  nature  of  the  numerator  root  variations  with  the 
accelerometer-position  control- location  parameter,  %Mge/Z5e,  can  be 
explored  by  considering  the  general  az  numerator  as  an  equivalent  servo 
system  which  has  xaM5e/Z§e  as  a  gain.  From  Eqs.  7-27  and  7-28,  the 
numerator  is  given  by 


(7-57) 


Considering  that  usually  |z&eMw/M5e|  «  1  and  |  (ZseAtee)  (Mw/Zw)  I  ^ 
then  the  zeros  of  n||(s)  will  be  the  zeros  of  (l  +  G),  where  G  is  given 

by 
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or,  with  an  aft  control  point, 
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Furthermore,  |l/Th2  5I/|-Zw|  =  (M6e/Z6e) (uoAr)  will  invariably  he 

larger  than  one. 


A  survey  of  this  equivalent  servo  system  in  shown  in  Fig.  7-18. 

At  low  gains  the  accelerometer  zeros  (the  poles  of  the  equivalent  servo 
system)  are  near  those  for  the  c.g.  location.  As  gain  is  increased, 
both  the  minimum  and  nonminimum  phase  zeros  increase  in  magnitude  until 
|xaM$e/zoel  =  1 .  At  this  point  the  minimum  phase  zero  emanating  from 
-l/'fh^  has  gone  to  -°°,  but  the  nonminimum  phase  zero  (from  -i/Ti12)  is 
still  finite.  For  values  of  gain  just  slightly  greater  than  one  the 
minimum  phase  zero  has  gone  through  minus  infinity  and  has  become  a  very 
large  positive  number,*  and  as  gain  is  further  slightly  increased  this 
zero  and  the  nonminimum  phase  zero  rendezvous  to  form  a  high  frequency 
quadratic  pair.*  The  undamped  natural  frequency  of  this  pair  initially 
decreases  rapidly  as  gain  is  further  increased,  and  then  more  gradually 
as  the  zeros  proceed  dovn  the  +40  db/decade  Bode  root  locus  asymptote 
between  — Zyr  and  -1/Tj12. 

From  the  features  just  described,  the  most  appropriate  location  for 
the  accelerometer  in  the  sense  that  the  numerator  breakpoints  are  as  far 
removed  from  (Osp  as  possible  corresponds  to  locations  where  |xaMse/Z5e| 
is  n  ar  one.  When  this  is  exactly  the  case,  the  coefficient  of  the  s?- 


*Thi.s  rendezvous  point  can  occur  in  either  the  right  half  or  left 
half  plane,  depending  on  the  sign  of  (Mfr  +  Mq-Z^).  For  an  aft  elevator 
and  (%+Mq-Zy)  >  0  the  rendezvous  point  is  in  the  left  half  plane;  for 
(Mi+Mq-Zj  <  0  it  is  in  the  right  half  piano. 
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term  in  the  a2/&e  numerator  is  zero  and  the  transfer  function  becomes 
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The  location  :%  =  Z6e/Mse  corresponds  to  an  "instantaneous  center  of 
rotation"  for  which  the  center  of  pressure  of  the  aerodynamic  load  due 
to  deflecting  the  control  surface  is  a  "center. of  percussion."  At  the 
instantaneous  center  of  rotation  a  step  function  elevator  input  will • 
produce  an  initial  vertical  acceleration  due  to  Zse5e  which. is.  just 
balanced  by  that  due  to  pitching  acceleration,  Xgq.  (Most  reader's  will 
recall  that  the  trademark  on  a  baseball  bat  is  at  the  center  of  percus¬ 
sion,  and  that  the  impulse  on  the  bat  when  the  ball  is  hit  at  this  point 
does  not  result  in  translational  forces  on  the  batter's  hands,  i.e.,  the 
handle  is  the  center  of  rotation.)  This  particular  location  is,  of  course, 
ideal  for  accelerometer  control  systems.  In  practice,  however,  the 
effective  center  of  rotation  shifts  because  of  c.g.  and  effective  control 
arm  changes  so  that  a  location  in  its  general  neighborhood  is  the  best 
that  can  nonrally  be  expected. 

In  all  of  the  above  discussion  the  accelerometer’  system  has  been 
considered  as  a  replacement  for  systems  involving  angle  of  attack.  The 
analogy  can  be  carried  further;  for  instance,  an  az  signal  can  be  used 
to  increase  the  short-period  damping,  effectively  augmenting  M£.  The 
major  difference,  then,  between  a  good  az  system  and  an  a  system,  other 
than  those  dwelt  on  at  length  above,  is  in  the  controller  gain  variation 
required  for  any  reasonable  control.  This  is  generally  quite  extreme 
for  accelerometer  systems  intended  to  perform  angle  of  attack  stabiliza¬ 
tion  functions.  More  specifically,  in  an  angle  of  attack  controller  for 
which  a  pure  gain  might  be  suitable,  the  az  gain  would  have  to  vary 

p 

inversely  as  pU0. 

For  control  in  the  range  of  phugoid  frequencies,  the  properties  of 
a  normal  acceleration  control  are  considerably  different  from  those  of 
an  angle  of  attack  system.  This  can  perhaps  best  be  appreciated  by 
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comparing  the  system  survey  of  Fig.  7-1 9  j  which  shows  an  a2  -*-6e  system, 
with  the  angle  of  attack  control  for  the  same  airplane  illustrated  in 
Fig.  7-15-  Unlike  the  angle  of  attack  system,  the  normal  acceleration 
control  can  have  a  significant  effect  on  the  phugoid.  In  this  case  the 
major  effect  is  a  reduction  in  the  phugoid  undamped  natural  frequency. 
However,  for  flight  conditions  which  exhibit  a  performance  reversal,  i.e. 
l/Th-j  negative,  this  zero  will  appear  in  the  right  half  plane  and  a 
normal  acceleration  system  without  washout  will  tend  to  drive  the  phugoid 
unstable. 

7-5  FEEDBACK  OF  AI/HTUDE  TO  THE  ELEVATOR 

The  altitude  is  an  important  and  very  physical  motion  quantity  which 
mu6t  often  be  controlled  accurately.  In  the  linearized  equations  for 
small  perturbations  from  straight,  level,  and  horizontal  flight. the  alti¬ 
tude  is  proportional  to  the  double  integral  of  the  normal  acceleration  at 
the  c.g., 

:  '  h  =  U0/?dt  «  “U0//  a2c>e.dt  dt  (7-41 ) 

and'  the  altitude-to-elevator  transfer  function  is  given  by 
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Just  as  in  the  a7  acceleration  system  discussed  in  the  last  article, 
c.g. 


the  numerator  quadratic  or  two  f irst-orders  correspond  to  forward  and 
aft  elevator  control,  respectively.  Because  of  the  free  a,  the  feedback 
of  altitude  by  itself  drives  the  modified  phugoid  roots  into  the  right 
half  plane  at  very  low  values  of  gain  (see  Fig.  7-20).  Consequently, 
some  form  of  equalization  is  required  to  irake  an  effective  altitude 
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control.  An  inner  attitude  loop  to  damp  the  phugoid  is  one  such 
possibility.  Since  this  constitutes  a  multiloop  system,  its  considera¬ 
tion  i6  deferred  until  Chapter  1 1 .  Confining  our  attention  here  to 
single-loop  or  effective  single-loop  controllers,  the  appropriate 
equalization  is  a  lead  on  the  altitude  error.  Practically;  this  might 
be  accomplished  by  rate  equalization  in  series  or  by  the  use  of  an 
altitude  rate  or  rate  of  climb  signal.  In  any  event,  the  inverse  of  the 

lead  time  constant,  1 /Tg,  is  adjusted  to  lie  between  the  phugoid  and 

» 

short-period  breakpoints.  A  system  survey  indicating  the  efficacy  of 
this  technique  is  shown  in  Fig.  7-21 . 

A  major  problem  with  altitude  control  is  encountered  for  performance 
reversal  situations  where  1 /t^  becomes  negative.  As  discussed  at  length 
in  Chapter  5,  l/Th-j  is  approximated  by 


(7-^3) 


It  will  change  sign  whenever  the  airplane  is  on  the  "backside"  of  the 
thrust-required  versus  speed  curve.  This  is  a  common  situation  on  very 
low  speed  approaches  (e.g.,  carrier  approaches),  steep  climbs,  and  other 
flight  conditions  where  flight  at  near-minimum  drag  is  desirable.  When 
this  performance  reversal  occurs,  an  altitude  loop  will  drive  the  pole 
at  the  origin  into  the  right  half  plane  toward  1 /Th^ .  The  result  is  a 
divergent  instability  at  any  value  of  closed-loop  gain.  In  principle, 
the  performance  reversal  point  could  be  detected  and  the  sign  of  the 
gain  changed  to  avoid  divergence,  but  this  would,  also  change  the  root 
locus  departure  from  the  phugoid  roots  by  l80°,  thereby  tending  to  drive 
the  phugoid  unstable  at  very  low  values  of  gain.  Consequently,  even  in 
principle  such  a  change  is  impractical.  The  conclusion  to  be  drawn  from 
these  considerations  is  that  altitude  control  using  the  elevator  alone 
cannot  be  achieved  for  flight  conditions  in  which  the  performance  reversal 
exists.  'An  additional  control  deflection  (other  than  the  elevator)  must 
be  added. 


A  similar  conclusion  on  the  same  basis  can  be  drawn  for  rate  of 
climb  systems.  However,  there  are  many  situations  in  which  a  specific 
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value  of  rate  of  climb  is  not  the  basic  requirement ;  rather,  it  is  desired 
that  nearly  best  rate  of  climb  as  a  function  of  altitude  be  maintained. 
Under  these  conditions  the  use  of  airspeed-J.ike  feedbacks  to  control 
either  indicated  airspeed  or  Mach  number  to  values  approximating  those 
for  best-climb  is  most. appropriate.  Such  feedback  systems  do  not  suffer 
from  performance  reversal  problems  and,  further,  they  do  not  require 
command  scheduling  consistent  with  available  flight  performance  as  a 
function  of  altitude. 
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The  usefulness  of  studying  feedback  loops  closed  around  the  various 
transfer  functions  of  aircraft  is  exactly  the  same  in  the  case  of  lateral 
motions  as  it  is  for  longitudinal.  Idealized  systems  still  serve  to  show 
the  ultimate  performance  which  practical  systems  can  approach  or,  on  the 
other  hand,  tend  to  show  which  feedbacks  are  unlikely  to  prove  useful. 

A  general  block  diagram  for  the  cases  of  lateral  motion  quantity 
feedback  is  identical  to  the  one  for  longitudinal  motion  quantity  feed¬ 
back  (see  Fig.  7-1).  Again  it  will  be  sufficient,  in  most  instances,  to 
consider  that  the  controller  is  simply  a'  gain,  although  in  some  cases 
simple  forms  of  compensation  or  equalization  may  be  provided  to  improve 
the  performance  of  the  feedback  control  loop. 

The  main  lateral  motion  output  quantities  which  have  been  controlled 
directly,  and  the  actuating  quantities  for  the  lateral  motions  of  aircraft, 
are  summarized  in  Table  8-1 .  Because  there  are  so  many  possible  combina¬ 
tions,  only  the  more  useful  and/or  instructive  of  these  will  be  described 
in  this  clxapter. 

8.1  FEEDBACK  OF  BAM  ANGIE  AND  BOLLING  VELOCITY  TO  TKB  AILERONS 

The  first  successful  aircraft  automatic  pilots  employed  the  same 
vertical  gyroscope  which  sensed  the  pitching  motions  to  detect  departures  ' 
from  a  wingo-level  attitude  and  to  cause  the  ailerons  to  move  so  as  to 
oppose  the  bank  angle.  This  action  can  be  thought  of  as  negative  feed¬ 
back  of  the  bank  angle  motion  variable  to  the  aileron  actuating  quantity. 
The  appropriate  transfer  function  for  the  controlled  element  is 
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TABLE  8-1 


LATERAL  MOTION  AIRFRAME  OUTPUT  AND  ACTUATING  QUANTITIES 


OUTPUT  QUANTITIES 

ACTUATING  QUANTITIES 

q>,  bank  angle 

6a,  aileron  deflection 

p,  rolling  velocity 

6r,  rudder  deflection 

r,  yawing  velocity 

i|r,  heading  angle 

0,  sideslip  angle,  v/u0 

ay,  side  acceleration, 

EL-yi  "j*  3? 

Typically,  in  cruising  flight  the  spiral  time  constant  is  very  large  and 
the  mode  itself  can  he  either  neutrally  stable,  or  a  slow  convergence,  or 
a  slight  divergence.  Both  the  neutral  and  the  unstable  conditions  are 
undesirable  for  unattended  operation,  and  the. slow  convergence  is  little 
better.  Consequently,  one  purpose  of  an  automatic  pilot  is  to  impose  a 
higher  degree  of  spiral  stability.  With  roll  attitude  control  this  is 
achieved  by  the  creation  of  static  stability  in  roll.  Directly  associ¬ 
ated  with  the  improvement  in  spiral  mode  stability  with  this  kind  cf 
system  is  the  provision  of  ban!;  angle  stability  and  a  tendency  to  main¬ 
tain  roll  attitude  orientation  in  the  presence  of  aircraft  disturbances. 
Finally,  the  bank  angle  system  permits  the  imposition  of  roll  commands  on 
the  aircraft.  In  the  discussion  below  several  aspects  of  roll  attitude 
and  rolling  velocity  control  will  be  considered  for  a  variety  of  aircraft 
configurations  which  correspond  to  several  degrees  of  control  difficulty. 

Conventional  Roll  Attitude  Control 

Figure  8-1  displays  the  feedback  system  analysis  for  the  bank-angle- 
to-aileron  closure  (<p  5a)  for  an  aircraft  with  good  rolling  character¬ 

istics  .  The  0-Bode  diagram  ( shown  for  both  positive  and  negative  values) 
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indicates  that  at  a  gain  greater  than  |  Kql'q^  |  =  1  the  spiral  notion  is 
made  stable.  For  the  vehicle  dynamics  presumed  here  this  loop  may,  in 
fact,  be  closed  with  much  higher  gains  without  the  danger  of  instability 
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While  the  dutch  roll  mode  in  this  airplane  is  weakly  damped,  the 
close  proximity  of  the  numerator  zeros  to  the  dutch  roll  poles  implies 
that  there  will  be  very  little  excitation  of  this  mode  in  response  to 
aileron  inputs.  (However,  the  dutch  roll  mode  will  still  be  excited  by 
rudder  or  gust  inputs.)  As  far  as  the  regulation  of  bank  angle  and  the 
ability  to  follow  bank  angle  commands  are  concerned,  this  system  would  be 
eminently  satisfactory  when  the  loop  is  closed  with  the  typical  zero  db 
line  location  shown. 

Control  of  the  bank  angle  of  a  hovering  VTOL  aircraft,  or  helicopter, 
by  means  of  feedback  to  the  rolling  moment  control  is  the  analog  of  pitch 
angle  control  for  this  type  of  vehicle  (see  Section  7*1  >  Eq»  7-8,  and 
Fig.  7-1 0)  •  The  equations  of  motion  and  transfer  functions  have  the  same 
form  and,  except  for  changes  in  the  numerical  values  of  the  stability 
derivatives  or  transfer  function  factors,  they  are  appropriate  for  the 
description  of  either  longitudinal,  or  lateral  motions  at  hover  and  at  very 
low  forward  speeds.  Figure  7-10  therefore  can  be  considered  to  be  equally 
as  good  an  analysis  of  the  bank-angle-to-rclling-moment  control  of  a 
hovering  helicopter  as  it  is  of  pitch-angle-to-pitching-moment  control. 

Nature  of  Gain  Adjustments  for  Conventional  Roll  Attitude  Control 

To  maintain  these  satisfactory  closed-loop  characteristics  over  a 
broad  regime  of  flight  conditions  may  require  changes  in  the  controller 
gain  to  accomodate  changes  in  the  conditions  of  flight.  Some  app  re  dila¬ 
tion  for  the  nature  of  appropriate  gain  variations  can  be  obtained  by 
considering  roll  control,  of  a  much  simplified  airplane.  If  we  assume 
that  l/l’n  »  l/Ts,  and  that  the  dutch  roll  mode  is  exactly  canceled  by 
the  numerator  quadratic,  then  the  pure-gain  roll  control  system  has  an 
open-loop  transfer  function  given  by 
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(8-2) 


The  open-  and  closed- loop  characteristics  of  this  system  are  shown  in 

Fig.  8-2. 


The  closed-loop  roots  for  this  system  are  defined  by 


2Ssi^R  = 

^R2  s  *9*4, 

i 

Tlie  closed- loop  damping  ratio  is  therefoije 

.  _ L___ 

2fX'R^/KCpLba 
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The  controller  gain  required  to  obtain  a  specific  closed -loop  damping 
ratio  (or,  equivalently,  a  specific  phase  margin)  is  then 
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The  ratio  (Cip)2/Ciga  is  reasonably  constant  at  subsonic  conditions,  but 
is  a  function  of  Mach  number  in  the  transonic  and  supersonic  regimes. 

To  the  extent  that  (Cip)2/Ciga  is  approximately  constant,  an  appropriate 
variation  for  K<p  to  maintain  constant  closed-loop  damping  ratio  and  phase 
margin  would  be 

Kcp  cc  p  (8-7) 


With  constant  phase  margin,  it  is  clear  from  Fig.  8-2  that 

^  =  -Ip  (8-8) 

or  that  the  variation  of  the  crossover  frequency  with  flight  environmental 
parameters  will  be 
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If  the  desire  is  to  keep  the  cloned- loop  undamped  natural  frequency, 

■  1 

constant,  a  souiewhat  more  drastic  ££iin  variation  is  required.  From 

Eq.  8-4  it  follows  that  Kq>  must  vary  inversely  with  1^,  or  in  terms  of 
flight  environmental  parameters 


»»  "  ~k  (8"10) 

Controller  gain  variation  between  the  two  extremes  of  Eqs.  8-7  and  8-10 
results  in  a  compromise  between  constant  closed-loop  damping  ratio,  £gR, 
and  constant  undamped  natural  frequency, 


Roll  Attitude  Control  with  Roll/Yaw  Coupling 


One  facet  of  the  good  lateral  control  behavior  exhibited  by  ti.>- 
aircraft  considered  above  is  the  near  absence  of  the  dutch  roll  mode  in 
rolling  motions.  In  fact,  the  significant  roll  dynamics  could  have  been 
treated  almost  as  well  using  the  three-degree-of -freedom  spiral,  roll  sub¬ 
sidence  approximations  in  Chapter  6  in  which  neither  numerator  nor  denomi¬ 
nator  quadratics  appear.  When  the  quadratic  numerator  in  the  cp/tia  transfer 
function  does  not  approximately  cancel  the  dutch  roll,  denominator,  the 
magnitude  of  the  dutch  roll  component  in  rolling  motions  becomes  more 
significant  and  may  in  certain  conditions  lead -to  serious  control- ^prob¬ 
lems.  In  the  context  of  the  simplified  case  this  change  amounts  to  the 
multiplication  of  the  simplified  transfer  function  by  a  ratio  of 
quadratics. 

The  possible  relative  orientations  of  the  quadratic  pole/zero  can 
best  be  developed  by  considering  the  simplified  approximate  factors 
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Great  efforts  are  ordinarily  made  in  the  basic  airframe  design  to  keep 
Ip/lip  negative. .  To  the  extent  that  these  succeed,  oty/(£Q  vill  be  less 
than  one  for  adverse  aileron  yaw  (Kga/lga  <  0)  and  greater  than  one  for 
so-called  favorable  aileron  yaw  (N^/l^a  >  0) .  The  difference  in  the 
damping  .terms  depends  rrainly  on  the  sign  of  (lip  -  g/U0) .  On  most  aircraft 
each,  sign  occurs  somewhere  in  the  flight  regime,  so  the  relative  magnitudes 
of  and  £aaU  alternate.  In  general,  however,  the  magnitude  of 
will  be  roughly  that  of  except  for  those  cases  where  becomes 

negative  since  is  invariably  positive.  Finally,  the  relative  location 
of  l/Tg  and  affects  the  roll  attitude  system  closure  characteristics. 
Thus,  the  following  matrix  of  possible  conditions  is  of  interest: 


a*p/aa 

i/Tgcm 

<  1 

>  1 

>  1 

>  1 

<  1 

<  1 

>  1 

<  1 

These  various  cases  are  illustrated  in  the  G(jco)  Bode  plots  of 
Fig.  8-3-  These  plots  arc  drawn  with  and  ^  equal,  and  use  phase 
asymptotes  to  emphasise  the  phase  blip  due  to  the  quadratic  pair. 

Examination  of  Fig.  8-3  reveals  that  Cases  2  and  h  my  become 
unstable  for  values  of  gain  where  the  zero-db-linc/amplitude-ratio 
intersection  is  in  the  region  of  the  sharp  dip  in  phase.  The  phase  dip 
must,  of  course,  take  the  phase  angle  to  values  greater  than  180°  for 
such  an  instability  to  occur.  The  magnitude  of  the  dip  depends  on  the 
values  of  £d>  and  the  o^/a^  ratio;  and  in  many  circumstances  the' 
total  maximum  phase  dip  is  not  sufficient  to  reach  ~180°.  For  example, 
in  aircraft  with  large  values  of  dutch  roll  damping,  both  £<j>  and  are 
fairly  large  and  the  phase  dip  is  therefore  snail.  Such  craft  are  seldom 
affected  by  an  unstable  condition  of  this  nature.  The  surest  way  to  avoid 
the  phase  dip  of  Cases  2  and  4  is,  of  course,  to  have  oty  <  qj,  correspond¬ 
ing  to  Cases  1  and  3.  These  .latter  cases,  for „ the  minimum-phase  airframe 
conditions  shown  in  Fig.  8-3  and  the  ideal  censor  and  servo  characteris¬ 
tics  assumed  here,  cannot  become  unstable  at  ary  value  of  gain. 
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Root  locus  digrams  for  the  four  eases  are  sham  in  Fig.  8-4.  In 
all  cases  the  closed-loop  spiral  and  roll  subsidence  roots  proceed  toward 
each  other,  couple,  and  break  off  from  the  real  axis.  This  behavior  is 
similar  to  that  of  the  well-behaved  aircraft  situation,  being  precisely 
the  same  for  low  gains.  A  divergent  spiral  does  not  change  this  picture 
appreciably,  although  there  is  a  minimum  value  of  gain  required  for 
stability.  Also,  the  direct  correlation  between  the  phase  dip  and  the 
entry  and  subsequent  exit  of  the  closed- loop  dutch  roll  mode  from  the 
right  lialf  plane  is  apparent. 

The  behavior  of  the  cpiral/roll-subsidenee  coupled  pair  after 
breakoff,  and  that  of  the  modified  dutch  roll  roots,  is  most  interesting 
and  varied .  One  of  these  pairs  must  go  to  the  roll  numerator  at  high ' 
gain,  while  the  other  proceeds  toward  the  high  gain  asymptotes.  Which 
pair  goes  where  is  the  basis  for  further  classification  —  in  Subcase  A 
the  dutch  roll  poles  go  into  the  roll  numerator  pair,  while  the  coupled 
spiral/roll- subsidence  mode  goes  to  the  asymptote;  Subcase  B  i r  the 
opposite  of  Subcase  A.  Whether  a  particular  pole/zero  configuration  fits 
into  a  specific  category  depends  primarily  on  the  relative  location  of 
the  root,  especially  that  of  the  dutch  roll  and  of  the  roll  numerator. 

When  and  afy/<cq  is  near  unity  (Cases  1A  and  4A),  the  infinite 

gain  dutch  roll  characteristics  are  those  of  the  roll  numerator.  As  afy/ag 
decreases  (Cases  IB  and  3)  or  and  become  separated  in  value 
(Cases  IB  modified  and  ^B) ,  the  coupled  spiral/ roll- subsidence  roots  drive 
into  the  zeros.  In  either  case  the  high  gain  characteristic  of  the 
closed- loop  transfer  function,  <j>/<pc,  is  basically  similar,  since  one 
or  the  other  of  the  denominator  pairs  will  approximately  cancel  the  zeros. 
The  net  result  for  the  high  gain  values  of  G/(l  +  G)  will  then  be 
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The  value  of  £qi«\v(j  for  high  gain  approaches  the  negative  of  the  high 
gain  root  locus  asymptote,  i.e., 

SciPtaL  “■  “ffc.g.  =  (Cd°u  "  5<]jWp)  +  t(%  +  T^)  C8-1?) 
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l.  Q-h-.  Root  Loci  o/.’  K^/p/Lq  for  Roll  Control  System  Cases 
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Of  all  -the  varied  airfiamc  forms  considered  in  Face*  8-5  and  8-4, 
a  "preferred, "  or  roost  desirable,  condition  will  usually  be  Case  1A. 

This  would  be  nearly  ideal  when  ^arge  enough  to  satisfy  dutch  roll 

damping  requirements  —  for  then  the  roll  loop  can  be  made  high  gain,  and 
will  have  a  response  to  comaands  which  is  essentially  second-order  in 
character. 

In  a  practical  control  with  actuator  and  sensor  lags,  the  unstable 
conditions  due  to  the  phase  dip  cannot  ordinarily  be  overcome  by  raising 
the  gain  to  force  the  dutch  roll  poles  into  the  o*p  zeros .  Instead,  more 
elaborate  means  of  compensation  must  be  sought.  These  typically  involve 
the  use  of  the  rudder  either  to  provide  damping  for  the  dutch  roll,  or  the 
use  of  a  crossfecd  from  the  aileron  to  alter  the  apparent  aileron  yawing 
moment  characteristics .  The  analysis  of  this  important  example  of  a 
separate  loop  closure  as  a  means  of  compensation  is  deferred  until 
Chapter  12. 

Roll  Attitude  Control'  with  Deficient  Roll  Damping 

In  many  practical  situations  a  roll  control  system  based  on  only  roll 
angle  feedback  is  inadequate  from  the  standpoint  of  tightness  of  control 
in  response  to  disturbances  and  commands.  This  deficiency  can  be  traced 
back,  fundamentally,  to  the  fact  that  with  pure  roll  attitude  feedback 
the  open-loop  and  closed-loop  total  effective  dampings  are  the  same.  To 
improve  this  situation  the  order  of  the  open-loop  transfer  function  numer¬ 
ator  must  be  rrn.de  no  less  than  one  below  that  of  the  denominator.  Then, 
when  the  quantity  1  +G  is  formed  and  divided  through  by  the  coefficient 
of  the  highest  order  s  term,  the  second  highest  order  s  term  (which  repre¬ 
sents  the  total  system  damping  or  the  sum  of  all  the  roots)  will  be  a 
function  of  open-loop  gain.  The  damping  factors  of  the  various  closed-loop 
modes  can  then  be  considerably  increased,  with  attendant  reduction  in 
response  time  and  increase  in  system  tightness. 

To  accomplish  this  increase  in  relative  numerator/denominator  order 
in  the  c[>  Sa  roll  control  system,  the  controller  transfer  function  is 
changed  from  K<p  to  Kq,(l  +T<ps).  From  the  mechanization  standpoint  this 
introduction  of  lead  equalization  can  be  obtained  in  several  ways,  all 


0-12 


adding  .lag;;  ab  high  frequency .  These  lags  will  bo  ignored  here  because 
they  are  no  more  important  to  the  discussion  at  hand  than  sensor  or  servo 
lags.  Also,  the  lead  can  be  introduced  in  either  the  feedback  or  forward 
loops,  although  it  is  usually  inserted  in  the  feedback  path.  In  this  way 
the  closed-loop  system  characteristics  at  high  gain  can  be  made  to  approach 
cp/cpc  =  1  / (Tms  T 1 ) .  To  the  extent  that  high  gain  can  bo  maintained 
throughout  the  flight  regime,  this  provides  constant  closed- loop  system 
dynamics  i.11  response  to  commands .  Although  such  considerations  are 
important  in  connection  with  <pc  inputs,  the  major  interest  in  vhat  follows 
is  on  the  effective  vehicle  dynamics  which  are  independent  of  input,  i.e., 
on  the  closed-loop  modes  defined  by  1  +G(s)  -  0. 

In  most  respects  the  significant  c! tangos  in  lateral  characteristics 
due  to  the  addition  of  lead  in  the  controller,  i.e., 

Sa  -  (K<pS  Kq,)  f(>G  -  K^Cs-M/T^c 

can  be  treated  using  tlic  threc-dcgi’ee-of -freedom  spiral/ roll- subsidence 
approximation.  The  open-loop  transfer  function  'will  then  be 


Since  the  roll  subsidence  is  ah. 'ays  greater  than  the  spiral  root,  the 
simplified  system  characteristics  will  be  strongly  dependent  on  the 
relative  location  of  l/jtyand  1/Tr.  The  two  possible  cases  (excluding 
the  trivial  one  when  l/Tcp  =  1 /Tp)  are  shown  in  Figs.  8-5  and  8-6.  When 
l/Tqj>  i/Tr  (Fig.  8 -’J>)  the  low  gain  closed-loop  roots  are  similar  to 
those  for  the  simple  roll  case  (which  is  a  limiting  condition  correspond¬ 
ing  to  1  /fcp  With  an  increase  in  gain  the  modified  spiral,  and  roll 

subsidence  approach  one  another  until  the  zero  db  line  reaches  the  break¬ 
away  point,  o)^  .  At  higher  gains  the  roobs  become  complex.  At  still 
higher  gains  the  presence  of  1 /Tm  becomes  a  more  emphatic  factor  in  the 
character  of  the  system.  For  the  zero  db  line  at  the  rendezvous  point, 

0) or  lower  (higher  gains),  the  two  oscillatory  roots  have  returned  to 
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the  real  axis  —  one  goes  into  (--1  /*J?C, ,),  while  the  other  increases  (negatively) 
vith  increased  Gain.  The  complex  branch  from  «voa^  to  is,  of  course, 
a  perfect  circle  centered  at  -l/Tq,  on  the  conventional  root  locus. 

In  Fig.  8-6  the  presence  of  the  zero,  — l/'i'q,,  between  the  *-Ts  and 
—1  /TH  poles  3.cads  to  a  system  which  exhibits  considerable  differences 
from  the  q>  &a  case .  The  behavior  of  the  closed- loop  roots  as  gain  is 


increased  is  straightforward  —  the  modified  spiral  goes  to  the  3.ead  term, 
l/T(p,  and  the  modified  roll  subsidence  approaches  the  high  frequency 
asymptote . 


Different  as  the  plots  of  Figs.  8-5  and  8-6  appear,  they  indicate 
very  similar  system  behavior  at  low  values  of  gain .  At  very  high,  gains 
the  results  shown  are  also  similar.  Only  at  intermediate  gains  is  the 
behavior  of  the  two  basically  different. 


I 


cr  (log  sco/ej 

Fig.  8-6.  Bode  G(--o')  Diagram  of  Boll  Attitude  and  Ro3.1  Rate 
(<p,q>  ->~&a)  Control  System  for  1  /T-  <  1  /‘J?cp  <  1  /Tr 
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Roll  Velocduy  Feedback  (Soil  Damper) 

One  of  the  simplest  stability  augmentation  systems  imaginable  is 
the  feedback  of  rolling  velocity  to  aileron  (p  ba) .  This  system  is 
seldom' used  as  a  command  controller,  i.c. ,  there  is  no  pc  command. 

Instead,  its  function  is  to  augment  the  roll  damping  derivative  Lp.  This 
my  be  desirable  for  one  or  more  of  several  reasons.  One  was  discussed 
in  the  last  article,  where  the  q>  6a  component  of  the  q>,q)  -»~-6a  system 
was  used  to  improve  the  response  of  a  roll  command  system.  Other  reasons 
will  be  described  below,  using  the  equivalent  stability  derivative  approach 
and  approximate  factors. 

When  the  aileron  deflection  is  undo  proportiojval  to  rolling  vel.ocity, 


t  ~  “KpP 


(8-15) 


the  effect  on  the  roots  of  the  closed-loop  system  is  the  same  as  those 
which  would  be  caused  by  changing  the  stability  derivative  Lp  to  Ip  , 
where 


Ip  *  Ip  -  KDl4 
^aun  p  P  a 


(8-16) 


if  y§a  and  are  neglected.  The  direct  effect  of  this  action  is  to 
increase  the  roll  subsidence  break  frequency,  expressed  by  the  approxi¬ 


mate  factor 


1  i 

Tr  Jpaug 
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This  may  be  desirable  to  improve  the  handling  qualities  in  manual  control 
or,  as  trea ced  above,  to  allow  a  tighter  roll  attitude  loop  closure  in 
automatic  control. 

An  increase  in  1  /Tp  can  also  i)nprove  the  aircraft  response  to  rolling 
gusts.  For  instance,  using  the  simplified  airplane  equations. with 
1  ^  0,  the  rolling  response  to  a  rolling  velocity  gust,  pfi,  will  be 

described  approximately  by  the  transfer  function 


(8-18) 
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In  this  relationship  the  low  frequency  gain  is  clianged  from  approximately 

unity  (— LpTp)  for  the  airplane -a lone  condition  to  Lp/lp  a  with  augmentation . 

aug 

Both  the  ratio  of  rolling  and  sideslipping  amplitudes -in  the  dutch 
roll  mode  and  the  roll  response  to  a  pg  gust  input  are  measured  by  the 
ratio  of  9  and  p  modal  response  coefficients  for  the  dutch  roll  mode.  As 
developed  in  Chapter  6,  this  is  given  for  the  airplane -alone  by  the 
approximate  expression 


(8-19) 


if  the  dutch  roll  damping  ratio  is  fairly  small.  Taking  account  of  the 
'.augmentation  by  replacing  Ip  with  Lpa  in  Eq.  8-1 9  indicates  that  |t/pI<i 
can  be  reduced  substantially  by  a  roll  damper  if  >  1 ;  otheivj.se 

the  effect  of  augmentation  on  |cp/pj^  will  be  minor. 


Finally,  the  use  of  a  roll  damper  to  improve  effective  airframe 
numerator  characteristics  for  outer  loop  equalization  must  not  be  over¬ 
looked,  although  it  j.s  beyond  the  scope  of  this  chapter. 


e.a 
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Bank  angle  and  rolling  velocity  are  the  primary  feedbacks  in  single- 
loop  roll  control  systems.  They  are  generally  effective  and  are  almost 
always  present  in  automatic  flight  control  systems.  In  addition  to  cp 
and/or  p,  other  quantities  have  from  time  to  t:imc  been  used  as  feedbacks 
to  the  ailerons.  The  most  common  are  lateral  deviation  and  heading,  as 
might  be  obtained  from  a  localizer  or  other  lateral  guidance  device  and 
a  directional  gyro.  Neither  of  these  is  generally  suitable  for  direct 
feedback  to  the  ailerons  without  extensive  equalization.  Thj.s  j.s 


normally  supplied  by  virtue  of  inner  attitude  loops,  so  the  feedback  of 
these  quantities,  in  practice,  constitutes  a  multiple-loop  situation  and 
thus  is  a  subject  for  Chapter  12. 

Quantities  other  than  ban!-:  angle  and  rolling  velocity  have  been  used 
occasionally  in  single-loop  aileron  control  systems.  These  include  feed¬ 
backs  of  yawing  velocity  (r  — &a) ,  sideslip  (p  ->*-  ba) ,  and  lateral 
acceleration  (ay  5a) .  On  particular  craft  each  of  those  lias  been  made 
to  serve  some  useful  purpose,  but  their  success  has  invariably  been 
dependent  on  the  existence  of  favorable  vehicle  characteristics  which  are 
by  no  means  universally  present.  The  favorable  diameter! sties  are 
exhibited  in  the  transfer  function  numerators  and,  as  already  remarked  in 
Chapter  6,  such  numerators  as  L’^(s)  are  mavericks  of  the  worse  sort  in 
that  their  basic  characteristics  differ  not  only  between  different  air¬ 
craft,  but  even  within  a  single  vehicle  at  different  flight  regimes. 
Consequently,  a  thorough  discussion  of  such  single-loop  feedbacks  would 
have  to  cover  a  very  large  number  of  mostly  unsuitable  conditions.  To 
avoid  this  we  shall  confine  our  attention  here  to  the  low  gain  behavior 
of  such  loops,  thereby  permitting  us  to  use  approximate  factors  and 
equivalent  stability  derivatives  as  the  basis  for  the  discussion.  Most 
of  the  interesting  features  and  deficiencies  of  fJ,  r,  and  ay  feedbacks 
to  aileron  can  be  treated  in  this  way  in  fairly  general  terms. 

Feedback  of  Sideslip  to  the  Ailerons  ^ 


The  feedback  of  sideslip  angle  to  the  ailerons  modifies  the  stability 
derivatives  I,p  and  Np  as  follows: 


^uug 
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For  most  aircraft  with  reasonably  large  directional  weathercock  stability 
the  principal  effect  will  be  on  1^  ,  and  in  this  sense  the  feedback  of 

sideslip  angle  is  analogous  to  changing  the  dihedral  of  the  airplane.  A 
very  modest  amount  of  this  feedback  is  sufficient  to  stabilize  an  unstable 
spiral  motion;  that  is,  with  Kp  positive,  the  magnitude  of  l£a  can 
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easily  lie  increased  such  that 
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(8-21 ) 


Unfortunately ,  at  the  sumo  time  this  feedback  ray  signi f icantly  decrease 
the  damping  of  the  dutch  roll,  mode  wherever  (Kp  -  c/ho)  is  negative,  as 
el Itfih  by  the  approximate  factor 


(8-22) 


Sideslip-to-ailcron  feedbacks  have  also  been  proposed  as  a  means  to 
decrease  the  effective  dihedral  and  thereby  the  dutch  roll,  modal  response 
ratio  h'-/p|d.  This  requires  a  negative  Kp,  and  all  of  the  effects  noted 
above  are  simply  reversed.  To  achieve  significant  reduction  in  the 
effective  |  Io|  over  a  reasonable  range  of  inputs,  the  gain,  Kp,  and  the 
aileron  authority  must  be  fairly  large.  Further,  the  degree  of  spiral 
instability  must  be  .limited.  This  is  automatically  accomplished  if  the 
p/^a  zeros  are  such  that  one  of  them  is  negative  and  slightly  larger  in 
•magnitude  than  the  spiral,  thereby  providing  a  zero  for  the  spiral  to 
approach.  Unfortunately,  this  numerator  has  a  basic  dependence  on  such- 
variable  stability  derivatives  as  Kga  and  (Np  -  g/u0),  so  the  zero  loca¬ 
tions  can  shift  drastically  with  flight  condition.  Other  means  to  cope 
with  the  spiral  exist,  but  most  require  additional  feedbacks  and  so  arc 
beyond  our  present  scope. 

We  can  conclude  from  the  above  that  p  -*-5a  systems  can  provide 
some  good  features,  but  that  these  are  usually  accompanied  by  deleteriour. 
•side  ■effects.  The  disadvantages  often  outweigh  the  advantages,  so  such 
■  systems  are  seldom  used,  except  in  the  most  special  of  circumstances . 


Feedback  o:?  Side  Acceleration  to  the  Ailerons 


The  feedback  of  side  acceleration,  ay  ,  to  the  ailerons  is  often 

*  •J'c.g. 

practically  equivalent  to  the  feedback  of  side  velocity.  This  follows 
from  the  relation  h:ip 
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W*  *  V*  +  V  ♦  V  +  *w 


(8-23) 
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where  the  terms  Y^,  Yp,  end  Yr  are  negligible  so  that 


c.c* 


Y&i 6r  *  Yvv 
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Then,  overlooking  for  the  moment  the  possible  effect  of  rudder  deflec¬ 
tions,  there  remains  only  the  very  much  simplified  formula 


v 


(8-25) 


Consequently,  as  a  single-loop  control  the  lateral  accelerometer  will 
share  most  of  the  characteristics  of  p  -  v/u0  Sg,  systems,  (Similar 
to  the  correspondence  .between  a2  and  a  in  the  longitudinal  control.) 

In  sosua  automatic  pilots  the  connection  between  side  acceleration 
and  side  velocity  has  been  used  as  the  basis  for  a  coordination  control 
in  which  the  ailerons  are  driven  so  as  to  null  a  side  acceleration 
signal.  While  this  may  seem  contrary  to  the  customary  use  of  the  rudder 
as  the  coordination  control,  it  has  beer,  made  to  work  as  part  of  a  multi- 
loop  automatic  flight  control  system  on  aircraft  with  characteristics 
favorable  to  this  typo  of  coordination  device. 


Feedback  of  Yawing  Velocity  to  the  Ailerons 


An  r  Sa  feedback  system  corresponds  to  tbe  alteration  of  the 
airplane  stability  derivative  Ly.  This  can  be  an.  effective  means  of 
stabilizing  the  spiral  mode  by  Jinking  Ly  sufficiently  negative 
(Kr  positive)  that 


Jftflr 
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If  the  aileron  yaw  is  favorable  positive),  then  this  feedback  will 
also  tend  to  increase  the  magnitude  of  Hi  This  will  make  the  left 

cUlg 

side  of  the  inequality  still  larger  and  will  incidentally  improve  the 
dutch  roll  damping .  On  the  other  hand,  for  the  more  common  adverse  yaw 
(Nga  negative)  the  r  -*-Sa  system  gain  cannot  be  made  very  large  without 
making  the  modified  dutch  roll  oscillation  unstable. 
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There  have  been  some  proposed  automatic  jjilot  configurations  which 
used  the  properties  r  feedback  to  advantage.  These  are  especially 

effective  when  a  tilted  rate  gyro  can  be  satisfactorily  employed.  This 
will  sense  a  combination  of  rolling  and  yawing  velocity,  and  when  this 
signal  is  used  to  actuate  the  ailerons  the  damping  in  roll  and  spiral 
stability  are  simultaneously  improved.  For  more  detailed  studies  of  this 
type  of  system  the  airplane  lateral- velocity- to-aileron  transfer  function, 
co /8a,  should  be  used.  In  fact,  this  is  generally  necessary  in  practice, 
for  the  angular  velocity  is  sensed  by  a -rate  gyro  which  is  fixed  to  the 
vehicle.  Because  the  gyro  input  axis  does  not  vary  with  flight  condi¬ 
tion,  while  the  vehicle’s  stability  axes  do,  the  lateral 'angular  velocity 
sensed  will  not  always  coincide  with  yawing  velocity. 


8.3  AGS  OF  BSASKSO  AR(fJ?3  TO  TI23 luMR 


The  earliest  automatic  pilots  employed  a  feedback  of  heading  angle 
to  the  rudder  as  a  means  of  steering  the  airplane.  For  small  perturba¬ 
tions  about  straight,  level,  and  horizontal  flight  the  appropriate  trans¬ 
fer  function  fer  the  study  of  this  as  an  elementary  feedback  control,  system 


(8-27) 


Figure  8-7  presents  a  system  survey  of  this  system  for  a  typical  case. 
This  survey  indicates  that  the  feedback  of  heading  to  rudder  stabilizes 
the  divergent  spiral  motion  by  forcing  it  to  combine  with  the  pole  at 
the  origin.  At  a  comparatively  high  value  of  the  feedback  gain  the 
resulting  low  frequency  oscillation  is  made  stable,  while  at  the  same 
time  the  damping  of  the  dutch  roll  mode  is  only  slightly  altered.  Conse¬ 
quently,  this  type  of  system  can  be  a  very  satisfactory  directional 
stabilizer  for  aircraft  with  heavy  dutch  roll  damping. 

In  the  absence  of  actuator  lags  there  is  no  danger  of  instability  at 
high  frequencies,  although  the  dutch  roll  undamped  natural  frequency 
becomes  much  greater  as  the  feedback  gain  is  increased.  However,  for  the 
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typical  location  shown  Tor  the  complex  zexw.  of  the  transfer  function, 
the  dominant  closed-loop  heading  mode  (£/.,  o^)  can  never  become  very 
satisfactorily  damped  because  the  £r,  o^.  zeros  are  themselves  rather 
close  to  the  imaginary  axis.  In  fact,  it  is  not  at  all  uncommon  for 
these  zeros  to  be  in  the  right  half  plane  during  some  pliase  of  flight. 
(This  will  be  treated  in  more  detail  in  the  discussion  of  the  r  -•*»-  &r 
system  given  below.)  To  avoid  the  light  or  negative  closed- loop  damping 
accompanying  a  high  gain  closure,  the  gain  is  generally  made  fairly  lou. 
The;  closed-loop  bandwidth  of  the  system  is,  therefore,  also  bound  to 
remain  low .  Some  improvement  in  these  deficiencies  can  be  obtained  by  a 
combination  of  bank  angle  ana  heading  angle  feedback  to  the  rudder,  and 
a  tilted  directional  gyroscope  can  provide  a  suitable  signal.  The  first 
British  automatic  pilot  was  mechanized,  in  this  way.* 


8  A  E3EW3ACK  OS’  XfiHKd  VBIOOlffiT  20  TiVi  Eu« 


In  a  number  of  modern  airplane  automatic  pilots  the  rudder  axis, 
instead  of  being  slaved  to  a  direction-sensing  instrument,  is  activated 
by  a  rate  gyro  which  senses  yawing  velocity.  This  is  particularly  valu¬ 
able  in  those  aircraft  which  need  dutch  roll  damping  augmentation. 

Assuming  that  the  yawing  velocity  sensor's  input  axis  coincides  approxi¬ 
mately  with  the  aircraft's  stability  axes,t  the  transfer  function  relating 
yaw  rate  to  rudder  has  the  same  numerator  and  denominator  factors  as  that 
given  in  Eq.  8-27  relating  heading  to  rudder  deflection,  except  for  the 
free  s,  i.c., 


_r(s)  r.  _N£r 
5r(sJ  Aj.at 


Ar(R  rjnjjs2  +  2$r'°rs  +  «§] 

(s  *%){s  *  4)l“2  +o§] 
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>-F.  V/.  Meredith  and  P.  A.  Cooke,  "Aeroplane  Stability  and  the  Auto¬ 
matic  Pilot,"  J.  Royal  Aeron.  Society,  Vol.  XI.I,  No.  51 0,  June  1957; 
pp.  4l5~^2o. 

*  In  practice  the  w/b?  transfer  function  should  bo  used  to  take  into 
account  sensor  tilt  angles  which  invariably  exist.  Alternatively,  the 
transformation  between  instrument  axes  and  body-fixed  axes  can  be  treated 
as  a  multi  loop  problem  :in  which  both  r  and  p  are  fed  hack. 
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Figure  8-8  presents  the  system  analysis  for  an  r  5r  feedback 

around  the  transfer  function  of  Eq.  8-28.  The  aircraft  characteristics 
/  , 

are  typical-  for  a  high-aspect-ratio  straight  wing  aircraft  at  cruising 
speed  and  altitude. 

The  particular  dynamics  of  this  airplane  and  flight  condition 
illustrate  the  powerful  effect  of  yaw  rate  feedback  on  the  lateral 
motions  of  the  airplane.  At  a  very  low  value  of  the  feedback  gain  the 
spiral  divergence  is  made  stable,  and  at  higher  gains  the  very  weakly 
damped  dutch  roll  motion  is  made  heavily  damped.  In  fact,  as  the  figure 
shows,  in  this  idealized  system  it  ?»  not  difficult  to  provide  nearly 
critical  damping  for  the  closed-loop  dutch  roll  roots.  If  1  /'fr  and  1  /Tr 
were  somewhat  closer  together,  as  commonly  occurs,  all  the  roots  could 
be  made  negative  and  real. 


Washed-Out  Yawing  Velocity  to  the  Rudder 


In  turning  flight  a  straight-through  feedback  opposes  the  turn, 
requiring  an  increment  of  rudder  or  aileron  into  the  turn  to  compensate 
for  the  action  of  the  feedback  system.  Any  necessity  for  supplying  this 
increment  of  control,  has  been  found  to  be  unacceptable  on  highly  naneuver 
able  craft.  A  "via shout"  is  therefore  usually  installed  in  the  feedback 
loop.  This  device  has  the  property  of  having  no  output  at  d.c.  so  that 
the  feedback  no  longer  opposes  a  steady  turn.  (In  some  so-called  single¬ 
axis  automatic  pilots  which  consist  of  a  yaw  rate  feedback  to  the  rudder, 
it  is  precisely  the  fact  that  they  do  oppose  the  almost  steady  turn  of  a 
developing  spiral  instability  which  is  considered  valuable.  Those  device 
are  designed,  therefore,  without  the  washout  feature.) 

The  transfer  function  of  a  washout  has  the  form 
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and  the  step  function  response  of  a  washout  is 


shown  in  Fig.  8-9.  The 
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device  gets  its  name  from  the  fact  that  the  step  function  response  decays 


or  is  washed  out. 


Fig.  0-9*  Step  Function  Response  of  a  Washout 


A  system  survey  of  the  washed-out  yaw-rate-to-rudder  system  is  shown 
in  Fig.  8-10.  To  minimize  the  opposition  of  steady  turns  it  is  desirable 
to  choose  the  inverse  washout  time  constant,  1  a(i  harge  as  can  be 

without  detracting  too  much  from  the  dutch  roll  damping.  There  is  a 
direct  tradeoff  between  these  two  desires  in  that  the  .larger  the  inverse 
washout  time  constant  becomes,  the  smaller  Vi  1.1' be  the  maximum  obtainable 
value  of  the  damping  ratio  of  the  modified  dutch  roll  mode.  This  fact  is 
illustrated  by  the  sensitivity  vectors  on  the  root  loci  of  the  system 
survey  shovm  in  Fig.  8-11,  which  also  serves  as  the  basis  of  discussion 
in  the  next  article. 


Spiral  and  Dutch  Roll  Stabi.l.izati.on  with  large  to,  .'j 


A  less  favorable  configuration  of  the  open-loop  poles  and  zeros  than 
those  illustrated  in  Figs.  8-8  and  8-10  is  easily  possible.  This  is  illus¬ 
trated  in  Fig.  8-1 T,  which  is  drawn  for  the  dynamics  of  a  jet  interceptor 
operating  at  high  lift  coefficient.  In  this  case  the  quadratic  zeros 
(£r>  mr)  arCi  rauch  closer  to  the  dutch  roll  poles  and  the  feedback  of  yaw 
rate  to  the  rudder  is  of  strictly  limited  effectiveness  in  damping  the 
dutch  roll.  Further,  the  sensitivity  vector  S0>c  clearly  indicates" that 
still  closer  <x\>,  a\j  spacings  will  be  even  more  undesirable. 

Although  the  K§r  numerator  is  another  maverick,  it  is  instructive 
to  consider  two  limiting  cases.  These  are: 
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Presuming  that  is  negative,  2£ray  can  easily  become  negative  for  either 
case.  Thus,  the  complex  zeros  are  not  only  typically  lightly  damped,  but 
are  likely  to  be  disadvantagcously  located  in  the  right  half  plane .  This 
can  happen  for  all  the  systems  illustrated  in  Figs.  8-8,  8-10,  and  8-11. 

The  difficulties  in  improving  the  dutch  roll,  damping  occasioned  by 
ay  approaching  a)<j  can  be  alleviated  by  increasing  Lp.  This  is  obvious 
in  Kq .  8-51,  but  not  at  all  apparent  for  Eq.  8-50.  The  secret  there  is 
that  a  sufficient  increase  in  Lp  causes  the  inequality  |(g/Uo)Lp|  »  ] Lp^J 
to  be  violated  so  that  the  approximate  factors  no  longer  apply  and  are 
replaced,  by  the  second  set.  The  actual,  decrease  of  ay /op  is  oili.nari.ly 
accomplished  with  the  aid.  of  a  roll  damper. 

Kature  of  Gain  Adjustment  for  Dutch  Roll  Damping  Augmentation 

Just  as  with  the  other  .systems  considered,  the  nature  of  appropriate 
gain  adjustments  with  flight  environmental  parameters  for  the  yaw  damper 
depends  on  the  detailed  closed- loop  characteristics .  If  dutch  roll  damping 
is  to  bo  constant,  then 
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On  the  other  hand,  if  the  closed-loop  dutch  roll  damping  ratio  is  to  be 
nearly  invariant,  then  the  desired  relationship  will  be 
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This  implies  that  the  variation  of  gain  vith  flight  parameters  should  be 
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Again,  as  with  all.  the  gain  compensation  considerations  discussed  in  this 
and  the  previous  chapter,  the  actual  nature  of  the  compensation  will 
depend  on  the  specifics  of  vehicle  dynamics,  closed-loop  dynamic  per¬ 
formance  envelope  specifications,  functional  mechanization  of  the  gain- 
changing  devices,  etc. 

8.5  WixiffiMK  Oi?  njDgSWCP  TO  5)JP-  Brass© 

The  feedback  of  sideslip  angle  or  sideslipping  velocity  to  the  rudder 
is  practically  equivalent  to  the  augmentation  of  the  directional  stability  ' 
derivative  Np  (or  lb)) •  It  serves  in  a  very  useful,  way  to  minimize  the 
sideslip  angle  (uncoordination) . 

The  transfer  function  which  relates  sideslip  angle  to  rudder  deflection 
has  the  form 
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Figure:  8-12  sho'.?:;  the  system  survey  for  negative  feedback  of  the 
p  or  system.  This  has  the  effect  of  destabilizing  the  aperiodic 
spiral  notion  and  of  moving  the  dutch  roil  roots  to  a  higher  frequency. 
This,  of  coiu’cc,  is  the  result/  expected  of  an  increase  in  directional 
•stability.  ' 

To  improve  the  dutch  roll  damping,  a  p  component  can  be  added  to  the 
controller,  i.e., 

&r  *-=  -(Kpp  +  Kp»P) 

(8-57) 
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A  survey  of  this  system  is  given  in  Fig.  0-15*  Ac  indicated,  this 
type  of  system  lias  excellent  characteristics  as  a  single-loop  control  for 
the  improvement  of  the  dutch  roll  and  the  minimization  of  sideslip. 
Appropriate  gain  adjustments  with  flight  environmental  parameters  are 
not  extreme,  being  similar  to  those  for  a  6e  systems.  The  system  is 
also  an  excellent  inner  loop  for  roll,  attitude  and  other  outer  loop  con¬ 
trollers.  Its  primary  deficiency  is  a  practical  one  in  instrumenting  an 
adequate  sideslip  sensor.  This  is,  to  some  extent,  alleviated,  by  the 
possibility  of  a  lateral  acceleration  system. 

8.6  tWJJJlWK  Ctf  tt&u-AL  hOOWmMW  WO  SUJJDBR 

Some  of  the  favorable  features  of  p  ~**-5r  or  p,p  systems  can 

be  obtained,  by  substituting  a  properly  located  lateral  accelerometer  for 
the  sideslip  sensor.  The  similarity  between  the  two  systems  can  be  seen 
conceptually  from  the  side  acceleration  equation  and  the  expression  for 
side  acceleration  at  a  general  location,  viz: 
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These  equations  are  the  lateral  analogs  to  the  longitudinal  az  discussed 
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From  this  it  is  seen  tlr.it  placing  the  accelerometer  at  the  (8-4j>) 

instantaneous  center  of  rotation  will  make  the  leading  coeffi¬ 
cient  zero,  just  as.  in  the  analocous  longitudinal  case.  For  the  acceler¬ 
ometer  at  the  instantaneous  center  of  rotation,  the  numerator  then  becomes 
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The  approximate  factors  for  this  numerator  are  ( Table  6-h ) 
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The  sign  of  1  /Ta  will  generally  depend  only  on  the  location  of  the 
rudder  with  respect  to  the  c.g.,  and  will  be  negative  for  aft  and 
positive  for  forward  locations.  The  breakpoint  corresponding  to 
1  /Tay^j  provides  a  convenient  upper  limit  of  approximate  correspondence 
bet'./ccn  a v  and  0 .  At,  frequencies  belay/  this  the  two  are  almost  directly 
proportional,  i .  e . , 
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Above  this  frequency  the  rudder  deflection  will  destroy  the  correspond-  • 
ence  between  side  acceleration  and  sideslip  angle  or  sideslipping  velocity. 

Figures  8-1 4  and  8-15  show  system  surveys  of  ay  -*-6r  and  ay, ay  Br 

control  systems,  respectively,  for  a  sittiation  where  the  accelerometer  is 
near,  but  behind,  the  center  of  rotation.  As  expected,  the  dynamics  of 
these  systems  are  quite  similar  to  those  of  the  corresponding  sideslip 
controllers  illustrated  in  Figs.  8-12  and  8-15*  A  major  difference,  how¬ 
ever,  between  these  two  general  types  of  systems  is  not  revealed  explicitly 
in  the  system  surveys.  This  is  the  matter  of  necessary  gain  variation  to 
keep  the  closed-loop  system  dynamics  within  specified  bounds.  Again,  the 
differences  between  the  lateial  ay  and  p  systems  are  similar  to  those 
between  the  longitudinal  az  and  a  controllers.  In  complete  analogy  to 
the  latter  systems,  the  controller  gain,  Ky,  must  vary  as  l/pUo  if  it  is 
to  simulate  a  constant-gain  sideslip  controller. 

Although  rudder  control  systems  using  ay,dy  5r  are  not  as  common 
as  washed-out  yaw  dampers,  they  have  been  successful  in  past  applications. 
Tills  type  of  system  is  particularly  advantageous  for  gun-firing  aircraft 
where  two- control  (aileron  and  elevator)  lead/pursuit  maneuvers  without 
sideslip  are  required,  and  on  rocket-firing  craft  where  sideslip  minimiza¬ 
tion  is  desirable  to  simplify  the  fire  control  equipment  design.  It  also 
shares  the  excellent  properties  of  the  p,f3  Br  system  as  an.  inner  loop 
in  more  complex  multiloop  systems. 

Early  models  of  the  B~52  bomber  also  depended  on  a  side  acceleration 
feedback  to  the  rudder  to  damp  the  dutch  roll ,  but  the  principle  of 
operation  of  the  damper  was  completely  different  from  the  one  discussed 


8-1 4.  System  Survey  of  Side  Acceleration  (ay  -*-Sr)  Control  System 


above.  In  the  all-;  eh.nicnl  dasqx-x*  ti**_  s:XJk-  acet  lent  tier  uar- 
sensed  in  the  fin  (where  it  consisted  :  liaost  cr-ti  rely  of  an  xttr  signal) 
and  was  peeudointegrated  (lagged)  so  as  to  produce  a  signal  roughly 
proportional  to  yawing  velocity  at  the  dutch  roll  frequency.  This 
latter  signal  was  then  employed  to  deflect  the  rudder. 
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9.1  33TTROETCT10K! '  THI  SYSTEM  DESICK  PROCESS 

In  Chapter  1  there  was  occasion  to  suggest  the  importance  of  feedback 
to  the  solution  of  the  problem  of  control -and  guidance  of  aeronautical 
vehicles.  In  particular,  its  roles  in  making  the  vehicle  amenable  to 
following  guidance  commands  and  in  suppressing  the  effects  of  disturbances 
were  emphasized.  Since  then  the  text  has  exposed  the  mathematical  and 
physical  principles  necessary  to  the  solution  of  the  deterministic 
analysis  problem,  i.e.,  given  the  (deterministic)  input  and  the  mathe¬ 
matical  description  of  the  system,  find  the  output  or  error.  This, 
however,  by  no  means  represents  a  solution  to  the  design  or  synthesis 
problem,  i.e.,  given  the  input  and  the  desired  output,  or  tolerable  error, 
find  the  system. 

As  a  general  term,  synthesis  may  be  defined  as  the  process  of 

*  J» 

combining  elements  into  a  unified  whole.  A  flight  control  system  may 
be  considered  as  the  combination  of  two  basic  portions  —  a  controlled 
element  (vehicle)  and  a  controller.  The  controlled  element  is  charac¬ 
terized  by  output  quantities  to  be  controlled  and  input  quantities  to 
which  control  is  applied.  The  controller  has  three  functions,  namely, 
sensing,  actuation,  and  equalization.  The  first  of  these  is  performed 
by  sensors,  or  elements  capable  of  detecting  the  ^output  quantities  to 
be  controlled.  The  second  function  requires  actuators,  or  elements 
capable  of  applying  control.  The  third  function,  equalization,,  includes 
all  of  the  means  required  to  connect  or  modify  the  performance  of  any  of 
the  system  elements  and  of  the  overall  system  to  achieve  satisfactory 
system  operation. 

While,  in  principle,  any  of  the  components  within  the  system  are 
subject  to  modification  to  better  the  system  as-  a  whole,  iri  practice 
some  are  more  alterable  than  others.  In  many  cases  the  controlled 
element  is  more  or  less  predetermined  by  factors  beyond  the  scope  of 
the  system  designer.  In  other  situations,  it  is  assumed  to  be  known  . 
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in  order  to  facilitate  the  design  process.  Thus,  while  the  controlled 
element  is  usually  considered  to  be  Unalterable  for  the  duration  of  a 
design  calculation,  this  viewpoint  should  not  be  allowed  to  prohibit 
vehicle  modifications  which  may  improve  the  system.  Sensing  and 
actuating  elements  are  only  "quasi- alterable”  in  practice,  because 
they  can  be  changed  only  by  selection  of  a  different;  item  of  the  same 
general  class.  Equalization  elements  are  completely  alterable  within 
the  realm  of  physical  realizability  and  practicality.  Following  these 
remarks,  system  synthesis  may  be  defined  on  a  narrow  basis  as  the  process 
Of  determining  the  properties  of  a  mechanism  required  to  control  an 
unalterable  physical  element  in  seme  desired  fashion. 

The  final  aim  of  system  design  is  to  integrate  components  into  a 
functional  system  which  performs  its  assigned  tasks  "satisfactorily." 

The  design  process  leading  to  this  end  can  be  broken  into  several 
phases  which  are  more  or  less  chronological.,  yet  which  are  extensively 
interrelated  and  interconnected.  A  typical  set  of  such  phases  might 
include: 

1 ..  Specification  of  System  Purpose  and  Overall  System 
Requirements 

At  the  design  stage,  system  purpose  can  be  equated,  with 
mission  phase  or  task  definitions.  Requirements  are  partially 
derivable  from  the  functions  needed  to  be  performed  to  accomplish 
these  mission  phases  (operational  requirements),  and  less  directly 
from  the  characteristics  of  the  interconnected  components  and  the 
environment  in  which  they  operate  (implied  requirements). 

2,  Determination  of  Unalterable  Element}  Command,  and 
Disturbance  Environment  Characteristics 

Typically  the  characteristics  of  some  component  parts  of 
the  system  are  not  subject  to  the  choice  of  the  system  designer. 

In  aeronautical  control  and  guidance  such  "unalterable"  elements 
often  include  the  vehicle  itself  and  possibly  the  control  surface 
actuators  and  some  of  the  motion  quantity  sensors.  The  "structure" 
of  the  commands  and  disturbances  is  likewise  not  subject  to  the 
choice  of  the  designer  but  is  instead  a  direct  consequence  of  the, 
mission  or  task  and  the  environment. 


3.  Kvolutloc  of  Competing  Feasible  Systems  (Dstarmlaatlop  of 

Buie  Functional  Block  Diagrams) 

Usually  the  requirements  can  be  met  in  more  than  one  vay, 
i.e.,  with  different  systems.  Then  it  is  possible  to  evolve 
competing  systems  which  become  candidates  for  select! on. on  the 
basis  of  certain  desirable  properties. 

4.  Competing  System  Assessment,  System  Selection 

■The  competing  systems  can  be  compared  on  a  very  large  number 
-- .  of  bases  which  can  be  divided  into  two  categories:  design 
quantities  and  design  qualities.  Design  quantities  include 
the  dynamic  performance  (relative  stability,  accuracy,  speed 
of  response  or  bandwidth,  etc.)  and  the  physical  characteristics 
(weight,  volume,  power  or  energy  consumption,  etc.).  Design 
qualities  include  safety,  operational  capability,  reliability, 
maintainability,  cost  and  so  forth.  An  ’’optimum"  system  is 
one  which  has  some  ’’best"  combination  of  all  these  features. 

5.  Detailed  Study  of  the  Selected  System 

Once  a  ’’best"  system  has  been  selected,  it  is  still  necessary 
to  wring  it  out  for  all  nominal  and  abnormal  operating  conditions. 

The  components  which  do  not  yet  exist  as  hardware  must  be  designed, 
fabricated  and  tested  as  components.  As  many  of  these  as  it  is 
possible  to  include  should  be  assembled  in  a  simulation  of  the 
system,  and  finally  the  system  needs  to  be  tested  in  its  actual 
operating  environment,  i.e,,  flight  in  our  case.  At  each  stage 
of  the  testing  process  the  assumptions  which  were  made  in  previous 
phases  of  the  design  should  be  checked  for  validity.  If  actual 
conditions  violate  the  assumptions,  a  new  iteration  of  the  design 
should  be  begun  at  the  point  where  the  incorrect  assumption  was 
made.  ' 

It  is  in  this,  or  a  very  similar  way,  that  a  functional  system  is  ' 
synthesized,  in  practice,  so  as  to  satisfactorily  meet  all  its  performance 
objectives. 

In  the'  sections  which  follow,  we  present  the  concepts  on  which  the 
requirements  for  automatic  flight  control  systems  are  based.  This 
process  begins  with  a  definition  of  the  mission  and  becomes  increasingly 
intricate  and  detailed  as  the  flight  control  system  is  examined  in  its 
more  intimate  details.  After  the  discussion  of  mission-centered  and 
operational  requirements,  we  turn  to  a  consideration  of  the  more  obscure 
requirements  implied  by  component  or  system  design  specifics.  Flight 


control  systems  are  largely  feedback  controllers,  so  the  subsequent 
article  treats  those  flight  control  system  requirements  satisfied  by 
the  application  of  feedback  principles.  Finally,  the  bases  for 
compromise  in  selecting  system  bandwidth  are  described. 

After  covering  the  first  or  requirements  phase  of  design  in  the 
initial  articles,;  the  chapter  concludes  with  a  brief  section  on  simula¬ 
tion  and  flight*  testing  as  the  methods  by  which  it  is  ultimately  demon¬ 
strated  that  the  automatic  flight  control  system  satisfies  the  requirements. 

Important  stages  in.  the  design  process  are  not  discussed  in  this 
chapter.  For  instance,  the  characteristics,  of  the  unalterable,  element, 
the  aircraft  itself,  have  been  treated  in  Chapters  4—6,  and  the  subjects 
of  describing  analytically  the  commands  and  disturbances,  as  well  as  an 
introduction  to  system  dynamic  performance  assessment,  are  deferred  to 
Chapter  10.  This  scrambling  of  the  order  of  presentation  is,  in  part, 
a  reflection  of  the  interrelationships  between  the  subjects,  and  is  done 
here  partly  to  permit  an  orderly  development  of  the  mathematical  background 
for  the  several  topics. 

9.2  MISSION  PHASES  AND  OPERATIONAL  REQUIREMENTS 

In  any  aeronautical  system  design  the  requirements  for  subsystems 
evolve  in  a  pyramidal  fashion,  and  become  more  numerous  and  detailed  as 
definition  of  the  actual  equipment  is  approached.  The  apex  of  the  pyramid 
is  the  mission  purpose  and  definition  (see  Fig.  9-1)*  Immediately  below  this 
central  point  are  three  blocks  involving  considerations  which  interact 
strongly  in  the  earliest  preliminary  design  stages:  mission  phases, 
vehicle  operating  point  profile,  and  guidance  possibilities.  When  the 
mission  is  feasible,  one  or  more  feasible  vehicle  operating-point 
profiles  are  joined  with  one  or  more  guidance  possibilities  to  enable 
the  overall  system  to  perform  through  the  constituent  phases  of  the 
mission. 

Vehicle  operating-point  profiles  and  guidance  possibilities  can 
ordinarily  be  expressed  in  concrete  numerical  terms.  The  mission  phase 
"structure,"  however,  is  basically  open  to  choices.  For  flight  control 
design  purposes,  the  mission  phase  categories  should  be  selected  so  that 


Figure  9-1,  First  Step  in  Flight  Control  Requirements  Evolution  • 

the  quantities  required  to  define  flight  control  activities  are  determined 
once  the  phase  is  identified.  A  mission  phase  structure  based  on  maneuvers 
is  ideal  for.  this  purpose.  In  Table  9-1,  for  example,  an  aerospace  mission 
is  broken  down  into  mission  phases  which  serve  to  indicate  the  sequences 
required  for  its  accomplishment; 

At  this  point  the  flight  control  system  commands  and  the  basic  flight 
control  references  are,  in  principle,  determined  since  -these  must  be  such 
as  to  allow  the  vehicle  to  accomplish  each  mission  phase.  This  usually 
amounts  to  the  specification  of  the  outer  loops  required. 

Two  other  elements  of  the  flight  control  problem  also  ente'r  at  this 
stage.  These  are  those  forcing  functions  and  vehicle  dynamic,  properties 
which  depend  on  the  environment  (as  defined  by  the  various  mission 
phases  in  a  gross  way)  and  on  the  operating-point  profile.  -Such  a 
dependence  is  illustrated  in  Fig.  9-2  and  Table  9-2. 

This  brief  discussion'  illustrates  that  decisions  about  guidance 
.possibilities,  operating-point  profile,  and  mission  phases  have  a 
direct  influence  on  the  flight  control  system  design,  since  definition 
of  the  command  structure,  references,  kinematics,  and  forcing  functions 
is  implied  by  the  choices  made. 
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TABLE  9-1 

V/STOL  AIRCRAFT  MISSION-MISSION  PHASE  MATRIX 


MISSION 

missioIt^. 

PHASE 

TRANSPORT 

RESCUE 

ASW 

CLOSE 

SUPPORT 

(ATTACK) 

INTERDICTION 

(STRIKE) 

Short  field  or  vertical 
deck  takeoff  or  launch 

X 

X 

X 

X 

X 

Ferry  or  cruise 

X 

X 

X 

X 

X 

Approach,1  transition, 
hover 

* 

« 

* 

« 

« 

Land  at  forward  site 

• 

* 

Takeoff,  transition 
from  hover' 

X 

X 

• 

X 

Takeoff  from  forward 
site 

X 

X 

' 

<  x 

X 

Loiter 

;(dn  traffic) 

X 

X 

X 

Low  altitude 
penetration 

X 

Weapon  delivery 

X 

X 

X 

Approach  transition  and 
land'  at  short  field  or 
recover  on  deck 

* 

#• 

* 

« ' 

# 

Legend:  x  denotes  applicable  nonlanding  segment 

4 

•  denotes  approach  transition,  hover,  and  landing  segments  .  * 

Thus  far,  two  types  of  quantities  about  which  information  is  needed  * 
prior  to  the  evolution  of  flight  control  system  requirements  have  been 
discussed.  The  first  of  these,  the  "mission-centered  quantities"  ('i.e.,. 
vehicle  operating-point  profile  and  mission  phases),  result  in  "given" 
starting  points  for  subsequent  dynamic  requirements  evolution.  The 
second  kind  of  quantity,  which  might  be  called  "system- interaction 
quantities,"  is  implied,  for  example,  by  the  block  diagrams  of  Fig.  1-6. 
Considering;  Fig.  1-6  again,  it  is  evident  that  dynamic  requirements  are 
imposed  on  the  flight  control  system  by  virtue  of  its  operation  as  an 
element  of  the  overall  system —  specifically  that  it  operate  properly 


Figure  9-2.  Family  Tree  for  Evolution  of  Flight  Control  Requirements 
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during  phases  of  the  mission  in  which  a  homing- type  loop,  is  closed. 

Based  on  this  general  requirement  and  the  interaction  defined  by  the 
block  diagram,  a  series  of  possible  specifications  for  desirable  flight 
control  system  characteristics  can  be  promulgated  and  expressed  in  ser?.*? 
terms,  such  as  dominant  features  Bode  or  root  plots.  In  the  case  illus¬ 
trated  in  Chapter  1,  the  major  interaction  is  due  to  the  ( T— t/t)  gain¬ 
changing  term  in  the  guidance  loop  (see  Fig.  1-5).  Recognition  of  this 
fact,  and  its  implications  on  the  overall  system,  provide  the  starting 
point  for  considering  this  particular  system  inter  Action. 

9.3  AN  APPROACH  TO  IMPLIED  REQUIREMENTS  FOR  SYSTEM  DESIGN 

Unfortunately,  any  gross  transfer  function  requirements  derived 
from  considerations  of  the  mission- centered  quantities  and  system 
interaction  structure  are  not  necessarily  complete  or  even  consistent 
with  acceptable  performance  in  other  necessary  phases  of  the  mission, 
such  as  takeoff,  response  to  nonguidance  commands,  etc.  In  many  systems 
these  other  mission  phases,  in  which  the  guidance  loop  is  not  "tightly” 
closed,  impose  stringent  requirements  on  the  flight  control  system  over 
and  above  those  required  for  proper  operation  of  the  overall  flight 
control  and  guidance  system.  In  such  cases  an  appreciation  of  the 
interaction,  which  exists  between  the  vehicle  and  the  controller  requires 
a  detailed/ examination  of  the  flight  control  loop  itself.  Specifically, 
one  must  consider  the  requirements  imposed  on  the  flight  control  equip¬ 
ment  by  various  types  of  controlled  element  (vehicle)  characteristics, 
flight  control  system  command  inputs,,  and  external  disturbances;,  and 
conversely,  requirements  implied  on  the  controlled  element  by  various 
possible  flight  control  equipments. 

This  leads  us  finally  to  the  "component- centered  quantities"  which 
involve  the  primary  elements  of  the  flight  control  loop,  the  controller 
and  the  vehicle.  Definition  and  thorough  understanding  of  the  general 
dynamic  characteristics  and  operating  features  of  the  vehicle  readily 
leads  to  identification  of  the  physical  quantities  which  might  be 
controlled  and  to  the  means  through  \?hich  control  can  be  readily 
imposed. 
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The  following  annotated,  outline  summarizes  the  quantities  required 
basis  for  flight  control  specification  activities: 

1 •  Mission-Centered.  Quantities  (Mission  Phase  and  Vehicle 
.  Operating-Point  Profile) 

Establish: 

a.  Flight  control  system  commands 

b.  Basic  flight  control  references 

c.  Modal  and  command  sequences 

Define: 

a.  Disturbance,  or  unwanted  input,  environment 
to  be  encountered  throughout  the  operating- 
point  profile 

b.  General  characteristics  of  the  controlled 
element 

2.  Component-Centered  Quantities 

a.  Vehicle- centered  quantities,  including 

•  Vehicle  steady- state  maneuvering 
characteristics 

•  Vehicle  steady- state  asymmetrical  / 
performance  conditions 

•  Vehicle  output  quantities  (vehicle 
motions) 

•  Vehicle  input  quantities  (means  of 
imposing  control) 

•  Vehicle  dynamic  (transfer)  characteristics- 

•  Linear,  constant-coefficient 

•  Nonlinear  and/or  time- varying 
linear 

b.  Controller- centered  quantities,  including 

•  Controller  input  possibilities  (ability 
to  sense  vehicle  output  quantities) 

•  Controller  output  possibilities  (actuation 
of  vehicle  input  quantities) 


3.  System  Interaction  Quantities 

a.  Overall  Flight  Control  and  Guidance  System 

Interactions  establish  possible  requirements  imposed 
oh  the  flight  control  system  by  operation  within  the 
overall  system.  Logically  the  guidance- control 
dichotomy  has  both  static  and  dynamic  interactions: 

•  Operating  Point  Control — The  fundamental 
role  of  guidance  is  to  indicate  the  desired 
vehicle  operating-point  profiles  in<  seme 
suitable  physical  form.  Thus  hot1!  the 
physical  flight  control  command  structure 
and  basic  references  derive  from  guidance; 
and  the  role  of  operating-point  control  is 
to  translate  guidance  desires  into,  vehicle 
mass  center  motions. 

•  Limiting — Practical  guidance  equipment 
may  impose  limits  upon  allowable  vehicle 
departures  or  rates  thereof  from  operating- 
point  conditions. 

•  Dynamic  Interactions —  In  homing  systems 
guidance  and  control  are  inseparable 
dynamically,  so  proper  dynamic  operation 

of  the  total  overall  system  imposes  demands 
upon  the  transfer  characteristics  of  the 
flight  control  system, 

b.  Flight  Control  System 

System  interactions  between  vehicle  and  controller,  for 
various  \controller  input  and  output  possibilities 
establish  bases  for  requirements  selection  and/or 
evolution.  Interactions  must  consider: 

•  Sensing  and  equalization  possibilities 

•  Relationships  between  loop  dynamics, 
accuracy,  stability,  and  response 

•  Partition  of  required  system  dynamic 
characteristics  between  vehicle  and 
controller 

•  Vehicle  dynamic  requirements 

•  Controller  dynamic  requirements 

When  all  of  these  quantities  and  possibilities  are  thoroughly  understood, 
detailed  specification  of  functional  requirements  may  be  set  up  for  the 


flight  control  system.  It  is  ordinarily  possible  at  this  stage  to  delineate 
functional  requirements  directly  by  .assuming  the  vehicle  characteristics  oo 
be  unalterable  and  further  assuming  that  "desirable"  sensors  fall  into  a 
relatively  narrow  class.  With  these  assumptions  the  flight  control  system 
Interactions  for  a  specific  case  change  from  general  to  likely  possibili¬ 
ties.  The  functional  requirements  may  then  be  concretely  established, 
and  the  choices  of  alternatives  are  limited  largely  to  those  possible  at 
the  detailed  mechanization  level.  This  procedure  is  the  one  most  commonly 
adopted  in  flight  control  system  design.  On  the  other  hand,  if  the  vehicle 
characteristics  are  considered  subject  to  modification,  system  interactions 
between  vehicle  and  controller  again  assume  the  status  of  possibilities, 
and  Competition  between  alternatives  can  proceed  on  a  somewhat  broader  • 
level. 

In  either  event,  the  process  of  evolving  a  final  set  of  functional 
requirements  which  must  be  met  by  the  system  and  its  constitutents  is 
inevitably  difficult.  When  properly  performed  it  demands  ruthless 
objectivity  coupled  with  ingenuity  and  a  flair  for  selecting  among 
competing  possibilities  that  one  system  configuration  which  is  most 
favorably  constituted  to  accomplish  given  purposes.  In  principle,  a 
complete  evolution  of  functional  requirements  is  the  result  of  an 
optimization  process  which,  reduced  to  its  logical  constituents, 
requires 

1 •  The  establishment  of  an  overall  criterion  which 
measures  the  degree  to  which  systems  accomplish 
their  given  purposes.  The  overall  criterion  depends 
upon  a  weighted  intermix  of  subcriteria.  Subcriteria 
are  measures  of  those  quantities  contributing  to 
system  success  (e.g.,  performance,  pilot  and/or 
vehicle  safety,  weight,  energy,  reliability,  schedule, 
cost,  etc,). 

2,  Establishment  of  competing  configurations, 

3,  Assessment  of  the  competing  configurations  in  terms 
of  the  subcriteria  and  then  the  overall  criterion. 

The  most  fundamental  element  in  the  optimization  procedure  is,  of  course, 
the  establishment  of  possible  alternative  configurations  since  criteria 
become  academic  and  assessment  meaningless  unless  there  is  a  choice  to 
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be  made.  It  is  at  the  configuration  level  that  requirements  implied  by 
a  particular  system  configuration  meet  in  a  contest  with  those  which 
stem  from  physical  limitations,  the  result  being  the  functional  require¬ 
ments  for  that  particular  system.  Assessment  across  competing  systems 
then  leads  to  a  final  system  choice  and  a  final  set  of  requirements. 

9,4  GENERAL  TEED, BACK  CONTROL  SYSTEM  CONSIDERATIONS  IN  FLIGHT  CONTROL 

The  complete  solution  of  flight  control  problems  normally  requires 
a  suitable  intermix  of  open-  and  closed-loop  systems.  By  their,  very 
nature  open-loop  systems  are  calibrated,  so  their  application  is 
restricted'  largely  to  situations  in  which  the  acting  inputs  and  desired 
control  responses  are  fairly  well  known  a  priori .  In  flight  control 
practice  this  required  foreknowledge  largely  confines  the  role  of  open- 
loop  elements  to  partial  solution  of  operating-point  control  problems. 
Examples  include  throttle  and  flap  setting,  trim  adjustment  simultaneous 
with  the  release  of  stores,  near- impulsive  velocity  corrections,  etc. 

Even  for  these  examples  "loose,"  low  response,  feedback  loops  may  exist 
or  the  open-loop  elements  may  operate  in  conjunction  with  closed-loop 
vernierlike  supplementary  control  systems.  In  any  event,  pure  open-loop 
control  actions  depend  only  on  the  response  characteristics  of  the  con¬ 
troller  and  vehicle  in  series,  so  dynamic  interactions  are  either  prac¬ 
tically  nonexistent  or  relatively  simple  and  straightforward.  Consequently 
we  shall  here  say  no  more  about  open-loop  control  serving  by  itself  as  a 
complete  flight  system. 

The  vast  majority  of  flight  control  systems  are  multi- input,  multi¬ 
output,  multi-mode  devices  with  many  coupled  degrees  of  freedom.  Func¬ 
tionally  and  operationally  they  behave  as  multiloop  feedback  control 
mechanisms  in  which  dynamic  interaction  between  elements  plays  the  central 
role  in  overall  system  dynamic  performance.  In  this  and  other  ways  flight' 
control  systems  share  all  the  generic  qualities  of  servomechanisms  and 
regulators.  Adopting  a  point  of  view  in  which  flight  control  systems 
are  considered  as  members  of  a  broad  class  of  feedback  control  systems 
is  especially  useful  in  the  evolution  of ''flight  control  system  dynamic 
requirements,  and  this  view  is  the  basis  for  the  remainder  of  the 
discussion  of  this  chapter. 


In  order  to  provide  concreteness  in  the  subsequent  development,  we 
shall  .use  the  system  shown  in  Fig.  9-3  as  a  prototype.  Although  sane 
flight  control,  systems  may  require  a  more  complex  block  diagram  repre¬ 
sentation,  the  system  shown  is  suitable  for  a  wide  variety  known  as 
"single- sensor-loop"  control  systems.  The  system  types  classified 
under  this  title  have  the  distinguishing  characteristic  that  single¬ 
loop  block  diagrams  composed  of  analytically  simple  transfer  function 
blocks  provide  suitable  descriptions  of  their  functional  operation. 

On  the  other  hand,  the  forward-loop  transfer  function  may  actually 
include  the  closed-loop  transfer  functions  of  the  inner  loops  in  a 
multiloop  structure.  Specifically  in  Fig.  9-3  the  actuator  loop  has 
not  yet  been  replaced  by  its  closed-loop  equivalent,  although  this  step 
shall  be*  taken  subsequently,'  Also,  the  feedback  transfer  function  may 
be  a  combined  representation  of  two  or  more  sensors..  As  will  be  seen 
later,  nearly  every  flight  control  system,  including  sane  with  two 
different  control  inputs,  can  be  represented  by  single- sensorr loop 
block  diagrams. 

A  few  remarks  about  the  physical  realities  represented  in  Fig.  9-3 
are  now  in  order.  Consider  first  the  ideal  system  block,  H(s).  This 
is,  of  course,  not  physical  in  that  H(s)  represents  the  desired  transfer 
function  between  output  and  command,  [in  subsequent  developments  H(s) 
may  represent:  an  ideal  system  between  input,.  R(s),  and  output,  C(s); 
input,  R(s),  and  indirectly  controlled  output,  Q(s);  or  command,  V(s), 
and  indirectly  controlled  output,  Q(s)j  instead  of  between  c[s)  and 
V(s)  as  shown  on  the  diagram.  The  distinction  will  always  :be  clear 
from  the  context,]  Turn  now  to  the  disturbances,  which  enter  the  system 
in  four  different  locations.  Disturbances  may  occur  physically  in  yet 
other  places,  but  essentially  all  of  these  can  be  lumped  into  those  shown. 
Of  the  two  internal  disturbances,  rie(s)  and  T)a(  a ) ,  the  second  is  by  for 
the  more  important.  Normally  the  noise;'  or  unwanted  inputs,  near  the 
error  point  is  minimized  by  using  high  quality  sensing  instruments  and 
by  careful  design  of  signal  circuits,  so  input  signal-to-noise  ratios 
are  extremely  high.  Further,  a  large  proportion  of  the  error  point 
disturbance  is  subsequently  rejected  in  such  elements  as  phase- sensitive 
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9-3.  Prototype  "Single-Sensor-Loop"  Flight  Control  System 


demodulators  incorporated  in  the  forward-loop  amplification  and 
equalization  block.  On  the  other  hand,  the  actuator  error  disturbance, : 

s),  while  often  small,  in  absolute  magnitude,  is  almost  invariably 
followed  by  large  amplification  factors  within  the  actuator  loop.  These 
are  required  in  practice  to  minimize  the  effects  of  actuator  load  distur¬ 
bances  and  closed-loop  actuator  dynamics  on  the  overall  system.  These 
high  gains  coupled  with  the  internal  disturbance,  rja(  s ) ,  and  limiting 
within  the  actuator  loop  can  result  in  very  deleterious  consequences. 

The  actuator  load  disturbances  may  arise  physically  from  several,  sources 
inherent  in  the  actual  actuator  installation1,,  in  addition  they  may 
include  external  disturbances  imposed  upon  the  control  surfaces. 

With  aerodynamic  controls,  a  feedback  path-  (not  shown)  also  exists 
between  the  vehicle  dynamics  arid  the  actuator  load  disturbance  point. 

As  already  mentioned,  the  actuator  loop  will  ordinarily  be  closed 
with  gains  sufficiently  high  to  eliminate  the  effects:  of  actuator  load 
disturbances  on  the  control  deflection.  In  these  circumstances  the 

i 

block  diagram  of  Fig.  9-3  reduces  to  the  one  shown  in  Fig.  9--i .  Further,  j 
if  the  internal  and  external  disturbances  are  neglected,  the  even  simpler' 
diagram  of  Fig,  9-5  appears.  Finally,,  for  those  circumstances  in  which  j 
command  feedforward  and  command  input  elements  are  not  present,  the 
overall  block  diagram  takes  on  the  especially  simple  form  shown  in 
Fig.  9-6.  All  of  these  block  diagrams  shall  be  used  to  illustrate 
particular  points  in  the  following  discussion  of  flight,  control  system 
functions. 

The  primary  purposes  of  a  flight  control  system  are  to  Impose  control 
on  the  vehicle’s  flight  path  and  attitude.  In  terms  of  the  general  defini¬ 
tion  of  control  given  in  Chapter  1,  flight  path  and  attitude  control  may 
be  defined  as: 

Flight  Path  Control — The  stabilization  and  operating- 
point  control  of  the  time  history  of  a  vehicle  velocity 
vector. 

Attitude  Control — The  stabilization  and  operating- 
point  control  of  the  orientation,  aspect,  or  inclination 
of  a  vehicle  or  portions  thereof. 


Figure  9-4.  Simplification  of  "Single-Sensor-Loop"  Flight  Control  System 


Prototype  "Single-Sensor-Loop"  Flight  Control  System 
Without  External  and  Internal  Disturbances 


Ideal 

System 


'  Figure  9-6.  Prototype  "Single-Sensor-Loop"  Flight  Control  System 
Without  Feedforward  and  Command  Input  Elements 


Stabilization  control  often  merges  with  operating-point  control,  especially 
when  the  system  is  in  process  of  change  from  one  operating-point  to  another 
Still,  the  distinction  between  the  two  aspects  of  control  is  often  helpful 
as  a  basis  for  establishing  a  dividing  line  between  dynamic  and  steady- 
state  operating  requirements. 

When  broken  down,  the  flight  control  system’s  basic  overall  function 
in  accomplishing*  flight  control  purposes  implies  a  control  system  which 
provides: 

•  Stability  (either  general  or  at  specified  times) 

•  Desired  responses  to  specified  inputs 

•  Suppressions  of  the  effects  of  undesired  inputs 

To  provide  these  features  the  flight  control  system  is  called  upon  to 
perform  certain  specific  functions.  The  functions  are  interrelated, 
so  lines  of  demarcation  between  them  are  difficult  to  draw  distinctly. 

One  breakdown  of  specific  functions  is  given  below. 


a.  Provide  Vehicle  Stability.  Most  aeronautical  and 
aerospace  vehicles  which  operate  over  a  wide  range 
of  flight  conditions  inevitably  encounter  stability 
difficulties  in  one  or  more,  flight  regimes.  Because 
of  large  variations  in  the  types  and  magnitudes  of  the 
forces  acting,  sophisticated  vehicle  design  measures 
alone  are  seldom  sufficient  to  insure  stability  over 
the  entire  performance  envelope.  Consequently  a  prime 
flight  control  system  function  is  ordinarily  the 
augmentation  or  creation  of  vehicle  dynamic  stability. 
In  terins  of  Fig.  9-6,  a  vehicle  having  unstable  dynamic 
characteristics  will  possess  a  transfer  function  Gr(s) 
containing  poles  in  the  right  half  of  the  s-plane  (RHP) , 
With  a  flight  control  system  added,  the  "effective" 
vehicle  characteristics  are  modified  from 


C(a) 

6(s) 


Gg(s)  [unstable,  i.e.,  poles  in  RHP]  (9-1) 


C(s)  Ga(s)G5(s) 


(9-2) 
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With  proper  design,  the  poles  of  the  "effective”  vehicle 
transfer  function  (given  "by  the  zeros  of  Gf(s)[l  +  G(s)]) 
lie  in  the  left  half  of  the  s-plane,  thereby  providng 
stability  for  the  "effective"  vehicle. 

ff  9f 

Reduce  Effective  Order  of  Vehicle  Dynsmlos.  A  consequence 
of  feedback  is  effectively  to  reduce  the  order  of  the  system 
transfer  function  within  desired  frequency  regions.  For 
instance,  the  denominator  of  the  open- loop  transfer  function, 
G(s),  in  Fig.  9-6  is  ordinarily  of  high  order;  and  the 
denominator  of  the  closed-loop  characteristics  given  by 
G(  s)/f  1  +  G(s)  ]  will  be  of  this  same  order.  However,  the 
fact  that  |G(ja>)  I  can  be  made  much  greater  than  unity  over 
wide  frequency  ranges  sets  up  frequency  regions  in  which 
either  the  closed-loop  poles  are  nearly  cancelled  by  zeros, 
or  are  otherwise  removed  from  these  regions  to  considerably 
higher  or  lower  frequencies.  So,  while  theoretically  the 
denominators  of  G(s)  and  G(s)/[l  +G(s)]  are  of  the  same 
order,  practically  the  order  of  G(s)/[1  +G(s)],  in  a  frequency 
range  of  interest,  can  be  effectively  lowered  from  that  of 
G(s).  Expressed  another  way,  the  closed-loop  transfer 
function 


=  1,  when  |g(  jo>)  |  »  1  (9-3) 


so  all  the  modes  of  G(ju>)  in  the  frequency  regions  where 
|0(1  o>)  |  »  1  have  been  effectively  removed.  An  example  of 
the  reduction  of  the  effective  order  of  vehicle  dynamics 
has  already  been  presented  in  Chapter  3  (see  pp.  3-49  to 
3-56). 

This  reduction  in  effective  order  is  one  of  the  most 
profound  and  significant  features  of  feedback  systems. 

One  of  Its  more  important  consequences  is  an  improvement 
in  performance  potential..  This  is  demonstrated  in  Fig.  9-7, 
which  shows  minimum  values  of  two  figures  of  merit  versus 
system  order,  n.  These  results  are  obtained  with  unit 
numerator  systems,  i.e.,  systems  having  output/input 
transfer  functions  of  the  form 
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subjected  to  unit  step  inputs.  In  each  case,  the  system 
coefficients  (the  aj/s)  were  adjusted  to  values  for  which 
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(9-5) 
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d( Figure  of  merit) 
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so  the  figures  of  merit  shown  are  those  for  "optimum"  systems, 
using  a  zero  value  of  the  total  differential  as  the  definition 
of  optimum.*  From  Fig.  9-7  it  is  apparent  that  a  high  order  . 
system  which  is  "reduced"  to.act  like  a  second  order  system  has 
the  potential,  if  properly  adjusted,  to  give  lower  (i.e.,  better) 
figures  of  merit  than  a  similar  system  reduced  only  to  the  point 
where  it  acts  like  a  fourth  order  system.  Here  the  process  of 
"reduction"  requires  the  insertion  of  equalization,  and,  the 
consequent  addition  of  numerator  terms  to  the  unit  numerator 
output/input  transfer  function,  Gcr(s)* 

c.  Adjust  "Effective"  Vehicle  Dynamic  Response.  This  function  is 
related  to  the  one  directly  above  as  the  second  step  in  a  two- 
step  process  intended  to  improve  the  "effective"  vehicle  dynamic 
response  for  desired  inputs.  Reduction  in  effective  system  order 
stems  directly  from  setting  up  the  condition  |g(Jcd)  |  »  1  over 
seme  desired  frequency  range;  adjustment  of  effective  vehicle 
dynamic  response  follows  in  the  selection  of  the  restricted 
frequency  region  where  |g(Jo>)|  =  0( 1 ),  and  in  the  tailoring  of 
G(J<d)  in  this  rej 
three  regions  of 


|g(Jo>)  I  » 


|G(joo)  I  « 


and  |  G(  Jcd)  |  = 


;ion.  Normally,  the  closed- loop  system  has 
interest,  defined  by 


1,  over  which 
1,  over  which 


O(jcu) 


|1  +  G(Ju>)| 

■  G(fr>)  ; 

1  +  G(Joj) 


*  n 

4  |0(ju>)|;  (9-6) 


0(1) 


The  form  of  |G(jo)/[l  +G(Jo))]|  in  this  last  region  defines  the 
dominant  modes  of  the  closed-loop  system  dynamic  response.  In 
most  cases,  G(jtc)/[l  +G(Joj)]  in  the  region  where  |G(jo>)|  is  of 
the  order  of  unity  can  be  approximated  by  a  first-,  second-,  or 
third- order  system  and  one,  two,  or  three  modes  will  be  "dominant" 
in  the  response. 


•The  validity  of  particular  figures  of  merit  is  beside  the  point  for 
the  present  discussion,  although  of  extreme  interest  if  a  figure  of  merit 
is  used  as  a  performance  criterion.  For  a  detailed  discussion  of  the 
latter  point,  see:  Wplkovitch,  J.,  R.  Magdaleno,  D.  McRuer,  D,  Graham, 
and  J.  McDonnell,  Performance  Criteria  fpr  Linear  Constant-Coefficient 
Systems  with  Deterministic  Inputs.  A5I)-'rR-5l-501 ,  I^eb.  iQ6>2. 
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Figure  9-7*  Variation  of  Minimum  Value 
for  Figure  of  Merit  with  System  Order 


4.  Provide  Specified  Command-Response  Relationships.  It  is  often 
desired  that  the  fli^it  control  system  provide  seme  specified 
relationship  between  command  and  response.  Referring  to 
Fig.  9-5;  it  can  be  seen  that  the  closed-loop  transfer  func¬ 
tion  in  response  to  command  inputs  has  the  fora: 


/ 


0&(«) Cgj(s)Ga(s)  +  Gf(s)] 
1  +  G(s) 


(9-7) 


When  the  magnitude  of  the  open-loop  transfer  function,  | G(  jeo)  |, 
is  much  larger  than  unity,  the  relationship  between  the  command 
and  response  reduces  to 


Ocv(to) 


1 

Gf(iM 


GiW  + 


Gf(3<d) 

Ga(jo)) 


(9-8) 


The  designer  has  complete  control  over  the  transfer  functions 
G^(s)  and  Gy(s)  and  some  control  over  Gf(s)  and  Ga(s)  [the 
latter  two  are,  of  course,  involved  in  the  open-loop  transfer 
function,  G(s),  so  they  cannot  be  arbitrarily  adjusted  without 
affecting  the  basic  constraint  |G(jo)  |  »  1].  By  proper  selec¬ 
tion  of  the  form  of  the  transfer  function  combination  shown  in 
Eq.  9-8,  the  designer  can  provide  almost  any  specified  command 
response  relationship,  at  least  over  the  frequency  regions  where 
|G(  jeo)  |  »  1 ,  For  manual  control  purposes  these  transfer 
functions  can  be  adjusted  to  provide  a  vehicle  response  to 
piloted  command  which  approximates  the  best  vehicle  in  the 
‘sense  of  pilot  desires.  Among  other  things,  the  effective 
vehicle  dynamics  as  seen  by  the  pilot  can  be  made  substantially 
invariant  with  flight  conditions. 


f.  Reduce  Effects  of  Uttwsnted  Input  and  Disturbance.  The  primary 
regulator  function  of  a  flight  control  system  is  to  reduce 
the  effects  of  external  disturbances  acting  on  the  vehicle 
and  internal  disturbances  acting  on  the  flight  controller 
itself.  For  all  but  those  disturbances  acting  at  the  input, 
this  function  is  again  accomplished  by  virtue  of  the  feed¬ 
back  aspects  of  the  system.  In  Fig.  9-^  for  example,  the 
system  output  with  no  command  input  is  given  by 


»  Y~^j[gs2(8)m(»)  +  <3a2(s)G6(s)Tia(s)  +  G^sjGgC 8)^(8)]  (9-9) 


Again,  when  |g(  jo) |  is  much  greater  than  one,  the  output  due 
to  these  disturbances  is  approximately 


(9-io) 


C(jo>)  =  - ^ 

G«.(  J01)  G&1  ( Jco)Gf(  ^o>)  Gai  (jcu)Gf(ja))  Gf(jco) 

Ordinarily  the  transfer  functions  Ga(jct>)G&^(  jo>)Gf(ja>)  and 
•  Gai(<jo)Gf(  Ja>)  can  be  made  large  compared  with  unity  over 
the  frequency  regions  for  which  the  external  disturbances, 
(i(ja>),  and  the  actuator  error  internal  disturbances,  rja(  ju>) , 
are  important.  Unfortunately,  it  is  seldom  possible  to 
specify  independently  the  feedback  transfer  function,  Gf(jo), 
such  that  a  similar  reduction  in  output  due  to  the  internal 
disturbance,  qe(joj),  also  occurs.  Even  if  this  could  be 
done,  the  desired  input,  R(joi),  would  have  the  same  closed- 
loop  transfer  function  as  T^(ja>),  so  no  effective  reduction 
in  signal- to- noise  would  accrue  by  closing  the  loop.  These 
facts  are  reflected  in  the  emphasis  placed  on  procuring  high 
quality  instruments  for  flight  control  systems. 

f.  Suppress  Effects  of  Vehicle  and  Component  Variations  and 
Uncertainties.  One  of  the  principal  differences  between 
flight  control  and  other  feedback  systems  is  the  enormous 
variation  possible  in  the  controlled- element  (vehicle 
dynamics)  over  the  entire  operating-point  profile.  Con¬ 
sequently,  an  extremely  important  function  of  an.  adequate 
flight  control  system  is  to  maintain  the  effective  closed- 
loop  dynamics  more  or  less  constant.  Considering  Fig.  9-6, 
a  fractional  change  in  Gcr(s),  denoted  as  dGcr(s)/Gcr(s), 
in  terms  of  fractional  changes  in  the  elements  within  the 
loop,  is  given  by 


*Gcr(s) 

Gcr(8> 


1 

dGa(s)  i  dGg(s) 

1  +G(s) 

.Ga(.s)  Gb(s) 

G(s) 


dGf(s) 

®f;(s) . 


(9-11) 


Again,  when  the  open- loop  transfer  function  magnitude 
| G(  jco)  |  » 1,  the  fractional  change  in  overall  closed- 
loop  characteristics  reduces  to 


dGcr(*»)  .  1 

dGa(ju>)  dGg(jo>) 

dGf(Ja>) 

Ger(J^)  G(joi) 

Ga(Ja>)'  %(*»). 

Gf(ja>) 

(9-12) 


The  beneficial  consequences  of  large  values  of  open-loop 
transfer  function  in  lowering  the  effects  of  forward- loop 
controller  and  vehicle  variations  on  the  overall  transfer 
function  are  apparent  from  this  equation.  Another  point 
worth  noting  is  the  complete  absence  of  any  beneficial 
effect  on  uncertainties  in  the  feedback  path.  Again  this 
is  a  reason  for  the  necessity  of  very  high  quality  instruments. 
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♦ 

This  substitution  of  a  quasi- linear  representation 
for  a  nonlinear  element  can  be  accomplished  precisely, 
in  principle,  when  the  input  signal  is  a  periodic  or 
stationary-random  function  of  time.  For  other  inputs 
a  quasi-linear  representation  is  sometimes  useful 
heuristically,  although  caution  must  be  exercised 
to  avoid  carrying  linear  system  notions  too  far. 

When  the  input  signal  to  the  nonlinearity  is 
confined  within  certain  amplitude  limits,  the  open- 
loop  describing  function  can  be  made  much  larger  than 
unity  over  some  specified  range  of  frequencies.  Within 
these  conditions  the  output  reduces  to: 


c(jm) 


i  0f('»  R(3“)  +  Oa<Jt5)Of(Ja>)N(da,;6)  B(>) 


Because  the  open-loop  describing  function,  GaGfN,  is 
so  large  over  this  frequency  range,  the  remnant  term 
will  be  much  smaller  than  without  feedback,  and  the 
output  becomes  approximately. 


C(Jcd)  =  --rrTR(daj)  (9-lk) 


To  the  extent,  that  these  concepts  apply,  the  input  and 
output  bear  an  approximately  linear  relationship  which 
is  independent^  on  the  nonlinearity.  Outside  either  the 
amplitude  (of  the  nonlinearity's  input)  or  frequency 
region  where  the  open-loop  describing  function  is  much 
larger  than  unity,  this  relationship  will,  of  course, 
no  longer  be  valid. 

Another  illustrative  analysis  of  the  "linearizing" 
properties  of  feedback  has  been  given  by  West*  for  the 
nondynamic  case.  Suppose,  considering  Fig.  9-8(&)>  that 
the  element  with  nonlinearities  is  such  that  C  is  the 
function  of  6  illustrated  in  Fig.  9-9*  Call  this  function 
g(&).  Then  from  the  block  diagram 

6  =  Ga(R-  GfC)  -  (9-15) 

C  -  g(S)  =  g('0£R  -  GaGfC)  •  (9-16) 


*West,  J.  C.,  Analytical  Techniques  for  Nonlinear  Control  Systems, 
English  Universities  Press,  London,  i960. 
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(9-17) 


New 


dC  dxr  d8 

dR  ifdR 


«•<•>  i 


Differentiating  Eq.  9-1 5  and  substituting, 

f  -  r(6)oa[i  -  Of  fj ] 

or: 

dC  _  ^*(6) 

31  =  1+Gag'(8)Gf 


When  the  open-loop  function. GaGfg* (8)  is  much  larger 
than  unity  this  becomes 


d£  .  J_ 
dR  C  Gf 


GfGag‘(8)  »  1 


Again  this  illustrates  the  fact  that  the  action  of  the 
feedback  is  to  linearize  the  nonlinearity  as  long  as 
the  loop  gain  is  high* 


Figure  9-9*  A  Nonlinear  Function  and  Its  Derivative 
With  Respect  to  the  Input  to  the  Nonlinearity 
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(9-18) 

(9-19) 


h.  Modify  or  Eliminate  Vehicle  Cross-Coupling  Forces. 

Both  aeronautical  and  aerospace  vehicles  often  have 
several  coupled  degrees  of  freedom.  Some  of  these 
couplings  axe  desirable,  while  others  can. cause  a 
great  deal  of  grief.  While  high  gain  feedback  loops 
are  used  to  swamp  many  of  these  cross-couplings,  it 
is  occasionally  desirable  to  cancel'  out  cross-couplings 
by  generating  almost  exactly  opposing  forces  and 
moments  via  the  flight  control  system.  For  instance, 
with  vehicle  equations  of  motion  given  by 


fej-iC*)  ai2(s)  al3(s) 

V 

’  0 

a21(s)  a22^s)  a23(s) 

<p 

= 

0 

>5l(s)  .a32('s)  a33(s) 

r 

_N6B_ 

(9-20) 


the  a32(s)  off-diagonal  term  could  be  removed  from 
the  effective  vehicle  equations  of  motion  by  letting 
6  equal 


6 


a32(-s)(p 

NB 


(9-21) 


Attempts  to  decouple  vehicle  modes  of  motion  in  this 
direct  additive  (or  subtractive)  fashion  do  not  have 
as  widespread  application  in  flighty  control  as  one 
might  expect  because  of  the’  drastic  variation  of 
vehicle  characteristics  throughout  the  flight 
envelope.  However,  there  are  instances  in  which 
deliberate  crossfeeds  of  the  type  illustrated  above 
can  be  used  with  great  success. 


In  feedback  system  terms  the  specification  of  desirable  closed-loop 
characteristics  requires  the  definition  of  several  desired  closed-loop 
transfer  functions.  Hj_( s) .  For  the  single- sensor-loop  control  system 
shown  in  Fig.  $-6  such  a  specification  implies  that  the  system  output 
and  command  be  related  by 


C(d<n) desired  c  H(Jcd)RCJ©)'  (9-22) 


over  a  limited  range  of  frequency. 


9“  29 


The  actual  output  for  this  system  is 


C(jo)  = 


GO) 


GfOo))[l+GO)] 


XJ.)  ♦  M<»  ♦ 

1  +G(jo>) 


G(jrn) 


GfO)[l+G(j(u)J 


T)(j0>) 


(9-23) 


where  G(ja>)  is  the  open-loop  transfer  function  Ga0)G5i0)G620)Gf0). 
An  "error,"  c,  can  be  defined  which  measures  the  degree  to  which  the 
actual  system  approximates  the  desired  system. 


e(jo>) 


C(dtD)deSired,“'9(^)  =  hO)RO)  r*  C(joj) 

Ih(» - — jB(3m)  _  Mi 

{  Gf(d®)[l  +G(d<u)]  )  1+G(ju>) 


Q(J<6) 

Gf(jw)[l  +G(Jcd)] 


tj(Joj) 


(9-24) 


If  ho  disturbances  were  acting  (|i  =  T)  =  0 ) ,  the  error  in  approximating  the 
desired  system  by  the  actual  system  could  be  reduced  to  zero  by  designing 
the  open-loop  transfer  function  to  be 


G(jo>) 


Gf(ja>)HO) 

1-Gf(ja>)H(jco) 


(9-25) 


Tailoring  the  system  to  match  this  formula  would,  in  principle,  implicitly 
satisfy  the  flight  control  function  of  providing  "good  response  to 
specified  inputs."  Unfortunately,  Eq.  9-25  is  only  of  qualitative 
value  in  flight  control  applications.  This  is  due  to  the  fact  that 
disturbances  are  ignored  in  its  formulation,  and  the  equality  is 
difficult  to  attain  when  Gf(ju))  and  H(  Jco)  are  only  moderately  variable 
while  G(  jcu)  can  vary  between  wide  extremes. 

In  place  of  this  direct,  or  "calibrated,"  approach  most  of  the  specific 
functions  of  flight  control  systems  are  accomplished  by  the  "swamping" 


T  1 


action  provided  by  feedback  over  limited  regions  of  frequency  by  making 
|G(doj)  |  »  1 .  In  addition,  the  specific  flight  control  functions 
involving  suppression  of  external  disturbances,  minimization  of  effects 
of  system  component  variation,  linearization/  -htc • ,  are  all  obtained  in 
an  approximate  way  using  the  same  conditions/  d*e.,  |G(jco)  |  »1  over  the 
frequency  ranges  ■where  these  effects  are  important.  Consequently,  a  set 
of  limiting,  ideal  specifications  on  the  overall  flight  control  system 
would  include: 


1  •  G(  Jcd)  »  1  ]  Over  the  frequency  range  for  which 

/  the  desired  H(jrn)  is  to  be  closely 
_  G(  joj) _  >  approximated  and/or  over  the  fre- 

Gp(Ad)[1  +  G(  io>)  1  =  JU5  I  *uencies  at  which  n(jto)  and  R(jo>) 

*  /  have  substantial  frequency  components. 


3. 


Gf  ( jco)  [  1  +  G(jo>)] 


'  Outside  the  frequency  region  in  which 
the  major  frequency  components  of  the 
input  and/or  external  disturbances 
-  occur. 


The  first  and  second  conditions  reflect  the  regulation  (suppression  of 
external  disturbances)  and  servomechanism  (development  of  an  output 
which  is  a  specified  function  of  a  command)  aspects  of  the  problem.  The 
third  condition  minimizes  the  effects  of  internal  disturbances  to  the 
extent  possible  without  detracting  seriously  from  the  system's  action 
as  a  servo  or  regulator.  It  is  possible,  depending  upon  the  frequency 
content  of  the  command  signals  and  the  external  and  internal  disturbances, 
for  the  several  conditions  to  “be  in  conflict.  In  flight  control  systems, 
however,  a  reasonable  compromise  is  ordinarily  attainable. 

The  internal  disturbances,  tjQcd),  lumped  at  the  error  point  in 
Fig.  9-6  arc  not  substantially  reduced  by  feedback  action  (although 
the  third  condition  above  reduces  their  effect  outside  the  frequency 
region  where  feedback  operation  is  dominant).  Therefore,  these  should 
be  reduced  to  a  minimum  relative  to  the  input,  especially  over  the 
frequency  range  in  which  H  is  to  be  closely  approximated.  In  practice, 
this  reduction  is  accomplished  primarily  by  detailed  mechanizations! 
considerations . 
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For  control  systems  as  a  general  class,  techniques  to  synthesize 
mathematically  an  approximation  to  the  conditions  enumerated  above 
range  from  elementary  repetitive  analyses  to  sophisticated*  exercises 
employing  constraints  and  resulting  in  "optimal1*  systems  (approxima¬ 
tions  to  H)  which  meet  specified  criteria.*  In  general  the  more 
sophisticated  synthesis  techniques  are  best  suited  to  problems  where 
the  characteristics  (e.g.,  power  spectral  and  cross  spectral  densities) 
of  the  commands  and  disturbances  are  known,  where  considerable  latitude 
is  allowable  in  the  form  of  the  open-loop  transfer  function,  and  where 
the  controlled-element  characteristics  are  no  more  than  moderately 
variable.  Unfortunately  none  of  these  conditions  are  present  in  most 
flight  control  problems  to  any  appreciable  extent.  Instead,  the  many 
types  of  signals  encountered  are  usually  difficult  to  define  in 
sufficiently  general  terras,  and  the  dynamic  dominance  of  the  vehicle 
places  severe  restrictions  on  physically  reasonable  forms  for  the 
closed-loop  transfer  function.  Consequently  the  emphasis  in  practical 
synthesis  activities  is  heavily  centered  on .an  attempt  to  provide 
suitable  control  and  stabilization  for  a  wide  range  of  vehicle  dynamics^ 
in  the  presence  of  a  large  variety  of  command  and  disturbance  signals. 
For  this  kind  of  problem  intelligent  repetitive  analysis  is  usually 
the  most  suitable  synthesis  procedure.  Regardless  of  the  detailed 
procedure  used,  the  basic  question  as  to  desirable  forms  fpr  H  and 
GfH  must  somehow  be  resolved.  Certain  very  general  aspects  of  this 
question  deserve  discussion  here. 

As  noted,  the  functions  of  flight  control  systems  involving 
regulation^  or  suppression  of  external  disturbances,  require  an  open- 
loop  transfer  function,  G,  which  is  large  over  the  disturbance  bandwidth. 
Similarly,  the  desire  to  cut  off  internal  disturbances  outside  the 
command  frequency  band  of  interest  requires  G  to  be  small  at  higher 


•See,  for  example,  Bryson,  A.,  ''Applications  of  Optimal  Control  Theory 
in  Aerospace  Engineering,"  J.  Spacecraft  and  Rockets,  May  1967,  pp.  545-553, 
and  Rynaski,  E.  G.  and  R.  F.  Whitbeck,  The  Theory  and  Application  of  Linear 
Optimal  Control,  AFFDL-TR-65-28,  Jan.  19 66 '•  ' 
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frequencies.  The  desired  closed-loop  transfer  function,  GfH,  which 
is  approximated  by  the  actual  closed-loop  transfer  function,  G/(  1  +G), 
can  thus  be  seen  to  be  basically  that  of  a  low  pass  filter.* 

The  three  regions  of  interest,  defined  in  terms  of  |g(Jcd)  |,  which 
shed  light  on  the  desired  low  pass  form  for  GfH  are: 


|g(Jo>)| 

»  1 

-JL  1  ! 

*  1  +G 

«  1 

G  i  r 
'  1+G  "  G 

(9-26) 

|G(jo>)  | 

=  0(1) 

G 

> .  1+G 

Since  G  itself  is,  in  general,  a  low  pass  transfer  function  above  some 
frequency,  the  first  two  relations  satisfy  the  spirit  of  the  desirable 
conditions  enumerated  above.  The  crux  of  the  matter  occurs,  of  course, 
in  the  crossover  region  about  frequencies  where  |g(Ju>)|  =  1 ..  The 
behavior  pf  G/(i  +G)  in  this  region  defines  the  dominant  modes  of 
the  closed-loop  response,  or  their  frequency  domain  correlates  of 
bandwidth,  peak  magnification,  etc.  Consequently,  the  major  part 
of  the  system  closed-loop  dynamic  behavior  is  implicit  in  what  goes 
on  when  |G(jo))  j  =  0(  1 ) .  G  and  G/(l  +G)  are  so  closely  interconnected 
in  this  region  that  both  ordinarily  require  consideration.  At  this 
point,  gross  general  considerations  must  cease,  and  we  must  become 
more  specific  about  system  and  element  details. 

9-5  BASES  FOR  COMPROMISE  IN  SELECTING  CROSSOVER  REGION 

Considering  Fig.  9-6,  it  is  an  easy  task  to  find  the  closed-loop 
transfer  function  G(s)/[l  +G(s)  once  G(s)  is  given  (the  subject  of 


*G/(l +  G)  does  not  necessarily  possess  a  low  pass  nature  all  the 
way  to  zero  frequency  when  only  the  vehicle  short  period  modes  are  to 
be  controlled.  Even  in  these  cases,  however,  the  desire  is  still  to 
have  a  low  pass  closed-loop  system  within  and  above  the  short  period 
frequency  regions. 
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Chapter  3).  The  dominant  inodes  of  the  closed-loop  system  are  also  easy 
to  find  in  these  circumstances*  On  the  other  hand,  it  is  often  difficult 
to  specify  what  the  characteristic  frequencies  of  the  dominant  modes 
should  he*  In  terms  of  closed-loop  frequency  response,  this  last 
statement  is  equivalent  to  noting  that  the  bandwidth  is  difficult 
to  specify  with  any  degree  of  precision.  (Bandwidth  is  that  fre¬ 
quency  at  which  |G(  j<o)/[l  +  G(ju>)]  |d£  is  iown  ”3  dB  from  the  low 
frequency  value,  usually  zero  dB  when  the  closed-loop  system  is 
low  pass.)  Bandwidth  is  closely  related  to  the  crossover  frequency 
(frequency  at  which  |G(  jo>)  |  =  1 )  and  is  also  a  crude  measure  of  the 
undamped  natural  frequencies  and/or  inverse  time  constants  of  the 
dominant  modes.  So,  even  though  the  latter  quantities  are  actually 
of  principal  interest,  the  following  discussion  shall  use  all  of  these 
terms  loosely  as  if  they  were  more  or  less  interchangeable. 

The  root  of  the  difficulty  in  deciding  upon  a  closed-loop  bandwidth 
requirement  stems  from  incomplete  knowledge  of  the  inputs  and  disturbances. 
Consequently,  uncertainty  exists  about  just  how  far  in  frequency  the 
inequality  |G(jo>)  |  »  1  should  hold  in  order  to  attain  good  performance  • 
in  response  to  commands  and  suppression  of  disturbances.  On  the  other 
hand,  the  total  frequency  range  over  which  |g( jo>)  |  can,  or  should,  be 
made  large  relative  to  unity  is  restricted  by  considerations  of 
stability,  equalization  economy,  actuator-loop  characteristics,  and 
suppression  of  internal  disturbances  appearing  at  the  input.  Each  of 
these  factors  is  discussed  in  relatively  general  tenns  below  to  indicate 
the  broad  bases  for  compromise  involved  in  bandwidth  selection. 

Stability  Considerations*  Perhaps  the  biggest  factor  involved  in 
bandwidth  selection  is  the  general  form  of  the  open-loop  transfer 
function  G(s).  for  example  in  a  single- sensor-loop  system,  G(s)  is 
made  up  of  two  primary  components,  the  controlled-eleraent  transfer 
function,  G5(s)  sGg^sjGBgU);  and  the  controller  transfer  function, 
Ga(s)Gf(s).  The  product  Ga(s)Gf(s)G5(s)  must  be  such  that  a  stable 
closed-loop  system  is  possible.  When  the  form  of  Ga(s)Gf(s)  is  fairly 
limited  for  reasons  of  equalization  economy  (see  below),  and  a  relatively 
unalterable  form  exists  for  Gg(s),  crossover  can  occur  only  in  particular 
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frequency  regions  if  stability  is  to  be  assured.  If  "good"  response 
to,  say,  a  step  or  other  input  is  also  necessary  these' restricted 
frequency  regions  become  even  further  limited. 

The  simplest  limiting  case  in  which  a  bandwidth  specification  and 
stability  interact  occurs  when  the  vehicle  transfer  function  is  unstable. 
A  single-sensor-loop  control  system  is  then  conditionally  stable,  and 
seme  minimum  gain  (and  hence  some  minimum  bandwidth)  is  necessary  if 
stability  is  to  be  achieved. 

For  systems  containing  a  stable  vehicle  as  an  element,  or  for  loops 
which  do  not  require  a  stable  closure  (e.g.,  inner  loop  of  a  multiaxis 
flight  control  system),  a  theoretical  minimum  bandwidth  does  not  exist. 
However,  the  regions  in  which  gain  crossovers  consistent  with  stability 
and  reasonable  transient  response  can  occur  can  be  defined  within  narrow 
limits.  For  a  system  to  be  neutrally  stable  (i.e.,  have  closed-loop 
poles  on  the  imaginary  axis  of  the  s-plane),  the  open-loop  transfer 
function  must  satisfy  either 


|0(jo))|  =  1,  4G(jo>)  *  -*  \ 

for  some  value  of  or 

|G(»|  =  1,  4G(-o)  =  -it  ) 


\  G(0)  positive 


(9-27) 


for  a=0.  Most  of  the  transfer  functions  encountered  in  flight  control 
applications  can  be  adjusted  to  avoid  either  neutrally  stable  or  unstable 
dominant  modes  simply  by  making 


and 


|G(jo>)|  <  1  when  4G(jo>). 

4G(Jcu)  >  -n  when  |G(Jo>)| 


—it 

(9-28) 
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These  are  the  common  conditions  of  positive  gain  margin  and  phase  margin, 
respectively.  These  simple  statements  always  apply  for  minimum-phase 
transfer  functions.  Equivalent  simplified  conditions  may  be  delineated 
for  any  given  transfer  function  form  by  starting  with  the  Nyquist 
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criterion,  defining  new  gain  and  phase  margins  and  modifying  Eq.  9-28, 
etc.,  as  appropriate  for  the  particular  system.  For  a  given  system  the 
derived  gain  margin  and  phase  margin  conditions  define  a  maximum  bandwidth 
(crossover  frequency). 

Compatibility  with  requirements  for  stable  closure  can  also  be 
inferred  from  the  general  slope  characteristics  of  the  open-loop 
amplitude  ratio,  |g(  Joo)  |,  in  the  crossover  region.  This  follows 
from  the  well-known  relationships  existing  between  amplitude  ratio 
and  phase,.  The  phase  angle  of  a  minimum  phase  transfer  function,  at 
a  frequency  oc,  in  terms  of  the  slope  of  the  amplitude  ratio  is 
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where  the  slopes,  dG/d[ln  co/oq]  are  expressed  in  dB/decade.*  The 
In  coth  |ln(oD/o>c)  |/2  term  in  the  integral,  shown  in  Fig.  9-10,  applies 


a  large  weighting  to  slope 
change  in  the  immediate 
vicinity  of  a*..  Conse¬ 
quently  the  phase  at 
is  affected  primarily 
by  the  local  dB  ampli¬ 
tude  ratio  slope  (the 
first  terra  in  the  ex¬ 
pression)  and  local 
changes  in  this  slope 
(the  integral  term).  If 
the  dB  amplitude  ratio 
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w/(u >c 

Figure  9-10.  Weighting  Function 
in  Phase  Integral 


#Bode,  H.  W.,  Network  Analysis  and  Feedback  Amplifier  Design, 
D.  Van  Nostrand  Company,  Inc.,  New  York,  1945. 
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slope  is  essentially  constant  over  a  vide  region  about  the  expression 
reduces  to  the  first  term  only.  For  low  pass  open-loop  transfer  func¬ 
tions  the  amplitude  ratio  slope  at  gain  crossover  is  negative,  so  a 
positive  phase  margin  can  exist  only  when  d|G(ja))  J^B/d(ln  cd/o^)  in  the 
inmediate  region  is  less  (numerically)  than  -40  dB/decade,  and  the  local 
changes  in  slope  are  moderate.  Consequently,  the  available  crossover 
regions  for  most  transfer  functions  are  confined  to  areas  where  the  local 
amplitude  ratio  slope  fulfills  these  conditions,  and  the  possible 
bandwidths  are  restricted  accordingly. 

When  a  reasonable  margin  of  stability  and/or  good  transient  response 
is  to  be  provided,  the  frequencies  of  possible  gain  crossover  are  still 
more  limited.  For  instance,  when  phase  margin  is  viewed  as  a  measure  of 
stability  margin  alone  ( ignoring  for  the  moment  its  interpretation  as  a 
measure  of  response  and  other  qualities)  a  minimum  phase  margin  specifica¬ 
tion  of  35  deg  to  40  deg  results  in  both  a  maximum  possible  bandwidth 
specification  (for  a  given  system),  and  in  relatively  restricted  regions 
of  possible  crossover.  In  terms  of  the  implications  of  Eq.  9-29  such 
phase  margins  can  be  interpreted  as  limiting  the  crossover  frequency 
to  regions  where  the  amplitude  ratio  slope  is  approximately  -20  dB/decade. 
These  limitations  on  crossover  regions  may  be  quite  gross,  but  the  main 
point  of  the  present  argument  is  that  they  do  exist. 

Equalization  Economy.  In  its  narrowest  sense,  series  equalization 
is  the  process  of  modifying  signals  derived  from  sensors  and  presenting 
these  modified  signals  to  actuation  devices.  Physically  the  equalization 
elements  form  the  connecting  links  between  sensors  arid  actuators)  and 
they  establish  the  form  of  the  dominant  low  frequency  cause/effect 
relationships  between  vehicle  output  motions  sensed  and  control  actions 
imposed  upon  the  vehicle.  Equalization  thus  reflects  directly  into  the 
possible  forms  for  Gf(s)  and  Ga(s),  at  least  in  the  sense  that  the 
product  GaGf  is  the  means  by  which  a  control  action,  proportional  to 
some  function  of  vehicle  output  quantities,  is  applied  to  the  vehicle. 
Practical  considerations  impose  limitations  on  the  types  of  operational 
functions  derivable  from  a  given  sensor.  Examples  are:  equipment 
complexity)  the  ratio  maximum-signal:minimum-increment-of-control 


("dynamic  range")}  noise  amplification,  especially  as  it  affects 
saturation  in  subsequent  elements;  etc.  Ordinarily  such  factors 
restrict  equalization  generation  (per  sensor)  to  no  more  than  integral, 
proportional,  and  rate  signals.  Unis,  if  the  single-sensor-loop  con¬ 
trol  system  of  Fig.  9-6  should  contain  only  one  sensor,  the  low 
frequency  form  of  Ga(s)Gf(s)  is  fairly  well  restricted  to 

K~ 

Ga(s)Gf(s)  =  -^  +  Kc  +  K6s  (9-30) 

Sensor  and  actuator  dynamics,  as  well  as  high  frequency  lags  from  the 
equalization  elements,  will,  be  present  in  more  precise  mathematical 
descriptions  of  GaGf,  but  the  above  form  serves  to  establish  an  upper 
limit  on  total  equalization. 

The  primary  role  of  equalization  is  to  modify  the  transfer  function 
G(s)  in  a  fashion  calculated  to  provide  "good"  closed-loop  dominant 
modes.  As  the  means  to  this  end,  equalization  elements  may  be  employed 
to  raise  low  frequency  |  G(  ja>)  |  levels  to  approximate  the  .conditions 
Jg(Joj)  |  »J  over  a  desired  frequency  band,  and  also  to  modify  the  form 
of  G(s)  in  the  crossover  region  such  that  "good"  dominant  closed-loop 
modes  result.  Therefore,  equalization  can  be  an  important  factor  in 
the  crossover  and  bandwidth  limitations  imposed  by  stability 
considerations. 

None  of  these  comments  are  news  to  anyone  even  remotely  aware 
of  elementary  rervo  theory,  but  the  point  of  the  discussion: — that 
total  form  of  equalization  available  is  often  narrowly  limited  by 
practical  considerations — still  needs  to  be  emphasized. 

Actuator-Loop  Characteristics.  The  actuation  element,  so  blithely  ' 
dismissed  thus  far  as  an  inner  loop,  must  often  contend  with  a  wide 
variety  of  nonlinearities  and  disturbances,  as  well  as  bewildering 
dynamic  effects  occasionally  inherent  in  the  elements  themselves. 

Because  of  the  difficulty  encountered  in  coping  with  the  physical 
realities  imposed  upon  the  actuation  loop,  many  experienced  flight 
control  designers  steadfastly  believe  that  a  sound  solution  of  the 
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actuation  problem  is  the  real  secret  to  an  ultimately  successful 
design. 


In  general  terms,  the  suppression  of  load  disturbances  (Fig.  9-3)  - 
within  the  actuator  loop  demands  that  the  open-loop  amplitude  ratio 
for  this  loop  be  large  over  a  wide  range  of  frequencies.  Further,  the 
closed-loop  dynamics  of  the  actuator  loop  are  generally  a  predominant 
factor  in  setting  the  outer  loop  crossover  to  some  value  consistent 
with  overall  flight  control  system  stability.  On  the  basis  of  both 
these  considerations,  the  bandwidth  of  the  actuator  loop  should  be 
as  large  as  possible. 

.There  is,  of  course,  another  side  to  the  coin.  Perhaps  the  easiest 
to  see  is  the  general  effect  of  internal  disturbances  at  the  actuator 
loop  input  on  practical  elements  contained  within  this  loop.  To  illus¬ 
trate  this  point,  consider  as  a  gross  approximation  that  the  closed-loop 
actuator  dynamics  have  a  form  similar  to  that  of  the  ideal  low  pass 
filter  characteristics  shown  in  Fig.  ,9-11.  A  system  possessing  these 


b)  Step  Function  Response 


Figure  9-11 •  Response  of 'the  Ideal  Low  Pass  Filter 


characteristics  would  pass  all  signals  without  attenuation  up  to  a 
frequency  of  ojqj  and  the  phase  angle  between  an  input  sine  wave  and 
the  steady-state  sinusoidal  output  at  the  same  frequency  would  vary 
linearly  with  frequency  from  zero  to  a  maximum  lag  of  <p0  at  oc^.  These 
properties  are,  of  course,  unrealizable  in  a  nonanticipatory  device, 
as  is  made  obvious  by  the  initiation  of  the  output  response  prior  to 
the  onset  of  the  step  input.  Note,  however,  that  neither  the  frequency 
response  nor  the  transient  step  response  is  very  far  from  approximating 
the  Characteristics  of  practical  servomechanisms. 

If  the  frequency  response  characteristic  shown  is  obtained  from  a 
closed-loop  control  system,  the  simplification  that  the  open-loop  transfer 
function  is  very  large  for  frequencies  less  than  and  very  small  at 
higher  frequencies  is  obvious.  Thus,  if  the  frequency  content  of' 
actuator  command  and  actuator  load  disturbance  signals  shown  in  Fig.  9-2 
is  largely  composed  of  frequency  components  less  than  (x>q,  the  system 
would  be  satisfactory  in  both  its  servo  and  regulator  functions.  In 
this  sense  the  actuation  system  would  have  very  high  integrity  indeed. 

Now,  assume  that  the  flight  control  system  internal  disturbances 
presented  at  the  input  of  the  actuator  loop,  r)a,  can  be  represented 
by  a  constant  power  spectral  density,  4^,  over  the.  actuator  loop  band¬ 
width.  The  mean- squared  actuator  output  due  to  the  internal  disturbance 
input  will  then  be  given  by* 
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•See  Chapter  10. 
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£q.  9-31  indicates  that  this  undesired  mean-squared  output  increases 
directly  with  the  bandwidth,  coQ*  Since  the  signals  within  the  actuator 
loop  are  directly  related  to  the  output,  these  signals  will  also  increase 
more  or.  less  proportionately  to  the  actuator  closed-loop  bandwidth. 
Saturation,  however,  invariably  occurs  in  one  or  more  of  the  actuation 
loop  elements,  so  an  increase  in  the  general  signal  levels  within  the 
loop  will  unavoidably  result  in  more  saturation  occurrences  per  unit 
time.  In  the  limit,  of  course,  this  can  become  bad  enough  to  almost 
entirely  remove  any  connection  between  the  actuator  output  and  its  command 
input. 

We  have  remarked  previously  that  the  effects  .of  unwanted  signals 
appearing  at  the  input  of  the  overall  system  are  seldom  deleterious  in 
a  good  design,  although  the  same  effects  mentioned  here  may  exist  in 
principle.  The  significant  differences  in  this  regard  between  the 
actuator  and  outer  loops  are  that  actuator  loop  bandwidth  is  an.  order 
of  magnitude  or  more  higher  than  those  of  the  outer  loops;  and 
the  relative  magnitude  of  command  and  disturbance  signals  occurring 
at  the  actuator  loop  inputs  are  much  more  comparable. 

Another  physical  effect  directly  related  to  that  discussed  above 
is  the  increase,  with  actuator  bandwidth,  in  the  power  and  energy- 
required  by  the  actuator  to  perform  its  totally  useless  task  in 
following  the  unwanted  disturbances. 

Other  practical  points  mitigating  against  indefinite  extension 
of  actuator  loop  bandwidth  are  the  economic,  weight,  size,  and  • 
reliability  costs  paid  for  extremely  high  dynamic  performance  devices 
operating  at  high  power  levels,  and  the  almost  inevitable  troubles 
encountered  due  to  higher  order  dynamic  modes.  The  latter  may  stem 
from  either  the  vehicle  dynamics  or  the  actuator  load  dynamics. 

All  of  the  above  discussion  is  intended  to  lead  to  the  conclusion 
that  actuator  loop  bandwidth  should  be  as  low  as  possible,  consistent 
with  suppression  of.  actuator  loop  disturbances,  effective  linearization 
of  nonlinearities,  and  outer  loop  stability  and  dynamic  performance. 


Effects  of  Noise  at  the  Input.  As  noted  above,  the  argument  for 
restricted  actuator  loop  bandwidth  can  be  made  in  principle  for  the 
cuter  loop.  To  the  extent  that  this  argument  applies,  one  conceptual 
basis  for  bandwidth  selection  as  a  tradeoff  is  apparent.  The  competi¬ 
tion  involved  would  exist  between  command  or;  input  signals,  R(s),  and 
internal  disturbances,  t|(s),  (Fig*  9-6)  and  the  tradeoff  would  be  made 
between  response  to  commands  and  suppression  of  external  disturbances 
oh  the  one  hand,  and  the  reduction  of  errors  due  to  the  internal  dis¬ 
turbances  on  the  other.  This  basis  of  compromise  is  seldom  of  much 
consequence  in  flight  control  systems  since  the  scaling  of  desired 
signals  relative  to  unwanted  signals  acting  at  the  input  can  usually 
be  made  very  large  with  careful  design.  •  • 

Summary  of  Compromises  in  Selecting  Crossover  Region.  With 
equalization  restricted  to  the  reasonable  forms  noted,  all  of  the 
discussion  indicates  that  the  bandwidth,  cd^,  of  the  closed-loop 
transfer  function,  G(s)/[l  +G(s)],  is  often  not  a  very  independent 
parameter.  Instead,  it  is  ordinarily  restricted  in  value  by  vehicle 
or  actuator  characteristics  which  may  be  relatively  unalterable.  This 
feature  of  flight  control  systems  is  quite  different  from  many  other 
servomechanism  devices.  It  can  possibly  be  avoided  by  the  introduction 
of  extensive  equalization  and  by  efforts  to  extend  the  bandwidth  of 
sensors  and  actuators.  But  this  can  be  accomplished  only  by  some 
degradation  in  performance,  an  increase  in; overall  cost  and  unreli¬ 
ability,  and  a  liberal  education  in  the  almost  inevitable  troubles 
encountered  with  higher  order  modes.  Thus  the  general  conclusions  of 
this  section  may  be  summarized  as: 

1.  |G(jo>)/[l  +  G( doo) ]  |  =  1  for  o>  <  cut 

2.  |g(Jq)/[1  +  G(  jo)]  |  «  1  for  u>  » 

3*  must  be  great  enough  to  control  and/or  stabilize 
the  vehicle  modes  for  which  automatic  control  is 
desired}  and,  in  any  event,  cannot  be  made  signifi¬ 
cantly  larger  without  exchanging  the  increased 
bandwidth  for  trouble. 

4.  Ranges  of  <nb  are  essentially  fixed  by  open-loop 
transfer  function  and  stability  considerations,  at 
values  which  result  in  good  closed-loop  system  stability. 
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9*6  SPECIFICATIONS  AND  TESTING 


The  reader  will  recall  from  the  discussion  at  the  beginning  of 
this  chapter  that  we  proposed  to  defer  consideration  of  the  methods 
for  determining  the  .command  and  disturbance  environment  charac¬ 
teristics  and  the  methods  for  assessing  the  dynamic  performance 
until  Chapter  10.  We  turn  instead  to  a  very  brief  description  of 
the  methods  employed  in  the  detailed  study  of  a  selected  system. 

Consider  a  case  in  which  several  competing  flight  control  systems 
have  been  evolved  on  a  block  diagram  basis  and  the  performance  and 
design  qualities  of  these  systems  have  been  assessed.  One  .of  them  is 
then  selected  as  having  the  best  combination  of  desirable  qualities. 

It  is  subject  to  detailed  study.  Detailed  study  of  the  selected  system, 
evolved  from  the  preliminary  design  process,  actually  involves  a  series 
of  increasingly  realistic  tests  which  attempt  to  thoroughly  wring  out 
the  system  in  both  normal  and  abnormal  operating  conditions.  The  purpose 
of  all  this  testing  is  to  insure,  insofar  as  possible,  that  when  the 
equipment  is  put  into  service,  it  will  not  have  any  surprises  left  for 
its  designers  and  builders.  Surprises  occur  when  some  mode  or  condition 
of  operation  has  been  overlooked  or  when  the  assumptions  used  in  con¬ 
structing  the  mathematical  models-  of  the  system  elements  are  invalid. 

N 

,  Very  likely  the  first  model  of  the  system  will  have  been  based  on 
linearized  descriptions  of  the  system  elements  including  the  perturbation 
equations  of  motion  of  the  airframe  written  with  respect  to  straight  and 
level  flight.  Among  the  first  checks  ';o  be  made  concern  the  effects  of 
small  parasitic  nonlinearities  in  the  elements  of  the  system.  This  may 
be  done  on  an  individual  and  approximate  basis  by  analytical  means,  but 
anything  approaching  a  comprehensive  study  of  the  effect:  of  multiple 
nonlinearities  in  the  elements  of  the  system  is,  of  necessity,'  accomplished 
through  simulation.  Even  before  any  hardware  is  built,  estimates  may  be 
made  of  the  characteristics  of,  for'  example,  amplifier  saturation,  sensor 
thresholds,  control  system  friction,  and  mechanical  hysteresis,  and  these 
may  be  "mechanized"  on  a  computer  together  with  the  other  elements  of  the 


system  so  as  to  permit  the  evaluation  of  performance  in  the  presence  of 

*■  ? 

the  system  element 'nonlinearities. 

It  is  next  necessary  to  consider  the  performance  of  the  system  for 
motions  which  are  no  longer  "small,”  and  possibly  also  to  relax  the 
assumption  of  the  airframe  as  a  rigid  body.  Sane  facets  of  the  subject 
of  "large"  motions  and  elastic  modes  are  covered  in  the  reports  and 
papers  listed  in  the  bibliography  at  the  end  of  this  book.  These 
references,  however,  may  represent  only  an  introduction  to  some  of 
the  difficulties  of  a ^specific  system,  and, .again,  the  performance 
of  the  system  in  high  climb  or  dive  angles,  at  large  bank  angles,  or 
in  rapid  rolls  is  usually  studied  by  means  of  simulation.  For  this 
purpose  the  six  degree  of  freedom  equations  with  nonlinear  aerodynamic 
terms,  functions  of  several  variables,  are  mechanized  on  a  computer  and 
often  several  elastic  modes  are  also  included  in  the  simulation. 

If,  at  this  point,  the  system  and  its  elements  still  show  satisfactory 
performance,  consideration  may  be  given  to  the  construction  of  prototype 
hardware.  In  general,  the  equipment  may  evolve  through  several  stages, 
such  as  the  breadboard  model,  the  flight-worthy  prototype,  the  preproduc¬ 
tion  model,  and  finally  the  production  model.  At  each  stage  the  equipments 
are  subjected  to  tests  as  components  and  are  assembled  for  tests  as  a 
system.  It  may  very  well  happen,  however,  that  not  all  the  elements  are 
in  the  same  state  of  evolution  during  any  particular  system  test.  Thus, 
for  example,  a  breadboard  control  amplifier  might  be  combined  with  a 
preproduction  actuator  and  so  on. • 

Each  component  by  itself,  and  the  system  as  a  whole,  may  be  required 
to  comply  with  general  specifications,  or  standards.  The  general  specifi¬ 
cation  governing  automatic  flight  control  systems  for  piloted,  naval 
aircraft/ is:  Control  and  Stabilization  Systems — Automatic,  Piloted 
Aircraft,  General  Specification  forj  MIL-C-l8244A(WEP),  Bureau  of  Naval 
Weapons,  Department  of  the  Navy,  1  December  1962.  This  specification 
makes  reference  to  26  other  specifications  and  k  standards.  These  are 
listed  by  way  of  illustration  in  Table  9™5*  The  roughly  corresponding 
specification  for  U.  S.  Air  Force  aircraft  flight  control  systems  is: 

Flight  Control  Systems  —  Design,  Installation,  and  Test  of,  Piloted 


Aircraft,  General  Specification  for;  MIL-F- 9490C ( USAF ) ,  Systems  Engineering 
Group,  Wright- Patter son  Air  Force  Base,  United -States  Air  Force,  13  March 
1964.  This  specification  refers  to  63  related  specifications  and  18 
standards . 

Many  of  the  applicable  specifications  prescribe  specific  tests,  such 
as  the  radio  noise  interference  tests,  the  environmental  tests,  including 
vibration,  altitude,  sand  and  dust,  humidity,  high  and  low  temperature  and 
salt  spray*  Otherwise,  each  component  and  the  system  as  a  whole,  insofar 
as  is  practical,  is  subjected  to  tests  for  the  purpose  of  determining  its 
frequency  response,  loading  effects,  linearity,  effects  of  saturation  and 
saturation  levc-ls,  switching  transients  and  noise  characteristics.  It  is 
further  usually  the  case  that  the  automatic  flight  control  system  is 
tested  in  closed-loop  operation  in  conjunction  with  an  aircraft  control 
system  functional  test  stand  and  a  computer  simulation  of  the  vehicle 
equations  of  motion.  The  ground  equipment  required  for  environmental 
tests  and  the  closed-loop  tests  with  the  control  system  functional  test 
stand  is  illustrated  in  Fig.  9-12. 

v 

A  typical  test  stand  comprises  a  steel  frame  on  which  are  mounted 
all  the  important  elements  of  the  actual  aircraft  control  system.  It 
includes  the  complete  control  surface  actuating  system,  pilot's  seat, 
cockpit  controls,  and  artificial  feel  devices.  Stick  forces  which 
would  appear  in  response  to  motion,  such  as  those  which  might  be  pro¬ 
duced  by  a  bobweight,  are  applied  by  a  force  servo  driven  by  the  computer. 
Any  automatic  control  equipment  to  be  tested  is  installed  on  the  control 
test  stand  in  a  manner  representing,  as  closely  as  possible,  the'1  installa-  ' 
tion  in  the  actual  aircraft.  Simulated  aerodynamic  loads  are  applied  to 
the  control  surfaces  by  means  of  mechanical  or  hydraulic  springs  and 
dampers . 

Some  elements  of  the  pilot's  display  are  also  often  included  to 
simulate  the  stimuli  to  which  the  pilot  responds  in  flight.  Cockpit 
instrument  presentations  which  are  commonly  provided  include  the  arti¬ 
ficial  horizon,  altimeter,  airspeed  and  Mach,  meters,  the  heading  indica¬ 
tor,  possibly  the  turn  and  slip  indicator,  and  localizer  and  glide  slope 
needles.  In  certain  applications  fire  control  or  other  weapon  delivery 
displays  may  also  be  provided. 
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TABLE  9-3 

SPECIFICATIONS. AND  STANDARDS  APPLICABLE  TO  THE  DESIGN, 
INSTALIATION,  AND  OPERATION  OF  AUTOMATIC  CONTROL 
AND  STABILIZATION  SYSTEMS  IN  NAVAL  AIRCRAFT 


MIL-C-l8244A(WEP) 

JAN-I-225 

JAN-T-781 

MIL-F-3541 

MIL-S-3950 

MIL-E-4682 

MIL-W-5038 

MIL-E-5272 

MIL-E-5^00 

MIL-H-5^0 

MIL- 1-61 15 

MIL-I-618I 

MIL-L-6880 

MIL-E-7080 

MIL-M-7969 

MIL-A-8064 

MIL-M-7793 

MIL-H-8501A 

MIL-S-8512 

MIIfM-8609 

MIL-D-8706 
MIL-F-8785 
MIL-D- 18300 

MIL-N-18307 

MIL-E- 19600 
MIL-R-22256 

MIL-R-23091* 

MIL-STD-203 

MIL-STD-704 

MS15001 

MS 15002 


Control  and  Stabilization  Systems:  Automatic,  Piloted 
Aircraft,  General  Specification  for 

Interference  Measurements,  Radio,  Methods  of,  150  Kilocycles 
to  20  Megacycles  (For  Components  and  Complete  Assemblies) 

Terminal;  Cable,  Steel  (For  Swaging) 

Fittings,  Lubrication 
Switches,  Toggle 

Electron  Tubes  and  Transistors,  Choice  and  Application  of 
Wiring,  Aircraft,  Installation  of 

Environmental  Testing,  Aeronautical  and  Associated  Equipment, 
General  Specification  for 

Electronic  Equipment,  Aircraft,  General  Specification  for 

Hydraulic  System;  Aircraft  Type  I  and  II,  Installation  and 
Data  Requirements  for 

Instrument  Systems,  Pitot  Tube  and  Flush  Static  Port  Operated, 
Installation  of 

Interference  Control  Requirements,  Aircraft  Equipment 

Lubrication  of  Aircraft,  General  Specification  for 

Electrical  Equipment,  Piloted  Aircraft  Installation  and 
Selection  of.  General  Specification  for 

Motors,  Alternating  Current,  4 00-Cycle,  115/000  Volt  System, 
Aircraft,  General  Specification  for 

Actuators  and  Actuating  Systems,  Aircraft,  Class  A  and  'B, 
Electro-Mechanical,  General  Requirements  for 

Meter,  Time  Totalizing 

Helicopter  Flying  Qualities,  Requirements  for 

Support  Equipment  Aeronautical,  Special,  General, 
Specification  for  Design  of 

Motors,  Direct  Current,  28-Volt  System,  Aircraft,-  General 
Specification  for  Class  A  and  B 

Data,  Design;  Contract  Requirement  for  Aircraft 

Flying  Qualities  of  Piloted  Airplanes 

Design  Data  Requirements  for  Contracts  Covering  Airborne 
Electronic  Equipment 

Nomenclature  and  Nameplates  for  Aeronautical  Electronic 
and  Associated  Equipment 

Electronic  Modules,  General  Aircraft  Requirements  for 

Reliability  Requirements  for  Design  of  Electronic  Equipment 
or  Systems 

Reliability  Assurance  for  Production  Acceptance  of  Avionic 
Equipment,  General  Specification  for 

Cockpit  Controls;  Location  and  Actuation  of  For  Fixed  Wing 
Aircraft 

Electric  Power,  Aircraft,  Characteristics  ijtnd  Utilization  of 

Fittings,  Lubrication  (Hydraulic)  Surface  Check,  1/4-28 
Taper  Threads,  Steel,  Type  I 

Fittings,  Lubrication  (Hydraulic)  Surface  Check,  Straight 
Threads,  Steel,  Type  II 
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Figure  9-12.  Flight  Control  Functional  Test  Stand  Arrangement 


Airframe  dynamics  are  simulated  on  the  computer.  The  computer 
inputs  are  voltages  proportional  to  control  surface  deflections  and 
its  outputs  can  be  voltages  proportional  to  any  or  all  of  the  airframe 
output  quantities  (motions) -  These  voltages  are  then  used  to  drive 
the  pilot* s  displays,  the  simulated  force  producers,  as  simulated 
sensor  inputs  to  the  controller  and  for  recording  the  responses  on 
a  recording  oscillograph.  Modulators,  demodulators,  and  scale 
changing  devices  are  used  where  necessary  to  change  the  form  and 
level  of  electric  signals. 

The  use  of  the  test  stand  permits  additional  and  more  realistic 
tests  to  be  conducted,  especially  for  those  modes  of  operation  in 
which  the  human  pilot  plays  ah-  important  role.  Since  the  actual 
operating  conditions  of  the  equipment  are  also  much  more  ciosely 
simulated  than  was  the  case  when  each  component  of  the  system  was 
represented  only  by  a  mathematical  model,  the  test  stand  provides 
information  which  might  otherwise  have  to  be  obtained  in  flight. 

This  serves  the  desirable  purpose  of  cutting  down  the  number  of 
flight  test  hours  required  to  tune  up  and  wring  out  the  automatic 
flight  control  equipment. 

Another  important  application  of  the  control  test  stand  is  in 
the  investigation  of  the  results  of  possible  component  failures.  A 
systematic  program  of  inducing  specific  failures  such  as  mechanical 
malfunctions  and  open  and  shorted  electrical  circuits  is  conducted. 

These  tests  may  be  made  both  with  and  without  the  human  pilot,  since 
it  is  important  to  observe  whether  or  not  the  pilot  can  detect  the 
failure  and  can  make  a  successful  correction  which  does  not  result  in 
dangerous  motions  of  the  airframe.  In  any  cases  in  which  there  may  be 
a  question  regarding  the  structural  safety  of  the  airplane,  the  tests 
on  the  test  stand  are  mandatory  because  of  the  danger  involved  in 
determining  the  effects  of  component  failures  in  flight. 

Of  course  the  test  stand  as  it  has  been  described  above  does  not 
simulate  the  motion  cues  to  which  the  pilot  will  be  subject  in  flight. 
(Moving-base  simulators  are  employed  for  research  purposes,  but  they  are 
not  commonly  used  in  flight  control  system  development.)  In  fixed-base 
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simulation,  the  tests  should  be  confined  to  cases  in  which  the  motion 
cues  can  be  considered  to  be  unimportant  or  for  which  fixed-base  results 
are  conservative: 

At  the  conclusion  of  the  test  stand  program  the  prototype  equipment 
is  installed  in  the  airplane  for  ground  tests .  Seme  of  the  test  stand 
tests  may  be  repeated  so  as  to  provide  assurance  that  the  actual  installa¬ 
tion  in  the  aircraft  has  not  altered  the  nature  of  the  test  results  to  be 
obtained.  It  may  even  be  desirable  to  perform  seme  closed-loop  tests 
with  the  computer  representing  the  motion  sensors  and  the  dynamics  of 
the  vehicle,  but  with  everything  else  being  the  actual  equipment.  An 
essential  feature  of  the  first  tests  of  the  flight  control  system  in  : 
the  actual  vehicle,  however,  is  the  establishment  of  inspection  test 
procedures  for  the- production  system.  Inspection  test  procedures  are 
required  to  insure  that  malfunctioning  components  are  not  installed  in 
the  airplane.  In  addition,  many  automatic  flight  control  systems  require 
individual  adjustments  after  installation  in  the  airplane  to  compensate 
for  component  and  airplane  tolerances.  Procedures  for  accomplishing  this 
must  be  developed  and  written  in  such  a  way  as  to  be  readily  understandable 
by  typical  mechanics  and  technicians.  Normally  the  procedure  must  be 
developed  by  cut  and  try  and  the  occasion  of  the  prototype  installation 
is  the  first  change  to  do  this* 

Final  evaluation  of  the  operating  characteristics  of  an  automatic 
flight  control  system  is,  of  course,  made  by  means  of  flight  tests. 

The  magnitude  of  the  flight  test  program  depends  on  the  complexity  of 
the  system  being  tested  and  on  the  amount  of  ground  testing  which  has 
preceded  the  flight  tests.  If  a  thorough  flight  simulation  program  has 
been  carried  out  on  the  control  test  stand,  the  flight  tests,  with  luck, 
may  consist  of  very  little  more  than  verification  of  the  results 
previously  obtained  on  the  ground.  On  the  other  hand  it  may  be  found 
that  considerable  development  work  has  to  be  carried  out:  during  the 
flight  test  phase.  This  will  be  the  case  if,  for  example,  the  pre¬ 
viously  neglected  motion  cues  for  the  pilot  assume  importance,  or  if 
previously  neglected  higher  structural  modes  cause  closed  loop 
instability.  It  will  almost-  certainly  occur  if  great  care  is  not 
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taken  at  all  phases  of  the  design  to  forecast  and  to  take  into  account 
the  unexpected  and  uncertain. 

In  any  case  many  of  the  same  aircraft  input  and  output  quantities 
which  were  recorded  during  the  ground  tests  should  be  recorded  in  flight. 

In  fact  insofar  as  possible,  sane  of  the  same  tests  should  be  repeated 
so  as  to  reveal  any  discrepancies  between  the  performance  in  the  ground 
tests  and  the  performance  in  flight.  A  number  of  additional  quantities 
which  may  facilitate  the  analysis  of  system  operation  in  the  event  of 
unexpected  modes  of  operation  should  also  be  recorded. 

It  is  then  desirable  to  explore  the  conditions  which  may  not  have 
been  examined  in  the  ground  tests.  These  might  be  simulated  tactical 
situations,  spins,  or  large  scale  maneuvers  such  as  the  Immelman  turn 
sometimes  used  in  bomb  delivery,  (it  may  have  been  difficult  or  impossible 
to  simulate  these.)  Since  these,  new  test  conditions  may  very  well  reveal 
new  modes  of  automatic  flight  control  system  performance,  some  redesign 
or  at  least  the  adjustment  of  system  parameters  may  well  be  called  for 
at  this  juncture. 

Following  the  successful  completion  of  flight  tests,  the  system 
design  is  frozen,  the  production  design  of  the  components  :is  completed, 
detailed  component  test  specifications  are  finished,  and  the  system  test 
specification  (described  above)  is  revised  to  accommodate  the  results  of 
the  flight  test  program.  The  design  process  is  then,  in  principle, 
complete .  Actually  it  will  usually  happen  that  the  system -design 
engineer  may  be  called  upon  to  resolve  difficulties  in  manufacturing 
or  in  the  in-service  use  of  the  automatic,  flight  control  system.  The 
resolution  of  some  of  these  difficulties  may  even  involve  new  changes 
to  component;  or  system  designs. 


* 
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CHAPTER  10 

SHUTS  AND  SYSTEM  PERFORMANCE  ASSESSMENT 

10.1  INTRODUCTION 

The  elementary  feedback  control  system  concepts  reviewed  in  the 
last  chapter  provide  a  basis  for  the  view  that  flight  control  system 
performance  "requirements, "  in  the  large,  serve  to  define  a  system  which 
will  follow  desired  inputs,  reject  internal  disturbances,  and  suppress 
external  disturbances.  There  remain  the  inevitable  questions  of  how 
well  the  "following,"  "rejecting,"  and  "suppressing"  needs  to  be  done; 
and  what  the  tradeoffs  may  be  between  the  design  qualities  of  reliability, 
weight,  power  demands,  cost,  etc.,  and  the  dynamic  performance  quantities 
of  following,  rejecting,  and  suppressing.  Further,  in  flight  control 
systems  the  controlled  element  (vehicle)  is  not  entirely  unalterable,  so 
the  consequences  of  possible  interchanges  of  function  between  controller 
and  vehicle  are  also  subject  to  tradeoff  considerations.  In  optimization 
efforts,  interactions  between  all  of  these  considerations  occur,  but 
only  the  dynamic  performance  quantities  are  at  first  involved  in  the 
satisfaction  of  dynamic  requirements. 

The  three  key  dynamic  performance  attributes  in  any  system  are 
stability,  response,  and  accuracy.  There  are  many  definitions  of 
stability,  most  coined  to  satisfy  requirements  of  generality  and 
mathematical  rigor..  For  our  purposes  a  qualitative  operational  defini¬ 
tion  will  suffice,  i.e.,  "if  a  small  temporary  input  applied  to  the 
system  in  equilibrium  results  only  in  a  temporary  change  in  the  output 
or  response,  the  system  is  stable."  For  constant-coefficient  linear 
systems  the  stability  according  to  this  definition  amounts  to  a 
specification  oh  pole  location;  in  particular,  denying  all  of  the 
left  half  plane  and  the  axis  of  imaginaries,  except  the  origin,  to 
the  poles,  of  stable  systems.  Poles  at  the  origin  are  permitted  in 
principle  by  appropriately  defining  the  output  or  response  quantity. 
Because  stability  for  constant- coefficient  linear  systems  is  specified 
by  pole  location,  and  because  the  methods  of  analysis  given  heretofore 


give  precise  pole  locations,  we  have  bypassed  discussion  of  conventional 
stability  criteria  in  this  book.  Stability  is,  of  course,  readily 
determined  by  any  and  several  analytical  and  graphical  techniques  without 
determining  the  precise  location  of  the-  poles .  These  are  fundamental 
and  well  known,*  so  no  further  mention  is  needed  here. 

Once  stability,  relative  to  some  operating-point,  is  attained  in  a 
constant  coefficient  linear  system,  a  unique  stable  equilibrium. state 
exists  insofar  as  the  system  dynamic  excursions  about  that  .operating- 
point  are  concerned.  The  stable  equilibrium  state  establishes  a  datura 
from  which  perturbed  responses  may  be  computed  and  accuracy  assessed. 
Because  the  equilibrium  is  unique,  accuracy  and  response  are  closely  • 
related,  with  accuracy  being  assessed  by  an  "error"  response  related  ; 
directly  to  the  difference  between  input  and  output.  If  the  equilibrium 
were  not  unique,  as  might  occur  in  a  nonlinear  system,  the  accuracy  might 
be  completely  independent  of  the  input  and;  output  response.  But,  for 
linear  systems,  accuracy  may  be  considered  to  be  just  another  response 
quantity.  In  view  of  this,  response  considerations  are  central  to 
flight  control  system  performance  assessment.  Flight  control  systems 
are  subjected  to  both  deterministic  and  random  inputs,  so  responses  to 
both  categories  are  of  interest  and  will  be  considered.  To  make  this 
possible,  several  simplified  and  idealized  inputs  will  be  introduced 
in  the  first  part  of  this  chapter.  These  can  be  used  with  the  system 
mathematical  model  to  determine  the  output  responses  which. serve  as 
the  bases  for  system  dynamic’s  assessments.  In  this  connection  we  should 
remark  that  if  all  the  details  are  considered,  flight  control  systems 
are  so  complex  and  of  such  high  order  that  the  possibility  of  obtaining 
a  simple  and  adequate  system  representation  might  seem  remote.  Yet  a 


*The  more  prominent  are  the  Routh  and  Hurwitz  tests  and  the  Nyquist 
stability  criterion.  For  the  Routh-Hurwitz  criteria  see,  for  example, 

D.  Graham  and  D.  McRuer,  Analysis ,  of  Nonlinear  Control.  Systems,  John 
Wiley  and  Sons,  Inc.,  New  York,  1961,  pp.  457-460.  Fora  comprehensive 
treatment  of  conventional  and  several  generalized  versions  of  the 
Nyquist  criterion,  see  D.  T.  McRuer  (ed.),  Methods  of  Analysis  and 
Synthesis  of  Piloted  Aircraft  Flight  Control  Systems,  BuAer  Rept. 

No.  AE  61 -to,  Mar.  1952,  pp.  Ill- 2  to  III- 10. 


simple  analytical  form  is  almost  an  essential  for  preliminary  design 
purposes  if  physical  understanding  is  to  be  gained  rapidly,  and  if 
repetitious,  ad  hoc,  procedures  are  to  be  minimized.  Fortunately  the 
feedbacks  inherent  in  flight  control  systems  usually  result  in  a  large 
range  of  frequencies  over  which  pertinent  open-loop  transfer  functions 
have  magnitudes  much  greater  than  unity.  As  a  consequence  simple 
systems  can  usually  be  derived  which  serve  as  close  approximations 
to  the  actual  systems.  The  development  of  simple,  low  order  systems 
to  approximate  complex  high  order  systems  has  already  been  illustrated 
with  an  example  in  Chapter  3*  (See  pp.  3-^9  to  3-5 £•) 

In  a  fundamental  sense  a  control  system,  to  be  useful,  must  contend 
successfully  with  all  the  inputs  imposed  upon  it.  A  major  step  in  the 
design  process  is,  accordingly,  the  identification  of  the  type,  form  and 
general  character  of  the  input  environment  —  followed  by  a  detailed 
assessment  of  the  more  critical  input- system  response  combinations.  The 
critical  combinations  are  especially  important  in  the  selection  of  band¬ 
width  (the  general  region  of  crossover)  and  the  character  of  the  response. 

Because  a  flight  control  system  has  many  different  command  tasks 
which  must  ordinarily  be  performed  over  a  large  range  of  environmental 
conditions  and  mission  phases,  a  variety  of  inputs  must  be  considered. 

These  may  be  classified,  according  to  their  point  of  entry  into  the  system 
block  diagram,  in  three  general  categories— command  point,  internal,  and 
external.  The  command  point  inputs  comprise  all  the  flight  control  system 
command  signals  generated  by  the  guidance  loop  or  otherwise  inserted 
directly.  Some  of  these  inputs  are  desired  instructions  for  control  while 
others  are  unwanted  consequences  of  nature  or  the  result  of  simplifications 
in  the  guidance  system  mechanization.  The  internal  inputs  are,  in  general, 
all  unwanted  disturbances  acting  primarily  on  the  controller.  They  arise 
either  from  design  compromise  or  from  the  operation  of  nature's  side-effects. 
The  external  inputs  are  forces  or  moments,  induced  by  the  vehicle  or  the 
external  environment,  which  act  as  disturbances  upon  the  vehicle.  Suppression 
of  the  effects  due  to  these  forces  and  moments  constitutes  the  action  Qf 
the  flight  control  system  as  a  regulator. 
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A  fair  cross-section  of  flight  control  system  inputs  is,  presented 
in  Table  I 0-1*  Here  another  classification  is  introduced  in  tabulating  the 
inputs  as  a  function  of  their  analytical  form.  The  first  five  entries 
( steps ,  pulses,  cut-off  ramps;  initial  conditions  or  impulses;  gust  function; 
power  series;  and  periodic  or  repetitive  functions)  are  all  members  of  the 
deterministic  class.  They  can  all  be  expressed  as  functions  of  time,  and 
used  to  obtain  system  responses  as  functions  of  time  under  specific 
circumstances.  The  last  entry,  random  or  nondeterministic  inputs,  contains 
two  somewhat  different  types  within  the  random  class.  The  first  type  are  time 
functions  which  are  either  random  by  their  nature  or  so, complicated  that  a 
deterministic  description  is  impractical.  The  second  kind  are  generalizations 
of  a  wide  range  of  inputs  each  of  which,  for  a  specific  case,  could  be 
treated  as  deterministic.  For  some  purposes  it  is  more  useful  to  consider 
these  signals  as  an  ensemble  and  to  describe  the  whole  class  of  inputs  by  a 
single  random  composite.  Both  types  of  random  inputs  have  characteristics 
which  can  be  expressed  only  in  statistical  terms,  with  probability 
distributions  replacing  a  precise  specification  of  the  input  as  a  function  of 
time. 

The  ’'random"  inputs  based  vrpon  generalization  of  an  ensemble  of  time 
functions  which  can  also  be  treated  as  deterministic,  in  specific  particular 
cases,  might  seem,  at  first  glance,  to  be  of  little  value  since  their  use  in 
response  calculations  can  only  give  a  smoothed-over,  average  view  of 
"reality."  Two  important  points  in  their  favor  should,  therefore,  be  noted. 
The  first  advantage  can  be  seen  directly  by  taking  a  tack  opposite  to  the 
one  already  mentioned.  A  smoothed-over,  average  answer  can,  itself,  be 
significant,  especially  when  classes  of  systems  are  being  compared.  The 
second  advantage  is  less  obvious.  It  derives  from  the  fact  that  a  statis¬ 
tical  view,  in  practice,  utilizes  power  spectra  and  correlation  concepts. 
These,  in  turn,  provide  bases  for  the  partition  of  the  frequency  domain  into 
regions  in  which  either  the  desired  or  the  unwanted  signals  are  dominant, 
and  for  system  design  procedures  which  make  use  of  the  distinction.  No 
such  basis  exists  for  distinguishing  between  the  two  when  the  inputs  are 
considered  as  deterministic,  for  then  the  desired  signal  and  any  errors 
(unwanted  signal)  are  inseparable  and  indistinguishable.  For  these  reasons, 
several  deterministic  input  entries  in  Table  10-1  also  have  their  random 
counterparts . 
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In  succeeding  sections  'of  this  chapter  the  more  critical  input  types 
given  in  Table  10-1  will  be  summarized  and,  in  some  cases,  idealized  into 
special  "equivalent"  forms  which  depend  on  only  one  or  two  parameters. 

The  initial  discussion  deals  with  the  deterministic  forms  and  with  the 
response  of  linear  systems  to  deterministic  inputs.  This  proceeds  quickly 
since- no  new  mathematical  techniques  are  required  beyond  those  already 
exposed  in  Chapter  2. 

,  .  The  third  section  of  this  chapter  is  devoted  to  a  presentation  of  the 

methods  of -describing  random  functions  of  time.  This  requires  some  new 
mathematics  and  the  development  of  the  connections  between  the  statistical 
descriptors  and  behavior  in  the  time  domain.  It  is  followed  by  the 
discussion,  in  detail,  of  the  analytical  description  of  some  special  random 
functions  of  time  useful  for  the  representation  of  flight  control'  system 
inputs,  and  further,  by  a  discussion  of  the  properties  of  the  very  practically 
important  class  of  .random  processes  with  Gaussian  amplitude  distributions. 

I 

Methods  for  .calculating  the  response  of  linear  systems  to  random  inputs 
are  treated  next,  and  the  chapter  concludes  with  two  simple  examples  of  the 
application  of  these  methods. 

10.2  RESPONSE  TO  DETERMINISTIC  INPUTS 

Deterministic  inputs  listed  in  Table  10-1  include  steps,.,  pulses, 
impulses,  cut-off  ramps,  power  series,  periodic  functions,  and  a  special 
function  used  to  characterize  a  discrete  gust.  The  type  of  time  variation 
and  the  time  domain  and  Laplace  transform  descriptions  for  the  simpler  of 
these  functions  are  summarized  in  Table  10-2.  Most  of  them  are  familiar. 

The  special  function  used  to  approximate  a  discrete  gust,  shown  in 
Table  10-2,  is  made  up  of  a  step  aril  a  cosine  wave,  both  cut  of f  after  one 
period  of  the  cosine  function  (Fig.  10-1).  The  gust  function  is  defined  as: 

.  .  (§0  -  oos^i)  >  o<t<i 

x(t)-\  (10-1 ) 

1 0  5  t  >  T 


io-6 


:Y  OF  SIMPLE  TRANSIENT  DETERMINISTIC  INPUT  CHARACTERISTICS 


Gust  function 


I 

* 

I* 

k 


! 


% 


This  form  of  gust  description  is  intended  to  account  for  a  gust  gradient  with 
a  gradual  buildup.  The  proportionality  constant,  k,  can  be  selected  to 
adjust  the  magnitude  of  the  gust  to  any  desired  value.  For  aeronautical 
applications  the  gust  length,  T,  is  Ordinarily  taken  to  be  equivalent  to 
25  chord  lengths,  so; 


T  i  25c 

"  u0 


As  a  Laplace  transform,  the  discrete  gust  input  becomes: 


x(s) 


s 


2 


+ 


(> 


_  (g*)2*  (1  -  e~Ts) 

'  42  +  (¥f] 


(10-2) 


(10-5) 


It  will  be  noted  that  the  table  gives  approximations  for  square  pulses, 
cut-off  ramps,  and  the  gust  function  in  terms  of  delayed  impulses  and  steps. 
These  approximations  follow  from  reasoning  which  shall  be  illustrated  for 
the  pulse.  The  Laplace  transform  for  the  square  pulse  function  is.: 
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If  the  system's  dominant  modes  are  characterized  by  inverse  time  constants 
and  undamped  natural  frequencies  which  are  small  when  compared  with  l/T, 
then  the  higher  order  terms  in  the  series  for  e  will  make  only  minor 
contributions  to  all  but  the  very  first  portion  of  the  system's  time  response. 

p 

So,  carrying  the  exponential  series  only  to  terms  in  s  ; 

1  - 

.  _  -Ts/2 
=  aTe  ' 


^Square  PulseJ  =  —  j  Ts 


(Ts) 

2 


(10-5) 


Thus  the  square  pulse  can,  therefore,  be  replaced,  under  the  conditions 
noted,  by  an  impulse  having  strength  equal  to  the  area  under  the  pulse  and 
applied  at  a  time  t  =  T/2.*  System  response  calculations  for  the  square 
pulse,  and  cut-off  rang),  and  gust  function  inputs  can  thus  be  approximated 
simply  by  moving  the  time  origin  for  impulse  and  step  responses  back  from  • 
zero  to  -T/2  seconds .  The  approximations  to  output  responses  obtained  in 
this  way  will  range  from  very  good  when  t  »  T/2,  to  very  poor  for  t  <  T/2 
(where  the  approximate  responses  are  zero).  The  adequacy  of  the  approxi¬ 
mation  for  time  values  between  T/2  and  t  »  T/2  depends,  as  noted,  upon  the 
relative  values  of  the  system  dominant  mode  characteristic  and  T.  When  the 
characteristic  frequencies  (inverse  time  constants  and/or  undamped  natural 
frequencies)  of  the  dominant  modes  are  five  or  more  times  greater  than  l/T 
the  mid-range  approximation  (t  >  f)  for  the  response,  is  ordinarily  quite 
satisfactory.  The  approximations  improve  as  t  becomes  very  large  relative  to 
T/2  regai’dless  of  the  relationships  between  dominant  mode  characteristics 
frequencies  and  l/T.  The  fact  that  the  initial  parts  of  the  responses  to  the 


"For  a  more  detailed  justification  of  this  approximation  see,  for 
example,  J.  I..  Bower  and  P.  M.  Schultheiss,  Introduction  to  the  Design 
of  Servomechanisms,  John  Wiley  and  Sons,  Inc.,  New  York,  1958. 
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approximating  input  forms  are  very  poor  approximations  to  actual  system  out¬ 
puts  is  of  no  great  consequence.  Instead  of  using  the  approximating  input 
forms ,  the  responses  in  the  time  period  from  t  =  0  to  T  can  he  found  exactly 
by  using  a  step  for  the  square  pulse,  a  ramp  function  for  the  cut-off  ramp 
input,  and  the  initial  portion  of  a  continuous  1  -  cos  2nt/T  wave  for  the 
gust  function. 


To  the  extent  that  the  approximations  given  above  hold  for  the  square 
pulse,  cut-off  ramp,  and  gust  function  inputs,  systems  subjected  to  the 
inputs  given  in  Table  10-2  can  be  assessed  by  their  step  and  impulse 
responses,  i.e.,  by  their  indicial  responses  and  weighting  functions.  Because 
the  indicial  response  is  the  time  integral  of  the  weighting  function  these 
two  responses  are  so  closely  related  that  only  one  need  be  vised  in  most 
dynamic  response  assessment  procedures.  The  weighting  function  is  superior 
when  emphasis  is  placed  upon  response  to  impulses,  short  pulses,  and  initial 
conditions.  The  indicial  response  is  most  suitable  for  response  assessments 
for  steps,  cut-off  ramps,  and  long  pulses.  When  the  short  time  (0  <  t  <  T) 
response  to  cut-off  ramps  is  also  of  interest,  a  pure  ramp  can  be  added  to 
the  test  input  inventory.  However,  because  the  ramp  response  is  just  the 
integral  of  the  indicial  response  it  is,  again,  seldom  necessary  to  consider 
ramp  responses  in  detail  apart  from  the  closely  related  weighting  function 
or  indicial  response.  The  key  inputs  from  Table  .10-2  are,  therefore, 
impulses  and  steps,  sometimes  delayed,  with  the  ramp  being  useful  occasionally. 
In  terms  of  system  response  the  corresponding  quantities  are  related,  for  a 
general  input-output  set  x(t)  and  y(t),  by  a  transfer  function  W^,  the 
weighting  function  (system  response  to  unit  impulse  input)  is, 


-i 


Wyx(s) 


-1 


Y(s) 


xfil 


(10-6) 


the  indicial  response  or  indicial  admittance  (system  response  to  unit  step 
input)  is, 


y*)  ■  £  v(x)ax  -  £ '  p^]  <io-7> 


and  the  ramp  response  (system  response  to  unit  ramp  input)  is: 


y*)  -  f*  vx)ax  - 


%x(s)] 


(10-8) 
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In  the  case  of  initial  conditions  or  of  impulse  functions  applied  so 
as  to  represent  portions  of  the  initial  conditions,  it  is  impossible  to 
distinguish  these  from  inputs  once  the  proper  substitutions  have  been  made.* 
For  this  reason  it  is  unnecessary  to  discuss  these  "inputs"  separately. 

The  next  of  the  general  deterministic  inputs  to  be  considered  is  the 
power  series  in  time.  As  should  be  evident  from  'fable  10-2,  this  type  of 
input  is  a  convenient  catch-all  for  a  wide  variety  of  physical  effects  when 
it  is  desired  to  examine  particular  responses  rather  than  an  ensemble.  Power 
series  are  also  convenient  for  the  description  of  the  average  effects  of 
random  input  time  functions  which  have  stationary  statistics  about  a 
time-varying  mean.  The  random  fluctuations  about  the  mean  can  then  be 
treated  separately  as  a  stationary  process. 

When  represented  as  a  power  series  in  time,  an  input  is  described  by 
a  series: 

N 

x(t)  =  aQ  +  a^t  +  s^t2  +  •  •  •  +  ajyt^  =  ]£)  a^t31,  0  <  t  <  T  ( 1 0-9) 

n-=  0 

The  derivatives  of  x(t)  are  then, 

N 

If  -  a,  +  +  +  •  •  •  +  iV'1  ’  E 

n=0 

2  N 

~  =  Sag  +  6a  t  +  12ai,t2  +  •  •  •  +  N(N-1  ^t1*-2  =  n(n-1  )antn~2  (10-10) 

dt2  5  n=0 


N 

£  n(n-l)(n-2) 
n=0 


*  [n  -  (i  -  l)]^*1*1 


i!a  t 
n 


n-i 


The  constants,  an,  may  be  derived  from  theoretical  considerations  or  possibly 
from  physical  limits  (e.g.  target  maneuvers  with,  maximum  load  factors),  or 


*J.  A.  Aseltine,  Transform  Method  in  Linear  System  Analysis,  McGraw- 
Hill  Book  Co.,  Inc.,*  New  York,  195&,  pp.  29-30. 
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may  simply  be  the  results  of  curve  fits  to  empirical  data  (e.g.  a  represen¬ 
tation  of  a  short  segment  of  terrain).  In  this  case  a  Maclaurin's  series 
equivalent  of  Eq.  10-9  is  useful: 


x(t)  =  x(0)  +  t  g 


,  t2  d2x 

■t*  A: 

t=0  2  dt2 

t=o  at 3 

|t=0 


t*djx 

NJ  dtN 


t=0 


(10-11) 


For  most  inputs  represented  as  power  series  in  time,  this  approximating 
series  is  valid  only  for  very  restricted  intervals.  For  convenience,  the 
interval  can  he  taken  to  start  at  t  -  0.  Because  the  primary  concern  in 
response  calculations  for  power  series  inputs  centers  on  the  system  steady- 
state  behavior,  the  system  transient  resulting  from  this  selection  of  a 
distinct  time  origin  is  ordinarily  of  secondary  interest  compared  with 
the  steady-state  response.  When  the  transient  is  of  significance,  other 
input  forms,  such  as  steps  and'  ramps,  are  still  more  convenient  for 
assessment  purposes.  Consequently  only  the  steady-state  facet  of  the 
system  response  shall  be  discussed  here. 

When  a  generalized  input,  x(t),  is  inserted  into  a  linear  system  having 
a  transfer  function  Wyx(s),  the  output  y(t)  will  be  given  by  the  inverse 
transform  of 


Y(b)  -WyX(s)X(s)  ( 1 0— 12) 

As  shown  in  Chapter  2  (pp.  2-21  to  2-22),  the  inverse  transform  of 
the  steady- state  response  is: 

y(t)  =  Wy^oMt)  +  W^(0)x(t)  +^wyo)x(t)  +  •••  +  “r  ^(0)  ^  +  ••• 

anv  (10-13) 

*  CQx(t)  +  C1x(t)  +  C^t)  +  •••  +  cn  —  +  ••• 


The  primes  denote  differentiation  with  respect  to  s  in  the  first  expression; 
and  the  general  output  response  coefficients  Cn  are  used  to  replace 
d^yxCs) 


njdsn 


s=0 


in  the  second  expression.  •  The'  discussion  in  Chapter  2  which 


10-12 


follows  Eq.  2-42  is  also  applicable  here.  The  reader  will  recall  that  a 
convenient  method  of  calculating  the  Cn  in  terms  of  the  polynomial 
coefficients  of  the  system  transfer  function  was  presented  there.  It 
may  also  be  recalled  (from  Section  2.6)  that  the  output  response  coeffi¬ 
cients,  Cn,  can  be  interpreted  as  time  weighted  moments  of  the  weighting 
function,  w^t)  **  £“\[HyX(s  )]-  i  •  6  •  j  "t/hs/ij 


d°v8> 

ds11 


s=0 


(-Dn  f 

n!  J 

J0 


(10-14) 


The  final  category  of  deterministic  inputs  from  Table  <1 0-2  to  be 
discussed  is  the  periodic  variety;  Strictly  speaking,  a  periodic  function 
is  one  which  recurs  or  repeats  itself,  with  some  period  T,  over  all  time,  i.e. 

x(t)  =  x(t  ±  T)  ,  <  t  <  ~  (10-15)  \ 


Because  the  time  origin  is  indefinite  and  the  time  span  infinite,  such 
functions  do  not  generate  transient  terms  in  the  system  output  response. 

They  are,  however,  suitable  representations  for  a  large  class  of  flight 
control  system  inputs  which  are'  recurring  in  nature  and  can  be  thought  of  as 
having  no  distinct  time.,  origin.  The  natural  way  to  describe  such  functions 
analytically  is  with  the  familiar  Fourier  series,  which  provides  an  expansion 
of  x(t)  in  terms  of  trigonometric  functions.  If  a  function  x(t)  is  periodic 
with  period  T,  as  in  Eq.  10-15*  then  the  Fourier  series  expansion  will  be: 

00 

x(t)  =  &Q  +  2"  (an  cos  +  *n  s;i-n  %*)  ( 1 0-1 6) 

n=1 


where 


— ■  nc^j  ••  ^  ;  n  =  1,  2,  3,  .  .  . 


i  rT/2 

a0  *  3>  /  x(t)  dt 
-T/2 


2  C^2 

- n  =  m  /  X(t)  COS  %t,  dt 

•'-T/2 

T/2 


2  fT/2 

bn  =  m  /  x(t)  sin  cu^t  dt 

•'-T/2 
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Alternative  forma  ais: 


vhere 


x(t)  =  Y,  cn  cos(o^t  -  i|fn) 
n=0 


cn  =  V  an2  +  ^n2  >  *n  =  tan_1  ^ 


an  "  cn  cos  V  bn  =  cn  sin  V  u0  =  c0  >  *0  =  0 


(10-17) 


x(t)  =  £  On  el 


(10-18) 


where 


_  ?n  -  fin  ..  +  fin 

an  =  2  *  a-n=  2  f  %  ~  a0 


The  response  to  a  periodic  input  involves  the  system  frequency  response 
transfer  function,  WyxQco),,;  where: 

( j^)  =  [wyx( s )]  s=! jo)  ”  l^yx^  ^  I e  =  Re  [  Wy^o)]  +  j  Im  [wyx(  jcu)] 

(10-19) 

The  system  output  y(t)  for  an  input  x(t)  expressed  as  a  Fourier  series  in 
terras  of  Eq.  10-1 6  is  then': 


y(t)  =  £  f(anRn  +  dxjt  +  (hnRn  -  anIn)sin  a^tl  ( 10-20) 

n=0 

Rp  =  Re[wyx(jna^)]  '  and  In  =  ImjwyxCjnu^)] 


where 


When  x(t)  is  given- by  Eq  10-17,  the  corresponding  output  expression  becomes: 

y(t)  =  f)  -  Wy^jna^)  |cn  cos  [V  -  *n  +  *  WyxUno^)]  (10-21 ) 
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TABLE  10-3  (Concluded) 


TABLE  10-3  ( C  onclu&ed ) 


fttttaa  of  oot«o mts  ore  called  iteka  variable*,  2(5l.  (See  Ayycsrfix  F. . 

A  real  valued  function  of  both  the  srj^>le  point,  {,  and  tine*,  t,  is  called 
a  wntai,  or  stochastic,  process, 

X  *  X(£,  t)  (10-22) 

This  definition  is  broad  enough  to  include  functions  vhich  we  do  not 
ordinarily  think  of  as  "random.”  Take,  for  example,  a  sine  wave  whose  phase 
angle  is  determined  by  chance: 

X(cp,  t)  *  sin(<ot  +  <p)  ( 10-25) 

This  is,  of  course,  a  deterministic  function  of  time  once  the  phase  angle  is 
chosen.  Actually,  a  random  process  may  be  one  of  four  things: 

1 .  a  family  of  random  time  functions  (£  and  t  variable) 

2.  a  single  time  function  (£  fixed,  t  variable) 

3.  a  random  variable  (£  variable,  t  fixed) 

4.  a  constant  number  (£  fixed,  t  fixed) 

Ordinarily  in  considering  random  processes,  the  first  of  these  numbered 
categories  will  be  the  one  of  the  most  interest,  but  functions  from  the  other 
categories  may  well  be  used  for  illustrative  purposes. 

The  members  of  a  family  of  random  processes  which  all  arise  in 
the  same  way  are  called  an  ensemble.  If  Xn(t)  is  considered  to  be/  a 

<  ,  1- 

typical  member  of  such  an  ensemble,  where  we  now  omit  to  note ‘the  fti^c-  ' 

tional  dependence  on  the  sample  point,  then  Xn(t)  itself  could  possibly 

/ 

be  thought  of  as  a  deterministic  function  of  time.  An  analytical  expression, 
e.g.  some  series,  could  then  be  found  which  approximates  Xn(t)  arbitrarily 
closely  over  a  given  time  period,  -T  <  t  <  T.  For  another  random  signal, 
Xm(t),  which  arises  from  the  same  physical  source,  an  analytical  expression 
derived  on  the  same  basis  as  that  used  in  characterizing  Xn(t)  might  !be 
entirely  different,  even  if  Xm( t)  were  simply  a  section  of  Xn(t)  taken  for  a 
time  period  other  than  -T  <  t  <  T.  For  this  reason  any  attempt  to  describe 
a  truly  random  input  as  a  meaningful-  and  typical  function  of  time  is  doomed 
at  the  outset.  Attention  must  therefore  be  given  to  the  ensemble  of 
functions,  X-|(t),  X^(t),  .  .  .  ,  Xn(t),  .  .  .  ,  which  stem  from  common  causes, 


10-18 


md  i feenfe  ary  tee  Ij{t)  is  ncsort  or  less  *tyyleal*  of  Ibe  ensestle  Umr 
any  other  aeaber.  The  behavior  of  the  enscable,  X(t),  aut  then  be 
described  in  terns  of  averages  of  one  sort  or  another.  Average  views 
are  substituted  for  a  precise  knowledge  of  the  nature  of  the  signal 
variation  with  tine.  These  remarks  are  the  intuitive  essence  of  what 
is  meant  by  random  signals  and  their  analytical  treatment. 

The  most  fundamental  averages  are  probability  density  functions. 
Consider  Fig.  10-2.  Illustrated  there  are  a  number  of  members  of  a  family 
of  random  functions  of  time  which  comprise  an  ensemble  of  random  processes. 


Fig.  10-2.  An  Ensemble  of  Random  Processes 


At  any  given  time,  tp  the  probability  that  one  of  the  functions  X(t) 
will  be  greater  than  x,  and  smaller  than  x  +  Ax,  can  be  computed  in  a 
direct  arithmetic  fashion.  For  an  ensemble  with  N  members, 


When  the  amplitude  interval  Ax  is  very  small  this  probability  will  be  roughly 
proportional  to  Ax,  so: 


Pr|x  <  X(t)  <  x  +  Ax,  t,]  =  p^x,  t,)jjAx  (10-25) 

p^(x,  ti )jj  is  the  first  probability  density  function  for  a  finite  ensemble. 

It  will  depend  ,  in  general,  upon  the  total  number  of  functions  in  the 
ensemble,  the  value  of  x,  and  the  time  t.|  at  which  the  measurements  are  made. 
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ft  he  of  any  practice!  us-:  as  a  means  to-dcscrifco  the  vre-rage  amplitude 
characteristic  of  &  typical  signal,  the  nusber  of  neabcr.“»  in  the  cnserfslc  nuat 
be  sufficiently  large  so  that  p,(x,  tj)j  is  not  materially  changed  vhen  the 
ensemble  is  made  even  larger,  nils  factor  can  be  taken  into  account,  and  the 
"roughly  proportional"  restriction  can  be  removed  if  the  first  probability 
density  function  is  defined  as: 


p  (x  t  )  «  Lim  Wumber  of  valtjes  lying  between  x  and,  x  +  Ax  (10„26) 

1  '  1  N-*-» 

Ax-*-0 


When  the  probability  that  X(t)  lies  within  a  range  from  x1  to  x^,  at 
time  tj,  is  desired,  the  density  function  is  integrated  over  the  range.  In 
general: 

Pr^  <  X(t)  <  Xg,  t1  ]  =  f*2  Pj(x,  t-j  )dx  (10-27) 


'*1 


If  the  range  from  Xj.  to  Xg  is  extended  from  -»  to  +»,  the  probability 
that  X(t)  lies  within  the  range  becomes  a  certainty. 


Pr  f-°°  <  X(t)  <  +<»,  tJ  =  f  p^(x,  t})dx  = 


(10-28) 


When  it  is  desired  to  find  only  the  probability  that  X(t)  is  less  than 
x  at  time  t-| , 


Pr 


X(t)  <  x,  t-j  =  £  P^x,  t^  )dx  =  P^x,  ti ) 


(10-29) 


where  P^(x,  t)  is  the  first  probability  distribution  function.  It  is  an 
alternative  measure  of  the  amplitude  characteristics  of  a  typical  signal 
X(t),  and  has  the  properties: 

P,(-«,  t, )  =  0 

P^oo,  t,)  *  1  (10-30) 

dP|(x»  tl)  -vAx,  t,) 
dx 


10-20 


To  generalise  tfee  calculation  ;  cf  averages, suppose  that  the  average 

value  of  sooc  arbitrary  function,  f  [x(t1 )] ,  of  the  random  signal  X(t)  is 
desired.  Bie  average  of  f|x(ti )  j  can  be  computed  In.  the  usual  way  by  first 
finding  the  sura  of  a  large  number  of  observed  values  for  f[x(t|]j] ,  and  then 
dividing  by  the  total  number  of  values.  The  fraction  of  the  values  of  X(tj) 
vhich  lie  between  x  and  x  +  dx  is  p1  (x,  ti)dx;  and  the  value  of  f[x(t1 )] 
when  X(t1 )  lies  in  this  range  is  just  f[x].  Consequently,  the  fraction  of 
values  of  f[x(tj)]  which  correspond  to  values  of  X(t)  falling  between  x  and 
x  +  dx  is  just  ffxjp^x,  t1  )dx.  The  average  value  of  f[x(t1  )j  can  then  be 
found  by  summing  these  fractions  over  the  entire  range  of  values  for  X,  or: 

Average  of  f  [x(t,)]  .E[f(x)]  =  jf  ffrjp^x,  ti  )dx  (10-51) 

The  notation  e[.  ]  means  "expected  value"  or  average.  The  averages  wliere 
f[x(t-(-)  ]  is  Xn(t1 )  are  particularly  important.  These  are  the  moments  of  the 
distribution  and  have  the  form: 

n^t,)  =  E  Jxn( t ^  )  ]=  fm  xn  pr(x>  t^dx  (10-52) 

(IO-55) 
(10-54) 
(10-55) 

The  first  and  second  moments  are  interpreted  as  the  arithmetic  mean  (usually 
called  simply  the  mean)  and  the  mean-square  values  of  the  typical  random 
function  X(t)  at  time  t-| . 

If  the  mean  value  is  subtracted  from  all 'values  of  Xi(t1)  Id  the 
ensemble,  the  moments  derived  frcjtii  the  results  become  central  moments .  Thus 

Hn(ti)  =  s|x(t-|-)  -  m1  (t-j ).]  [x  -  m^t,)]*1  p,(x,  t^dx  (10-36) 


The  three  lowest  order  moments  are: 


Zero-Order  moment: 


mo 


=  1 


First  moment,:  m-|  ( t ^ )  =  r  x  p-j  (x,  tr)dx  sj^t,)] 
Second  moment:  nigtt})  -•  I  x2  Pl(x,  t,  )dx  *  E^t,)] 
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fife  first  central  nooent,  Hj(tj),  Is  zero*  The  seceud  central  moment  is: 

Mg(ti )  1  [x  -  ^(t^)]2  Pl(x,  tj)dx 

*  n^(t,)  -  [»t  (t1  )]2  (10-357) 

'  -  E[x2(t1 )]  -  |E[x(t1 )  ]|2 

^g(t1 )  is  the  variance,  J^a(t1);J2-  It‘ is  a  measure  of  the  average  alternating 
fluctuating  power  in  the  signal.  In  terms  of  the' density  function,  ngCt})  is 
a  measure  of  its  width  about  the  mean.  Similarly  the  third  moment,  u^(t1 ) , 
gives  an  indication  of  the  skew  of  the  density  function.  The  square  root 
of  the  variance-  is  the  standard  deviation,  o,  of  the  distribution  for  the 
ensemble  X-|(t^ ),  Xg^),  .  .  .  ,  Xn(tj),  .  When  the  mean  is  zero  the 
variance  and  the  mean- square  are  identical. 

In  general,  not  only  the  first  probability  density  and  the  dis¬ 
tribution  function,  but  also  the  expected  or  mean  value-,  the  variance 
and  other  "statistics”  of  an  ensemble  of  stochastic  processes  may  depend 
on  the  time  of  observation.  This  is  suggested  in  Fig.  10-2  where  clearly 
both  the  average  value  and  average  fluctuating  component  of  the  signals 
are  smaller  at  t2  than  at  t-j . 

The  first  probability  density  function  together  with  the  moments  and 
other  averages  derived  from  it  provide  information  about  the  expected 
values  of  X(t-j)  that  will  occur  on  the  average,  and  about  the  probability 
that  various  magnitudes  may  occur.  However,  these  quantities  give  no 
information  concerning  the  time  scale  in  which  the  values  might  occur. 

f 

To  rectify  this  situation  a  second  probability  density  function  must  be 
defined.  The  second  probability  density  function,  pgCx^  xg,  tg), 
when  multiplied  by  dxj  dxg  is  the  probability  that  X(t)  will  be  within 
the  bounds  and  x1  +  dx1  at  time  tj,  and  that  this  same  X(t)  will  be 
between  Xg  and.Xg  +  dxg  at  time,  tg,  i.e.,: 

Pr[xi  <  X(t1 )  <  x1  +  dx^  Xg  <  X(tg)  <  x2  +  dxgj 

=  Pg(xt  ,  t,  >  x2  ,  tg)dx^dxg  (10-58) 
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Tbe  eoccept  ii  illur.trated  in  Fig.  10-3.  Ihe  second  probability  density 
function  prorides  the  Means  to  find  average  values  such  as 
Average  [  X(tr)x(t2)} , 

Average[x(t1)X(t2)]s  E[x(t1)X(t2)]=y  J  p&(x1  ,t, i^^Jdx^  (10-39) 

•WO  *—00 

This  average  will  be  a  function  of  t1  and  tg.  When  t^  =  tg  the  second 
probability  density,  p2(x1 ,  t1 ;  Xg;,  t-j ),  is  Just  a  product  of  the  first 
probability  density  functions,  pj(:0j ,  t1 )p1 (x^,  t1 ).  The  expected  value 
e[X|3^]  then  becomes  simply  the  mean-square  value  or  second  moment,  m2(t1 ). 


0  t,  t2  t  — 


»  ft 

Fig.  10-3*  Illustration  for  Second  Probability  Density  Function 

<  1 


Higher  order  probability  density  functions  are  also  defined,  following 
the  pattern  established  above,  as  the  fraction  of  the  ensemble  members  that 
have  values  which  lie  within  given  ranges  at  respectively  given  times.  To 
completely  describe  the  random  process  all  of  the  probability  density 
functions  must  be  defined.  Stated  in  another  way,  the  process  is  defined  in 
successively  greater  detail  the  higher  the  order  of  the  known  probability 
density  functions.  Each  lower  order  density  function  can  be  derived  from  the 
highest  order  function  by  a  succession  of  special  cases,  so  the  degree  of 
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detailed  knowledge  about  the  complete  process  Is  Incorporated  in  the  highest 
order  density  function  which  is  available. 

In  the  above  discussion,  as  ve  have  noted,  the  density  functions  and 
averages  derived  therefrom  all  may  be  functions  of  the  times  of  observation. 
However,  in  many  applications  the  underlying  mechanism  which  generates  the 
random  function  does  hpt  vary  with  time,  or  can  be  considered  to  be  time 
Invariant  for  the  time  periods  of  interest  in  response  calculations.  The 
time  signals  actually  measured  as  physical  manifestations  .of  the  underlying 
process  may  not  reflect  this  time  invariance  property  directly  because  of  the 
kinematics  of  the  measurement  situation,  but  transformations  can  often  be  made 
to  find  time  signals  (related  to  the  actual  signals  measured)  which  do.-  When 
these  circumstances  apply,  the  probability  density  functions  will  not  depend 
upon  the  observation  times  themselves,  but  rather  only  upon  time  differences. 
For  the  first  probability  density  function,  for  example,  the  same  function 
would  be  obtained  regardless  of  tee  time  when  measurements  were  taken. 

Pi (x,  ti)  would  then  be  equal  to  Pi(x,  tg),  so  the  time  dependence  would  no 
longer  be  present.  The  first  probability  density  function  would  then  be 
simply  p-j(x),  the  second  probability  density  function  becomes  Pg(xi,Xg,t), 
where  x  ■  tg  -  t-j,  etc.  When  all  the  statistics  describing  the  ensemble  of 
time  functions  are  not  dependant  upon  the  absolute  times  of  observation,  the 
random  processes  are  strictly  stationary.  As  a  practical  matter,  however, 
it  is  usually  impossible  to.  determine  if  this  is  the  case.  If  it  can  be 
shown,  for  example,  that  the  first  and  second  probability  density  functions 
are  not  dependent  upon  the  time  of  observation,  the  random  process  is  said 
to  be  stationary  of  order  two.  It  often  happens,  that  it  is  only  shown* that 
the  process  is  stationary  of  order  one  snd  t'i,t  the  autocorrelation  function 
(defined  below)  depends  not,  on  ty  and  tg  but  only  on  t  =  tg  -  ti .  We  then 
say  that  the  process  is  wide  sense  or  weakly  stationary. 

When  the  statistics  of  the  ensemble  of  functions,  X(t),  are  independent 
of  the  absolute  time,  an  alternative  possibility  for  finding  averages  exists. 
Instead  of  averaging  in  the  conventional  arithmetic  way  across  an  entire 
ensemble ‘of  functions  at  fixed  times  one  could  consider  just  one  member  of 
the  ensevible  and  perform  averages  over  all  time.  Such  averages  as 
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.  T-*-»  2T 

•  * 

r+T 

I  X(t)dt  =  the  mean  value 

-T 

(10-40) 

>  +T  •  f 

■  1  •  - 

/  .  X^.(t).dt  =  the  mean  .square 

value(l0.-4l ) 

v  *  ’  *  ,  '  ( 

-T  .  ‘  •  ,  '  ' 

*  ‘  ,  *  ,  \‘  .* 

Kxx(*)>  X*(t)X(t+f)  =  T^co  ^- 

’*  -  *  '  '  ^ 

/*+  T  •  • 

/  X*(t)x(t+r)dt  ' 

Jjq 

(10-42) 

.would  then ' be ■ the . time -average  equivalent  of ,  the  ensemble  averages 

Efx(.t)  l  =  E[x^(tj]  =  mg,  .and  E[xf;(t)X(.t+^’)],  respectively.  The  last  time 

average  here  is'  called1. the  .autocorrelation  function. 

‘  *  *  '<  •  *  *  *  \ 

'  ,  As  a  practical  matter . stationarity  for  the  time  averages  requires  only 
that  averaging  time  be  sufficiently  long  so  that  the  results  obtained  would 
be  substantially  unchanged-  if  it  were  made  still,  longer.  The  practical 
equivalent  to  the  averaging  time  for  ensemble  averages  would  be  that  the 

number  of  signals  observed  be  sufficiently  great  so  that  the  results  are 

,  /  • 

substantially  unchanged-  when  even  more  signals  are  added  to  the  ensemble. 
(This,  however,  does  not  assure  stationarity  for  the' ensemble.) 

The  most  extensive  applications  of  the  random  input  characteristics, 
discussed  above,  occur- when  time  averages  and  ensemble  averages  are  equal,. 
i,.e.,  when  the  random  process  is  ergodic.  Whether  a  given  physical  process 
is.  ergodic  or  not  is  very  difficult  to-  show,  in  general.  Consequently, 
when  processes  are  stationary  (a  necessary  but  not  sufficient  condition 
for  ergodicity)  and  the  lower  averages  (e.g.  mean,  mean-square,  etc.)  appear 
to  be  equal,  ergodic  properties  are  often  assigned  -to  the  physical  situation 
by  hypothesis.  Clearly,  the  process  may  be  .  ergodic  for  .so.-ne.  statistical 


#The  asterisk  notation  in  the  autocorrelation  function  indicates 
that  X*(t)  is  the  conjugate  of  X(t).  Since  X(t)  is  a  real  function  this 
may  seem  superfluous.  However,  X(t)  might  be  expanded  in  the  complex  form 
of  a  Fourier  series,  and  the  conjugate  would  then  be  required  when 
working  with  the  series  representation. 
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parameters  and  not  for  others.*  With  the  hypothesis  of  ergodicity,  tine 
averages  are  used  interchangeably  with  ensemble  averages,  and  the  statistical 
(probability  density  functions)  and  moment  properties  can  be  determined  from 
either  averages  performed  on  an  ensemble  or  time  averages  performed  on  a 
single  member  of  the  ensemble.  This  is  an  enormous  practiced  .advantage  when 
data  must  be  obtained  from  physical  measurement.  The  assumption  of 
ergodicity  is  also  helpful  from  the  theoretical  standpoint  since  it  tremendously 
simplifies  analytical  work.  However,  theoretical  treatments  of  non-stationary 
random  phenomena,  while  complicated,- are  now  well  advanced,  so  the  major 
practical  importance  of.  ergodicity  currently  resides  in  the  simplifications 
introduced  in  measurement.  .In  any  event,  attention  from  this  point  on  will 
be  confined  to  random  input  descriptions  which,  as  a  practical  matter,  can 
be  assumed  to  possess -ergodic  properties  for, the  time  periods  of  interest. 

When  the  time  functions  are  ergodic:  \  , 

[  .  /•“  ii 

Kt)l  =/  x  p^xjdx  =i4m1  ",  >.  '» 

»00 

>  JRt)  =  E[^(t)]*  /*  x?  p,(x)dx  «  nu 

1  J  •'-»  A  (10-43) 

X  • 

!  ’  •  t  ,  »  •  *  ^ 

s  \  # 

Xn(t)  =  Efxn(t )]=/*  xn  (x)dx  = 

1  J  •'-00  » 

and 

i 

X*(t)X(t+T)  =  E[x*(t)x(t+f)]  xiV2,^>VT>dxiax2=Rxx(T)  (10-44) 


•Conditions  for  the  ergodicity  of  the  more  commonly  interesting 
■  statistical  parameters  are  summarized  in  A i  Papoulis,  Probability, 

> Randan  Variables,  arid  Stochastic  Processes,  McGraw-Hill  Book  Co., 
Inc.>  New  York,  5 1963I 
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Higher  order  averages  could  also  be  added  to  this  list,  but  these 
are  seldom  used  In  practical  calculations.  With  the  functions  defined  thus 
far,  it  is  possible  to  compute  bothj>ean  and  me  an -square  values  and,  for  many 
cases  of  practical  interest,  the  first  probability  density  function  may  also 
be  available.  Thus  a  good  indication  of  the  response  characteristics,  on  the 
average,  can  be  found,  and  the  probability  that  certain  values  of  various 
signals  will  occur  can  be  assessed. 


From  this  point  on  we  shall  designate  a  function  of  time  which  may  be 

f  ( 

either  a  random  process  or  a  deterministic  periodic  signal  by  a  lower  case 
letter. 


For  a  stable,  constant-coefficient,,  linear  system  with  d  weighting 
function  w(t)  the  autocorrelation  function  of  the  output  .response  y(t)  to. 
an  input  x(t)  having  an- autocorrelation  function  R^Ct)  is:* 


w(x)w(7)Rxx(t  +  X  -  7)d7dX 


(10-45) 


Thus  the  output  signal  autocorrelation  can  be  computed  from  the  input 
autocorrelation  from  what  amounts  to  two  convolutions1'  With  the  system 
weighting  function.  Because  the  mean-square  value  of  a  stationary  time 

*  i 

function  is  given  by  its  autocorrelation  function  at  t  =  0,  the.'ineanr 
square  output  will  be;  , 


y2(t)  =  Ryy(O)  -II  w(X)w(7)Rxx(x  -  ?)47<1X  (10-46) 


Integrals  of  this  nature  are  often  awkward  to  work  with,  whereas  their 
frequency  domain  equivalent  is  considerably  simpler.  To  proceed  into  the 
frequency  domain  requires  the  definition  of  power  spectral  density  functions. 

For  either  periodic  or  stationary  random  time  functions  this  is  here  defined 

» 

as  four  times  the  Fourier  cosine  transform  of  the  autocorrelation  function, 
viz.: 

'■  ^’xx(aj)  ~  4l  Rxx(t)cos  (Wdr  (10-47) 

Jo 

*H.  M.  James,  N.  B.  Nichols,  and  R.  S.  Phillips,  Theory  of  Servo¬ 
mechanisms,  McGraw-Hill  Book  Co.,  Inc.,  New  York,  1 9’: Y • 
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The  autocorrelation  function  is  also  a  Fourier  cosine  transform  of  the 
power  spectral  density,  i.e. : 


$vx(f)c°s  Stfrdf 


ftdf  =  ~  I  < 
2lt  JO 


^(oijcos  oyrd/n 


(10-48) 


The  nean-square  value  of  x(t)  is  given  in  terms  of  the  power  spectral  density 
by: 


00 

•  ftggCaO'&D  ®  R^CO) 


(10-49) 


The  factor  of  four  in  Eq.  1 0-47  arises  from  the  desire  to  have  the 
mean-square  value  be  the  integral  of  the  power  spectral  density  over  all 
positive  frequencies.  This  usage  agrees  with  James,  Nichols,  and  Phillips 
and  with  Rice.*  Others  use  a  factor  of  two,  which  is  compatible  with  having 
3^(t)  be  the  result  of  integrating  4>xx(f )  over  both  positive  and  negative 
frequencies . 


Analogously  to  Eq.  10-44  we  can  define  a  cross-correlation  function, 
Rxy(T ) *  tetveen  two  variables  x(t)  and  y(t)  as  a  species  of  average: 


x*(t)y(t  +  t)  «  Ejx*(t)y(t  +  -  VT> 

+  t)at 


lira 


(10-50) 


If  x(t)  is  the  input  and  y(t)  is  the  output  of  a  linear,  constant  coefficient 
device  such  that 


/*°°  f 00 

y(t)  =  j  w(t)x(t  -  t)dt  =  J  w(t  -  t)x(t)cLt  (10-51) 


*S.  0.  Rice,  "Mathematical  Analysis  of  Random  Noise,"  originally 
published,  in  the  Bell  Systems  Tech.  J.,  Vols.  25  and  24,  reprinted  in 
N.  Wax  (ed.),  Selected  Papers  on  Noise  and  Stochastic  Processes,  Dover 
Publications,  New  York,  195*1. 
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then- 


RxyCr)  =/  w(u JRxxCt  -  u)du  = 

_ m 


(10-52) 


The  cross  spectral  density  is-again  proportional  to  the  Fourier  transform 


of  the  cross -correlation  function 


*xy(j«?)  =2  /  dT 


(10-55) 


and  the  cross -correlation  function  can  be  found  by  inverse  Fourier  transforming 
the  cross  spectral  density. 


V*>-i hf 

•'-00 


4>xy(  Jotfe***  da) 


(10-54) 


Finally,  if  W(jco)  is  the  frequency  response  transfer  function: 


Uj®)  =  W(jrn)  ^(cd) 


(10-55) 


An  instructive  way  in  which  to  approximate  a  stationary  random  process 
is  as  a  sum  of  a  large  number  of  sinusoids  comprising  the  Fourier  series 
approximation  to  an  arbitrary  function  in  the  interval  -T/2  to  T/2.  (See 
Eq.  10-18.) 


x(t)  <=  £  On  e‘ 


(10-56) 


From  Eq.  10-42  the  autocorrelation  function  will  be: 


p  (,)  _  4im  JL  P 
"  T 2T  JmT 


x#(t)  x(t  +  r)dt  =  x*(t)  x( 


Lira  1 
T— 2T 


/  [  t  °n* 

•'-T  ( 


^f:«heJ%(t+T)  dt  (10-57) 


2-J  Zj  an  a k  e  |T-«~«  2T  !  m 

n=-»  k--»  •'-T 


,  /•*  >  •  %)%t 
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The  quantity  in  brackets: 


_  Lim  J_ 
"  T-*-«  2T 


d(<%  -  <%)t 


\  -  V  I. 


=  0  ;  %  f 


Lira 
T— •>-» 


^  £ eM>t e‘3atat dt ■ 1  •  <** 


(10-58) 


Therefore: 


Rxx(t)  =  E  K-l  e' 

k=-eo 


2  J<%T 


(10-59) 


But  since  la^j  - 


2  ari-^n  an+^n  <>n2 


Jo*?  -i<w 

e  +  e 


"  T~ 


=  COS  flC^T 


*  ,2 
_  v*n 


RjqC^t)  «  c02  +  2  COS  (%T 

h=1 


(10-60) 


Consider  now  the  power  spectral  density  of  the  function  x(t).  Sub¬ 
stituting  the  expression  on  the  right  hand  side  of  Eq.  10-60  in  Eq.  10-1*7, 

f  00  c  2  r 

®xX(u))  *  ^  Cq2  I  cos  tw  d;  +  1*  2  -g-  I  •  cos  o^t  cos  cur  dr  (10-61) 


The  evaluation  of  this  integral,  is  somewhat  circuitous.  The  Fourier  trans¬ 
form  of  the  delta  function  is  identically  unity,,  so  that  the  inverse 
Fourier  transform  of  unity  must  be  the  delta  function,  i.e., 


6(t)  e"*^  dt  a  1,  then 


j_  r 


(1)  eJmV  dco  =  6(t) 


(10-62) 


Consequently, 


f“  <e«)  .■**  dt  =  r  dt  .  M(.  -  %)  (10-63) 


From  the  trigonometric  identity, 


cos  cos  art  =  ^jcos  t(<%  -  cd)  +  cos  t(o^  +  o>)J  (10-64) 


both  the  cosine  and  the  delta  function  are  even  functions  so, 

fcos o^t  cos oorr  dt  =  /  cost(c%  -  to)dT  +  ^  J  cost(t%  +  o>)dT 

J-to  J-  m 


-If 


^(on-a))T  -j(a^-a))r 


+  e 


■dr  + 


j(o)n-to)T  -j(ah+a>)T 


+  e 


=  -  o)  +  6(a>  r  %)  +  6(a^  +  u>)  +  6(-c%  -  oo)] 


![»(«  -  <%)  +  8(a>  +  a^)] 


(10-65) 


Finally,  therefore,  the.  power  spectral  density  of  the  function  x(t)  is: 

00 

*xx(ai)  s  ^  c02  +  *  £  cn?[6(o)  -  c%)  +  6(o>  +  <%)]  (10-66) 

n=1  L  J 

< 

This  function  may  thus  be  seen  to  represent  the  distribution  of  the  harmonic 
components  in  x(t)  with  each  component  here  proportional  to  the  square  of 
the  amplitude  coefficient  in  the  original  Fourier  series. 

If  each  wave  in  the  original  Fourier  series  were  a  voxtage,  the  power, 
at  that  frequency,  dissipated  in  a  unit  resistance  would  be  proportional  to 
the  square  of  the  voltage,  hence  the  name  power  spectral  density. 

The  first  probability  density  functions,  autocorrelation  functions, 
and  power  spectral  density  functions  for  a  number  of  periodic  waveforms 
have  already  been  presented  in  Table  10-5* 

We  next  consider  the  probabilistic  description  of  some  particular 
random  processes. 
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10.4  ANALYTICAL  DESCRIPTION  AND  CATALOG 

OF  SPECIAL  RANDOM  PROCESSES 

From  the  discussion  above  it  should  be  apparent  that  the  random 
Inputs  listed  in  Table  10-1  must  be  characterized  as  autocorrelations  or 
power  spectral  densities  if  even  minimal  information  (mean-square  values) 
is  to  be  obtained  about  system  response  to  these  inputs.  If  more  response 
information  is  required  at  least  some  of  the  lower  order  probability  density 
functions  are  required.  Even  if  these  are  known,  however,  the  probability 
density  functions  for  the  system  output  are  difficult  to  find  unless  the 
amplitudes  of  the  random  signals  are  characterized  by  a  Gaussian  or  normal 
distribution.  (See  Appendix  B. ) 

V*  « 

Table'  1 0-4  shows  a  number  of  the  more  interesting  random  processes 
which  may  be  used  for  describing  automatic  flight  control  commands  and 
disturbances.  In  most  cases  a  typical  segment  of  the  random  process  is  shown 
together  with  its  autocorrelation  function  and  power  spectral  density. 

A  random  binary  transmission  is  the  signal  generated  by  abstracting 
the-  result  of  a  coin  tossing  experiment  whose  outcome  may  change  at  intervals 
of  Tsec.  Calling  heads  +1  and  tails  -1,  so  that  short  sequences  in  which 
the  signal  is  unchanged  from  toss  to  toss  could  occur,  but  that  long  ones 
are  unlikely,  and  then  shifting  the  signal  along  the  time  axis  an  amount,  e, 
where  e  is  equally  likely  to  take  any  value  in  the  interval  0,  T,  the  result 
would  be  as  illustrated  in  item  1  in  Table  10-4. 

"Boxcar  sequences”  are  generated  by  taking  positive  or  negative  steps 
whose  size  is , determined  in  some  random  way  at  intervals  whose  statistics 
are  also  prescribed.  There  are  at  least  three  interesting  cases. 

There  Is  a  boxcar  sequence,  item  2  in  the  table,  in  which  the  axis 
crossings  are  always  T  sec  apart,  as  in  the  random  binary  transmission,  but 
in  which  the  magnitude  of  the  signal  at  any  time  is  a  random  variable.  If, 
however,  the  mean  square  value  here  were  one,  this  signal  would  have  an 
autocorrelation  and  power  spectral  density  Identical  to  the  random  binary 
transmission.  This  serves  to  emphasize  the  fact  that  the  autocorrelation  -  ‘ 
function  and  power  spectral  density  are  not  specific  to  a  particular  time 
function. 
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TABLE  10-Jv  (Con 


Another  type  of  boxcar  sequence  is  one  with  random  amplitudes  and  in 
which;  the  intervals  during  which  the  signal  is  constant  have  a  uniform 
distribution  of  lengths  in  the  interval  0,  T.  See  item  3  In  the  table. 

The  third  boxcar  sequence  of  interest,  discussed  below,  depends  for 
its  description  on  a  time  function  which  comprises  a  sequence  of  impulses, 
each  of  weight  (area),  q^,  occurring  randomly  in  time  at  a  constant  average 
rate.  In  Appendix  B  it  is  shown  that  the  probability  of  finding  a  given 
number  s  «  0,  1,  2,  .  .  .n  impulses  in  a  given  interval  of  length,  T,  is 
then  governed  by  the  Poisson  distribution.  Such  a  sequence  of  impulses  is, 
therefore,  called  a  sequence  of  generalized  Poisson  impulses .  It  is  also 
shown  in  Appendix  B  that  the  probability  of  finding  an  impulse  in  an 
interval  more  than  t  and  less  than  t  +  dt  sec  after  its  predecessor  is  gov¬ 
erned'  by  the  exponential  distribution.  The  mean  interval  between  impulses, 

®av  B  l/p,  where  0  is  the  "density"  of  the  inpulses  along  the  time  axis. 

The  expression  for  the  generalized  Poisson  impulse  sequence  is: 

z(t)  6(t  -  t^)  (10-66) 

Here  the  ti  are  understood  to  represent  th*  (random)  times  of  occurrence  of 
the  impulses.  The  manner  of  choosing  the  weights,  qi#  remains  to  be  specified 
Figure  10-4  shows  a  typical  generalized  Poisson  impulse  sequence  in  which  q.^ 
is  a  random  variable  which  may  take  either  positive  or  negative  values. 


Fig.  10-4.  Generalized  Poisson  Impulse  Sequence 


If  the  generalized  Poisson  impulse  sequence  is  specialized  in  such  a 
way  that  each  q^  =  +1,  i.e.  each  ingjulse  is  a  positive  -unit  impulse  occurring 
randomly  in  time  at  a  constant  average  rate,  and  this  signal  is  passed 

through  a  linear,  constant  coefficient  filter  with  a  weighting  function,  h(t), 

<•  ' 

the  result  is  a  random  process  known  sis  "shot  noise."  Shot  noise,  from  our 
point  of  view,  is  primarily  of  historical  interest.*  The  shot  noise  process 
is  illustrated  as  item  4  in  Table  10-4  for  the  particular  case  in  which 
h(t)  *  e"0^. 

A  time  function  called  the  semi -random  telegraph  signal  is  generated 
by  switching  from  +1  to  -1  at  times  t^  which  are  determined  in  the  same  way 
as  the  times  of  occurrence  of  the  Poisson  impulses.  It  is  illustrated  as 
item  5  In  the  table. 

Next,  item  6,  take  a  boxcar  sequence  in  which  the  occurrence  of  the 
steps  in  time  is  governed  by  the  Poisson  distribution.  In  fact  the  function 
we  wish  to  consider  is  simply  the  integral  of  the  generalized  Poisson 
impulse  sequence,  Eq.  10-66.  Note  interestingly,  that,  except  for  constants, 
the  autocorrelation  function  and  power  spectral  density  for  this  function 
are  exactly  the  same  as  the  ones  for  the  quite  different  semi-random 
telegraph  signal.  In  fact,  the  exponential  autocorrelation  function  and  the 
corresponding  power  spectral  density  are  typical  of  many  physical  random 
processes.  See  also  item  10  in  the  table.  In  this  case,  if  the  amplitudes 
of  the  steps  in  the  boxcar  sequence  were  chosen  in  such  a  way  that  the 
amplitude  of  the  original  function  were  normally  (Gaussianly)  distributed, 
it  would  be  quite  impossible  to  distinguish  between  this  process  and  the  one 
represented  hy  item  10  on  the  basis  of  the  first  probability  density  function 
and  the  autocorrelation  function  or  its  transform,  the  power  spectral  density. 
Higher  order  density  functions  would  be  required  to  define  each  function  in 
nore  detail  in  order  to  be  able  to  tell  the  difference. 

Sums  of  sine  waves  are  very' important  special  functions  with  randam- 
like  properties.  This  is  because  in  computing  and  in  experimental  work 


#S.  Oi  Rice,  ’'Mathematical  Analysis  of  Random  Noise,”  originally  pub¬ 
lished  in  the  Bell  Systems  Tech.  J.,  Vols.  25  and  24,  reprinted  in  N.  Wax 
(ed.),  Selected  Papers -^n  Noise  and  Stochastic  Processes,  Dover  Publica¬ 
tions,  New  York,  1954. 


it  is  often  convenient  to  have  a  segment  of  a  "random  process"  which  can 
be  repeated  and  in  which  the  mean- square  value  and  power  spectral  density- 
can  easily  be  adjusted  to.  meet  particular  requirements.  The  probability 
distribution  for  the  amplitude  of  a  sum  of  a  comparatively  small  number 
of  sine  waves  closely  approaches  a  Gaussian,  distribution.  Figure  10-5 
shows  the  first  probability  density  function  for  1  sine  wave  and  for  sums 
of  3 )  4,  8,  and  12  sine  waves  of  equal  amplitude.  In  the  case  in  which 
the  sine  waves  have  unequal  amplitudes  the  density  function  doesnot 
approximate  the  density  function  of  the  Gaussian  distribution  as  well 
for  the  same  number  of  sine  waves.*  It  is  still  amazing,  however,  how 
few  sine  waves  need  to  be  added  together  to  yield  a  very  good  approximation 
to  a  random  function  of  time  with  a  Gaussian  amplitude  distribution.  This 
is  an  illustration  of  the  operation  of  the  central  limit  theorem  of 
statistics. 

For  analytical  and  experimental  work,  it  is  item  7  in  Table  10-4 
which  is  most  important.  Item  8  is  interesting  because  of  Its  statistical 
properties,  but,  of  course,  as  a  function  of  time  it  is  merely  a  (periodic) 
sine  wave  with  an  initially  randomly  chosen  phase  angle. 

The  next  five  items  in  Table  10-4  are  perhaps  somewhat  Out  of  place 
since  they  are  defined  primarily  in  terms  of  the  properties  of  the  power 
spectral  density  function  rather  than  as  time  functions. 

/'White"  noise,  item  9,  is  a  signal  whose  power  spectral  density  as 
a  function  of  frequency  is  a  constant.  (The  name  is  derived  from  the 
fact  that  white  light  is  a  composite  of  all  the  colors  with  their 
different  wave  lengths  or  frequencies.)  Our  principal  interest  in  white 
noise  is  in  connection  with  the  signal  at  the  output  of  a  linear  filter 
whose  input  may  be  an  approximation  to  white  noise.  (The  nature  of  the 
approximation  lies  in  the  fact  that  white  noise,  with  a  power  spectral 


*W.  R.  Bennett,,  "Distribution  of  the  Sum  of  Randomly  Phased 
Components,"  Quarterly  of  Applied  Mathematics,  Vol.  V,  no.  4,  Jan. 
1948. 
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Fig.  10-5.  Plot  of  the  Probability  Density  Distributions 
of  the  Sum  of  n  Sine  Waves  of  Equal  Amplitude 


density  flat  to  infinite  frequency,  is  a  physically  unrealizable  signal, 
but  if  the  bandwidth  of  the  noise  is  very  large  compared  to  the  bandwidth 
of  the  filter,  the  approximation  is  accurate. ) 

'■  When  white  noise  is  passed  through  a  first  order  filter,  i.e.,  one 
with  a  transfer  function  l/(Ts+l),  the  result  is  a  stochastic  process 
. which  is  typical  of  a  very  large  number  of  physical  phenomena  (see  item  10). 
Among  other  things,  with  a  suitable  choice  of  the  time  constant,  T,  it 
may  be  used  as  a  model  for  atmospheric  turbulence  or  as  a  model  of  terrain 
elevation  as  seen  from  an  airplane  in  rectilinear  flight.  White  noise- 
through  a  first  order  filter  is,  therefore,  a  signal  of  particular  interest 
and  importance  in  flight  control  system  engineering.  '  This  is  especially 
true  if  the  signal  has  a  Gaussian  amplitude  distribution.  (See  the  next 
section  of  this  chapter.) 

White  noise  through  an  underdamped  second  order  filter,  item  11,  is  a 
signal  with  a  predominant  band  of  frequencies  which  may  give  it  some 
properties  similar  to  a  periodic  signal.  In  this  case,  the  filter  has'  a 
transfer  function  y|j~)2  +  ^  s  +  l].  As  the  damping  ratio,  £,  of  the 
filter  approaches  zero,  the  output  of  the  filter  approaches  a  purely  periodic 
sinusoidal  wave  with  a  noisy  bias. 

A  typical  error  signal  spectrum,  item  12,  my  be  simply  the  result  of 
taking  the  difference  between  two  spectra  of  the  type  illustrated  as  item  10. 

Finally  the  rectangular  spectrum,  item  1 5,  is  of  interest  particu¬ 
larly  in  connection  with  experimental  or  computer  work  in  which  the  signal 
is  a  sum  of  sine  wav.'s .  Actually  items  10  to  15  may  be  representative 
special  cases  of  item  7  since  the  amplitudes  of  the -constituent  sinc.waves 
can  be  adjusted  .so  as  to  produce  any  desired  spectral  shape.  (See-  Eq.  10-61.) 

10.5  PROPERTIES  OF  RANDOM  PROCESSES 

WITH  GAUSSIAN  AMPLITUDE  DISTRIBUTIONS' 

The  most'  important  stationary  random  functions,  both  theoretically 
and  practically,  are  those  which  can  be  described  in  terms  of  Gaussian  or  '  ■ 
normal  amplitude  distributions.  Fortunately  these  are  also  among  the 
simplest  distributions  to  handle  analytically. 
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Recall  ( or  see  Appendix  B)  that  the  first  probability  density 
and  distribution  functions  for  signals  which  have  Gaussian  statistics 
axe 
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(10-67) 


(10-68) 


It  may  be  noted  that  the  distributions  are  specified  completely  when  the  mean, 
mi,  and  standard  derivation,  o,  are  known.  In  linear  systems,  response 
calculations  for  the  mean,  or  steady-state  value  can  be  separated  from  those 
for  the  fluctuating  portions  of  the  response,  so  it  is  possible  to  consider 
the  fluctuations  about  m-j  alone.  Under  these  circumstances  the  distributions 
about  the  mean  are  pertinent,  mi  can  be  taken  equal  to  zero  without  loss  of 
generality,  and  the  variance,  c^,  becomes  simply  the  mean-square  value  of 
the  signal. 

When  a  signal  within  the .system  may  be  described  by  a  Gaussian 
distribution,  information  about  the  probabilities  of  the  signal  having 
various  values,  being  within  certain  ranges,  etc.,  is  readily  obtained  from 
Eqs .  10-27  and  10-67  and  tables  of  the  distribution*  once  the  standard 
deviation,  a,  is  known.  The  simplest  probabilities  of  all  to  obtain  are 
those  given  by  the  first  distribution  function  directly.  These  take  on, 
especially  simple  forms  when  low  probability  values  are  considered,  since 
then  the  error  function  can  be  approximated  by: 


*See,  for  example,  A,  Huld,  Statistical  Tables  and  Formulas,  John 
"Wiley  and  Sons,  Inc.,  New  York,  1952,  or  M.  M.  Abraraowitz  and  I.  Stegun  (eds.), 
Handbook  of  Mathematical  Functions,  National  Bureau  of  Standards  Applied 
Mathematics  Series  55  >  U,  S.  Government  Printing  Office,  Washington,  D.  C., 
1964. 
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erf  z  =  1  -  - - >  z  »  1 

z^it 

Thus,  when  it  is  desired  to  find  the  probability  that  a  Gaussian  distribution 
signal  is  a  factor  k  times  greater  than  the  standard  deviation. 


Pr|x(t)  >  kcxj  =  1  -  P-|(ko)  »■ 


e-^/2 

^2 it  k 


(10-69) 


when  k  »  1.  (See  also  Table  B-4,  Appendix  B.)' 

/ 

One  of  the  most  interesting  properties  of  time  signals  which  have 
Gaussian  distributions  is  the  fact  that  for  some  purposes  they  can  be 
thought  of  as  a  sum  of  sinusoids.  The  time  signal  x(t),  as  expressed 
in  a  Fourier  series  with  zero  mean, 


N 


x(t)  =  2  K  cos  (%t  +  %) 
k=1 


(10-70) 


will  have  a  probability  density  function  as  N-*-«  which  approaches  a 
Gaussian  distribution  function  if  the  frequencies  are  given  by  dk  =  kAa>, 
and  the  phase  angles  <p^.  are  randan  and  distributed  uniformly  (i.e.,  as 
in  the  rectangular  distribution  of  Table  B-1,  Appendix  B)  over  the  range 
from  zero  to  2n.  (Kecall  Fig.  10-9’.)  The  constants  k\r  must  be  fixed  at 
values  to  match  the  power  spectral  density  of  the  random  process.  The 
power  spectral  density  of  the  function  described  by  Eq.  10-70  is 


N  . 

$xx(“)  K  *  13  V  &((D  -  tife)  +  5(oj  +  c^) 
k=1  1  J 


(10-71) 


This  expression  represents  a  series  of  spectral  lines  at  frequencies  o)=±o^, 
and  with  weights  «A^.  In  response  calculations  the  same  answers  will  be 
obtained  using  Eq.  10-71  and  an  ordinary,  continuous  power  spectral  density 
function  $(<n)  if  «Aj*  =  $(0^),  and  if  N  is  made  sufficiently  large. 

A  consequence  of  surpassing  importance  follows  almost  intuitively 
from  the  use  of  a  sum  of  sinusoids  to  represent  a  Gaussian  random  signal. 
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In  a  stable,  constant-coefficient,  linear  system  the  steady- state  response 
to  a  sinusoidal  input  is  itself  sinusoidal,  although  the  amplitude  and 
phase  are,  in  general,  modified.  When  many  sinusoids  are  used  in  the 
input,  they  all  appear  in  the  output,  again  with  different  amplitudes  and 
phases.  Now,  if  the  input  phases  of  the  sinusoids  are  randomly  distributed, 
the  phases  in  the  output  waves  will  still  be  randomly  distributed,  even 
though  phase  shifts  occur  for  each  of  the  sinusoids.  In  the  limit,  then, 
as  the  number  of  sinusoids  in  the  input  is  increased  to  come  closer  and 
closfer  to  a  normal  distribution,  the  distribution. -of  the  output  will  also 
approach  a  normal  distribution.  The  variance  of  the  output  will,  in  general, 
be  different  from  that  of  the  input  because  of  the  change  in  the  amplitudes 
of  the  individual  waves.  Thus,  in  a  time- invariant,  linear  system,  Gaussian 
inputs  will  produce  Gaussian  outputs,  and  the  computation  of  the  mean-square 
output  will  give  complete  information  about  the  first  probability  density 
and  distribution  functions  of  the  output  signal. 

Besides  the  interesting  and  valuable  characteristics  noted  above, 

Rice*  has  presented  a  number  of  additional  properties  of  Gaussian  random 
processes  which  are  useful  in  obtaining  a  physical  grasp  of  the  time  history 
characteristics  of  Gaussianly  distributed  time  signals.  These  are  summarized 
in  Table  1 0-5 • 

A  useful  idealization  of  a  Gaussian  random  signal  has  the  bandlimited 
power  spectral  density  shown  in  Fig.  10-6.  This  is,  of  course,  a  special 
case  of  item* 15,  Table  10-4.  The  corresponding  autocorrelation  function  is 
also  illustrated,  along  with  a  tabulation  of  the  characteristics  given  in. 
Table  10-5. 

10.6  RESPONSE  OF  LINEAR  SYSTEMS  TO  RANDOM  INPUTS 

The  effect  o"  a  linear  filter,  or  feedback  system,  operating  on  a 
particular  power  spectral  density,  $xx((o),  may  be  found  as  follow.  Let  the 
system  have  a  weighting  function,  w(t),  such  that  the  output,  y(t),  in 
response  to  an  input,  x(t),  is  given  by  the  convolution  integral: 


*S.  0.  Rice,  "Mathematical  Analysis  of  Random  Noise,"  originally 
published  in  the  Bell  Systems  Tech,  j.,  Vols.  25  and  24,  reprinted  in  N.  Wax 
(ed.),  Selected  Papers  on  No3.se  and  Stochastic  Processes,  Dover  Publications, 
New  York,  195V. 
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TABLE  10-5 


SOME  PROPERTIES  OF  A  GAUSSIAN  RANDOM  PROCESS 
COMPUTED  FROM  THE  AUTOCORREIATION  FUNCTION 
OR  THE  POWER  SPECTRAL  DENSITY 


PROPERTY 

i 

FROM  THE  AUTO¬ 
CORREIATION  FUNCTION 

FROM  THE  POWER 
SPECTRAL  DENSITY 

Mean  Square 

c  Rxx(^)  ~  ^ 

1 

2 

*  I  $xx(“)dm 
•'0 

Axis  Crossings 
per  second 

“o  -  i 

(see  note 

•«l/2 

-*JA«>>] 

l 

n 

> 

/0 

1/2 

%x(0)  J 

below) 

/  GxxMcto 
Jo 

Maxima  per 
second 

*  *  Tu 

1  * 

'o 

1/2 

R"(0)  j 

2ji 

• 

r 

f  ^^(ajjcbi 
0 

Positive  Crossings 
of  level  x,  or 
number  of  maxima  per 
second  greater  than 
xj  x  >  2a 
s  (Exceedences) 

'V>  - 1  ^ 

\ 

(See  above  for  N0  and  a) 

nut*)  • 

(See  above  for  N0  and  o) 

Note:  R^(0)  « 
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Using  Eq.  1C-k2  the  autocorrelation  function  of  the  output  can  then  be 
written  in  terms  of  the  input  as  follows: 


2T  f  if  v(Tl} ■x(t-Ti)a*r1  f  w(t2)  x(t 


+  T-  Tp)dT. 


y(t  +  t) 


2^2  . 


(10-72) 


Interchanging  the  order  of  the' integrations 


KyyW*  Tlim„  /  f  dTg  v(t,)  v(TS)|gj;J^  x(t-T,)  x(t+  T-  Tj)| 

il  'T  (10-7-3) 

but,  in  the  limit,  the  quantity  in  square  brackets  may  be  seen  to  be  the 
autocorrelation  function,  RXx('rl  +  T  -  t2) •  Therefore,  in  the  limit: 

/•  CO  #•» 

Ryy(*)  ■  JwdTiJ  dT2  W^T1^  W(T2^  Rxx^t1  +  T~  t2^  (10-7^) 


Because  the  autocorrelation  function  is  even, the  Fourier  transform  of 
Eq.  10-7)i:  v 

*yy(«>)  “  2  j*  Ryy(T)  e"^  dx  =  hj  R^tJcos  arc  dr 
-»  -89  -ee  -Jco(t  +  Ti  -  Tp) 

=  2/  dTl  dTi  /  dTp  0  (10-75) 

— — 00  •'.»  «/-co 

JtOT  1  -JCUTg 

e  e  Rxx(t  +  *1  -  t2)  w^)  w(t2) 

Upon  a  change  of  the  variable  of  integration  t  to  (t  +  t-j  -  t2),  the  volume 
integral  breaks  up  into  the  product  of  three  independent  integrals  which  may 
be  recognized  as  representing  the  Fourier  transforms  of  w(t),  its  conjugate, 


and  the  Fourier  transform  of  RJ£X(t).  Therefore,  we  have  the  important 
relationship  in  the  transform  domain: 


where 


*yy(o))  =  w(j£u)  W(-jo>)  ^xgioi)  =  |w(jo>)J2  ^(cn) 


(10-76) 


W(jd>W  f  w(t) 


and,  of  course,  the  mean-squared  value  of  the  signal  of  interest  is  found 
from  the  formula: 


Ryy(O)  (10-77) 


Integrals  of  this  type,  evaluated  for  systems  through  seventh- order, 
appeared  fir sib  in  James,  Nichols,  and  Phillips.*  The  tables  have  since* 
been  modified  in  form  and  extended  through  tenth- order  systems,  with 
corrections  found  for  the  Iy  expression.  These  are  duplicated  in  a 
condensed  form  in  Table  10-6.  The  higher-order  literal  expressions  are 
lengthy,  and  the  integrals  can  be  expressed  more  compactly  in  terms  of 
Hurwitz  determinants.*  The  actual  tabulated  forms  are  for  the  integral 


^  '  C  S3  £ 


Y(s)Y('0  -  s)ds 


S3 


(10-78) 


1  d(s)  d(-s) 

ScJ.  Jm  —  ~~~  ds 


jeo  a(s)  a(-s) 


*H.  M.  James,  N.  B.  Nichols,  and  R.  S.  Phillips,  Theory  of  Servo¬ 
mechanisms,  McGraw-Hill  Book  Co.,  New  York,  1 9^7;<  PP*  569-370* 

tR.  C.  Booten,  Jr.,  Max  V.  Mathews,  and  W.  W.  Seifert,  Nonlinear  Servo¬ 
mechanisms  with  Random  Inputs,  Rept.  70,  Dynamic  Analysis  and  Control  Lab., 
MIT,  Cambridge,  Massachusetts,  Aug.  20,  1933,  pp*  38-1)2. 

*G.  C.  Newton,  Jr.,  L.  A  Gould,  and  J.  F.  Kaiser,  Analytical  Design 
of  Linear  Feedback  Controls,  John  YJiley  and  Sons,  Inc.,  New  York,  1997, 
pp.  366- 38l. 
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TA.TED  TABLE  OF  INTEGRALS 


nP  / 
+  + 


+  + 

CVJ 

C  i 

:W  M 

r—  ♦- 

>d  tj 

+  + 

«-  fl 

I  ,  M 

C  '  ;o 

w  ctf 


OJ  o 
^  05 

W 


W  € 

+  fu 
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f a 


U' 

o  d 

£ 

3?  i" 


•Adopted  from  the  table  in  Booten,  Mathews,  and  Seifert,  loc .  cit 


This  applies  only  for  stable  systems.  Note  in  comparing  Eq«  10-77  with 
Eq.  .10-78  that 

**  u  &  /  V“,d“  =  5  /  ^TT^*0' 

•'O  •'-to 

=  2 h  f  Y(s)Y(-s)ds  -  h 

or  Y(da>)Y(-J«o)  =  ^ 

The  factor  of  two  is  a  consequence  of  the  definition  of  the  power  spectral 
density  such  that  y2  1$  given  as  an  integral  power  density  over  only  real 
frequencies.  It  is  a  point  to  be  remembered  when  using  Table  10-6. 

An  immediate  application  of  Eq.  10-77  is  the  computation  of  mean- 
squared  amplitude  for  an  output  quantity  in  response  to  an  input  spectrum, 

.  This  is  accomplished  by  evaluating  Eq.  IO-77  for  4>yy(u>)  to  obtain 
y^,  or  the  rms,  0.  This  technique  allows  computation  of  a  variety  of 
performance  indices.  Examples  include  flight  path  deviation  about  the 
ideal  profile  in  terrain  following,  or  the  localizer  course  in  an  automatic 
approach.  Design  considerations  such  as  rms  control  surface  deflection  and 
deflection  rate  can  be  studied  as  well. 

Another  application  of  Eq.  10-77  is  in  the  modeling  of  a  command  input 
spectral  density.  If  $nn(w)  is  a  Gaussian  white  noise  source,  then  a 
shaping  filter,  Gp(j<n),  can  be  "fitted”  to  yield  the  input  spectrum,  I^Ccu). 
The  input  spectrum  is  then  given  by: 

*xx(<»)  *  |Gf(*o)|2  ’  0°~79) 

Since  $>nn(co)  is  a  constant,  |G£(ja))  must  have  the  shape  of  the  desired 
input- spectrum.* 

•Actual  disturbance  and  command  data  for  automatic  flight  control  system 
analyses  are  summarized  in  J.  E.  Hart,  L.  A.  Adkins,  and  L.  L.  Lacau,  Stochas¬ 
tic  Disturbance  Data  for  Flight  Control  System  Analysis,  ASD-TDR-62-3,)7,  Sept. 
1962,  and  D.  H.  Weir,  Compilation  and  Analysis  of  Flight  Control  System 
Command  Inputs,  AFFDL-TR-65- 1 19,  Nov.  1965 • . 


/ 


Y(ja>)Y(-jo)dw 
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Am  e  general  case  is  the  one 
Or  Or  where  the  cuumand  input  is  the  sum 

of  several  random  signals.  For  N  input 
components  and  one  output,  the  transfer 
function  characteristic  of  Fig.  10-7 

Fig.  10-7  •  A  Simple  Transfer  becomes  the  one  shown  in  Fig.  10-8.  The 
Characteristic 

inputs  are  assumed  to  have  zero  means, 
but  are  not  necessarily  uncorrelated.  Denote  the  cross- spectral  density 
between  the  ith  and  kth  inputs  as  .  Defining  G£(  jo)  as  the  complex 

conjugate  of  G^( jm),  yields  the  following  equation  for  the  spectrum  of  the 
sum: 

N  N  ' 

^(to)  «  =  £  £  GiCjojjGjjCjo))^^)  -  (10-80) 

i=1  k=k 


x(t)  y(0 


Fig.  .10-8.  A  Multiple -Input  System 


When  the  N  inputs  are  uncorrelated,  Eq.  10-80  reduces  to: 

H  J 

^(co)  =  £  |Gk(j0>)f  ^(co)  (10-81) 

k=1 

If  the  inputs  are  summed  prior  to.  entering  a  single  transfer  block, 
the  situation  would  be  the  one  illustrated  in  Fig.  10-9*  In  this  case 
Eq.  10-81  simplifies  to: 

P,  N 

i’xxCoO  =  |  G1  ( jco)  |  £  $1^(0)) 

k=l 


(10-82) 


$11, (w)  $22^  “ 


Fig.  10-9  •  i Summation  of  Random  Inputs 


Many  randan  disturbance  and  command  input,  data  are  well  approximated 
by  the  Gaussian  probability  density  function.*'  With  single  or  multiple 
Gaussian  random  inputs  and  a  linear  transfer  characteristic  (see  Fig.  10-7), 
the  output  will  also  be  Gaussianly  distributed,  so  that  evaluation  of  the 
mean- square  value  from  the  output  power  spectral  density  is  only  the 
beginning  of  the  interesting  calculations  which  can  be  made.  Recall  the 
previous  section. 


Example  1:  Following  error  in  a  first-order  servomechanism 

Given  a  rectangular  band  limited  input  spectrum  $rr(o>)  as  the  input 
to  a  first-order  servomechanism,  find  the  dependence  of  the  mean- 
square  error  in  following  this  input  on  the  cutoff  frequency  of  the 
input,  cDj.,  and  the  inverse  time  constant  (crossover  frequency)  of 
the  closed- loop  system,  (Dq  (Fig.  10-10). 


0  w 


'J>rr(Q)u>i 
=  "  2* 

(a)  the  input 


s 


(b)  the  system 


Fig.  10-10.  A  Band  Limited  Input  Spectrum  and  First  Order  Servomechanism 


*J.  E.  Hart,  I..  A.  Adkins,  L.  L.  Lacau,  loc.  <jit. 
D.  H.  Weir,  loc.  cit. 
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Prom  Eq.  10-77: 
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The  mean- square  error  in  following  the  input  is  roughly  proportional 
to  the  mean- square  input,  or2,  to  the  square  of  the  input  bandwidth, 
toi2,  and  is  inversely  proportional  to  the  square  of  the  crossover  - 
frequency,  coc2. 

Example  2:  The  optimum  fixed- form  adjustment  of  a  first-order 
servomechanism  with  signal  and  noise  inputs 

Given  a  first-order  servomechanism  with  command  signal  and  noise 
inputs,  what  is  the  best  adjustment  of  the  crossover  frequency, 
cue,  so  as  to  minimize  the  error,  e(t),  in  following  the  desired 
signal. r(t)  (see  Fig.  10-11).  Note  that  the  injection  of^the- 
noise  signal  might  be  in  the  feedback  path  (measurement  noise) 

.or  at  the  servomechanism  error  point  (amplifier  noise)  without 
altering  this  problem. 


a)  the  system 


b)  the  signal  arid  noise  inputs 


Fig.  10-11.  Minimizing  the  Following  Error 
in  the  Presence  of  Noise 
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The  error  in  following  is  given  "by  the  expression: 


e  =  r  -  c 


Then  with  a  substitution  for  C(s)  the  Laplace  transform  is 


e(s)  *>  R(s)  -  [R(s)  +  N( s)]  — 


<Dc  ■ 


or 


o>c 


e(s)  =  R(s)  — 5 - N(s)  — f —  =  Er  +  E_ 

S  +  O^,  '  '  S  +  (JG^j  r  “ 


Assuming  there  is  no  correlation  between  signal  and  noise, 


*ee(“)  = 


4Rno2 


4Nm)c2 


|(r  +  co)(coc  +  co)  |2  |(n  +  co)(coc  +  go)  I* 


Then  the  mean- squared  error  will  be 


c  2  4  e  2 
*r  fcn 


J*CO  A  oo 

!  *„,(«)*■>  +  ^  (  4»€€n(co)dco 

0  .  •'O 


i  ria>  i  rim 

2^  I  Er(  s)Er(— s)ds  +  g^-j  /  E^s^C-stes 


where 


Er(s)  * 


*»<■>  " 


SRr  s 


(s  +  r)  (s4coc) 


VgRr  ^c 
(■s  +  n)  (s  +  coc) 
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»  c 


Both  the  following  error  components  are  given  by  a  specialized 
form  of  the  integral  I2  from  Table  10-6,  i.e., 


I2  = 


,,  2  ®0  *  2 

*0  +I£d1 

2aoai 


For  the  following  error. in  response  to  the  signal, 


d(s)  = 

d^s  +  d-j 

=  ^2Rr 

d0=*^Rr 

,  d,*  0 

a(s).  = 

2 

a^s  +  a. 

s  +  &2  •= 

o 

s  +  (r  +  ojc)s  +  ru)c 

aQ  =  1  , 

a-j  =  r  +  coc 

,  a  2  =  rtoc 

so  .  cr 


2  _ 


Rr 


(r  +  o)c) 


Similarly,  .for  the  following  error  in  response  to  the  noise, 


dQ  =  0  ,  d,  ^  yfm 


and 


av 


cn  c 


1  ,  a^  =  n  +  ii)c  ■,  a2  “  na>c 

—l—frOKTnlm  2 
ncuc 


2  (h  •+  av) 


Nu)„ 


n  +  a>„ 


Combining  the  contributions  to  the  mean- square  following  error: 

Ncdc 


-2  _  2  +  2  a  _ g£ _  +  J! 

:  _  er  +  cn  .  r  +  (0  +  n  H 


i-  coc 


io-^i 


To  find  the  crossover  frequency,  U5C,  which  minimizes  the  total 
mean-square  error,  we -differentiate  the  expression  for  with 
respect  to  set  the  result  equal  to  zero,  and  try  to  solve, 
for  03c» 


dc2  .  Rr  +  N  ■  .  _  Ntoc 

(r  +  ojc)2  (n  +  coc)  (n  +  o^)2 


Wn  _  Rr  _  N/n  _  R/r 
(n  +  o)c)2  (r  +  «c)2  ^  +  ^j2  L  +^2 

In  the  practical  case  in  which  o>c  «  n  , 


N  .  R  1 


If,  now,  the  "signal  to  noise"  is  largo  (i.e.,  R/N  >>  1.)  and 
the  signal  to  noise  bandwidth  ratio  is  small  (i.e.,  n  »  r), 
then 
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^  Back  in  1951  J«  R*  Dutilh*  conjectured  that,  in  general,  the  half 

power  frequency  of  the  servomechanism  (crossover  frequency)  should 
be  adjusted  to  the  frequency  where  the  command  signal  power  is 
equal  to  the  noise  power.  In  this  problem,  we  could  set  the  expres¬ 
sions  for  the  two  spectra  equal  and  solve  for  the  frequency,  id. 


4Rr 


+  co 


4Nn 


n2  + 


CD 


or 


R/r 


1  + 


or  again  if  o>  «  n 


Rn 

Nr 


'i 


and 


Under  similar  assumptions • of  signal  to  noise  power- and  bandwidth 
ratios  as  above  this  will  become 


cd  .  f/Rn 
.  r  V  Hr 


r 
*.  > 


•Comment  in  A.  Tustin  (ed.),  Automatic  and  Manual  Control, 
Butterworths  Scientific  Publications,  London,  1951,"  P*  156. 
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10.7  COMPUTER  METHODS 


.  In  rnany  practical  cases  the  response  of  vehicle  control  systems  to 

randan  inputs  and  disturbances  will  be  determined  by  automatic  computation . 

If  the  calculations  are  to  be  performed  on  a  computer  anyway,  there  may  be 

no  advantage  to  working  with  the  spectral  descriptions .  Computer  methods 

of  evaluating  the  mean  square,  and  other  statistics,  of  signals  in  control 

systems,  including  cases  which  often  arise  in  guidance  problems  in  which 

# 

the  system  is  time- varying,  are  discussed  in  Lanning  and  Battin.  Two 

particularly  powerful  and  useful  methods  are  the  "transient  analog, and 

* 

the  "adjoint  system."  The  methods  are  closely  related,  with  the  transient 
analog  being  a  special  feature  of  the  adjoint  technique.  Here,  however, 
they  will  be  treated  separately  for  simplicity. 

For  a  system  with  transfer  function,  W(s),  excited  by  a  random  process 
x(t),  the  mean- squared  output  is,  of  course, 


Lim  1 
T— 2T 


y^(t)dt  = 


■*/ 

•/ft 


|w(jo>)|2  $>  (a>)da>  (10-83) 


The  idea  of  the  transient  analog  of  a  power  spectral  density,  S’xx(co),  is 
based  on  finding  an  input  time  function,  Xj.(t),  such  that  the  system  output 
response,  y^.,  has  an  integral  square  value  which  is  the  same  as  y2,  That 


is, 


(10-84) 


# 

J.  H.  Lanning  and  R.  H.  Battin,  Random  Processes  in  Automatic  Con- 
trol,  McGraw-Hill  Book  Co*,  New  York,  1,936. 

*T.  R.  Benedict  and  V.C.  Rideout,  "Error  Determination  for  Optimum 
Predicting  Filters,"  Proc.  National  Electronics  Conference,  Vol.  13,  1 957> 

pp.  875-887. 

B.  Etkin,  "A  Simple  Method  for  the  Analogue  Computation  of  the  Mean- 
Square  Response  of  Airplanes  to  Atmospheric  Turbulence, "  J.  Aerospace 
Sciences,  Vol.  08,  No.  10,  Oct.  1961,  pp.  825-8 26. 

R.  Magdaleno  and  J.  Wolkovitch,  Performance  Criteria  for  Linear 
Constant-Coofficiont  Systems  with  Random  Inputs,  ASD-TIJR-6&^}'/0,  Jan.  1963. 
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where  the  transient  response  y^, 


y+  = 


t  t 

J  w(-t)  x^.(t-x)dT  =  j  w(t-r)  x^(T)dx  j  t>0  (10-85) 


To  find  the  relationship  between  Xj.  and  d>30c  required  to  make  this  so 
we  shall  resort  to  the  real  multiplication,  real,  integration,  and  final 
value  theorems  of  the  Laplace  transformation  (see  Table  2-1).  Using  the 

p 

real  multiplication  theorem,  the  transform  of  y-j.  will  be 


1 

2x3 


Yt(s-X)Yt(X)dX 


1 

2nj 


W(  s  -  X  )X  t(  s  -X  )W(  X  )Xt  ( X  )dX 


(10-86) 


From  the  real  integration  theorem, 


1  J_ 
8 


W(s~X)Xt(s~X)W(X)Xt(X)dX 


(10-87) 


-  1 

* 


The  final  value  theorem  is  subject  to  restrictions  on  V7( s )  and  X^(s) 
which  insure  that  the  integral  square  output  has  a  finite  value.  As 
a  practical  matter  this  requires  the  system  to  be  stable  and  X.j.(s)  to 
be  analytic  on  and  to  the  right  of  the  imaginary  axis,  thereby  allowing 
c  to  be  zero  in  the  contour  integral.  The  final  value  theorem  can  now 
be  applied, 
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Lim 

s-*-0 


r 

^  I  W(s-X)W(X)Xt(s-X)Xt(X)dX 

-3“ 


1 

2nj 


J® 


W(-X)W(X)Xt(-X)Xt(X)dX 


(10-88) 


Changing  the  variable  X  to  Jco, 


00 


00 


^  J  |w(d<u)|2|xt(j(n)|2  dt» 


(10-89) 


Comparison  of  Eqs.  10-83  and  IO-89  reveals  that  the  two  integrals  will 
be  the  same  provided  that  the  transient  analog  input,  x.j.(t),  is  chosen 
so  that 

Xt(du>)XtHu>)  -  ~«>xx(«>)  (10-90) 

Thus,  the  transient  analog,  x^.(t),  appropriate  to  the  power  spectral 
density  $^(0)),  must,  have  an  energy  spectral  density  which  is  the  same 
function  of  frequency  (except  for  the  units)  as  half  the  power  spectral 
density  of  the  random  input. 

The  unit  delta  function  is  the  transient  analog  of  a  white  noise 
spectrum  with  2  units  of  power  per  rodian  per  second.  If  the  random 
input  of  interest  is  considered  to  be  the  result  of  passing  a  unit  white 
noise  spectrum  through  a  linear  filter  with  a  Fourier  transfer  function, 
Gf(d«>)  (see  Fig,  10-12  and  recall  Eq.  10-79);  "then  the  transient  analog 
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>•**•**. 


of  the  random  input  of  interest  is  the  output  of  the  same  filter  excited 
by  an  impulse  with  weight  1  /^2. 


Pig.  10-12.  The  Transient  Analog  of  a  Random  Process 
Formed  by  Passing  White  Noise  Through  a  Filter 

For  constant  coefficient  situations  the  transient  analog  technique  is 
all  that  is  required  for  the  computation  of  integral- square  transient 
responses,  and  thus  the  analogous  mean- square  response.  When  time 
variations  become  important,  however,  we  need  a  different  approach. 

This  is  provided  by  the  adjoint  techniques  described  below. 

To  make  the  discussion  concrete  consider  the  problem  of  determining 
the  effect  of  noise  in  the  radar  guidance  system  on  the  miss  distance  of 
a  homing  missile.  A  highly  simplified  block  diagram  of  the  automatic 
flight  control  and  guidance  system  for  control  in  a  vertical  plane  is 
presented  in  Fig.  10-13.  (Cf.  Fig.  1-5  in  Chapter  1.)  The  block 
diagram  represents  a  system  which  is  linear,  but  with  time-varying 
coefficients.  Even  this  very  simple  system  is  relatively  intractable, 
and  the  usual  recourse  is  to  simulation.  Figure  10-1 4  represents  a 
simulation  diagram*  for  the  system,  drawn  in  terras  of  components  which 

#C.  I*.  Johnson,  Analog  Computer  Techniques,  McGraw-Hill  Book  Co., 

New  York,  1 956* 

G.  A.  Korn  and  T.  M.  Korn,  Electronic  Analog  and  Hybrid  Computers, 
McGraw-Hill  Book  Co.,  New  York,  1964.  j 

S.  Fifer,  Analogue  Computation,  McGraw-Hill  Book  Co.,  New  York,  1961 , 
4  Vols. 

A.  E.  Rogers  and  T.  W.  Connolly,  Analog  Computation  in  Engineering 
Design,  McGraw-Hill  Book  Co.,  New  York,  i960. 

V  1 

r*  * 
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Fig.  10-14.  Simulation  Diagram;  Homing  Missile 
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are  called  "integrators,"  "summers,"  and  "coefficient  potentiometers." 
(We  have  neglected  the  usual  sign  change  in  integrators  and  summers.) 
Fran  either  the  block  diagram  or  the  simulation  diagram  and  the  defini¬ 
tions  of  the  operation  of  the  several  conpohents,  we  may  write  the 
differential  equations  of  the  system.  Considering  only  the  noise  input, 
n(t)  for  the  moment  for  simplicity, 


1 


1 


r 


*1  “  "  T  *i  +  T  n(t)  ■ 


X„  = 


+  KXy  -  KXg 


(10-91) 


x,  = 


Uox2 


The  equations  for  Xg,  and  Xy  sometimes  called  "state  variables,"  may 
also  be  written  in  matrix  form: 
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x3 


H 

T 

0 

0 


n(t)  (10-92) 


In  general,  equations  such  as  Eq.  10-92  may  be  written  in  the  form: 


x(t)  =  A(t)x(t)  +  B(t)u(t)  (10-95) 

x(t)  is  the  nxl  matrix  of  system  outputs,  u(t)  is  the  mxi  matrix  of 
system  inputs,  A(t)  is  the  square  nxn  matrix  of  system  coefficients,  and 
B(t)  is  the  nxm  matrix  of  input  coefficients. 

Note  that  in  the  concrete  example  of  Fig.  10-lH  and  Eq.  10-91,  the 
impulse  responses  of  the  system  to  a  unit  impulse  n(t)  =6(t*rz)  applied 
at  the  first  summer  are  the  same  things  as  the  initial  condition  responses 
of  the  system  if  xi(z)--N/t  and  all  other  initial  conditions  (in  this  case 
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Xg  and  x^)  are  zero.  This  is ,  of  course,  because  with  no  other  inputs 
or  initial  conditions,  the  integration  of  the  impulse  by  integrator  1 
produces  a  step,  or  equivalently,  an  initial  condition  on  the  output 
when  the  problem  begins  to  run  at  t  =  z.  In  general,  the  impulse  responses 
of  the  system  are  the  same  as'the  initial  condition  responses  for  the 
initial  condition  on  the  same  integrator  to  which  the  impulse  would  have 
been  applied. 

Consider  next  what  it  might  take  to  give  an  answer  to  the  original 
question,  i.e.,  the  effect  of  noise  on  the  miss  distance.  Suppose  that 
the  guidance  system  noise  could  be  represented  by  a  white  noise  power 
spectral  density  so  that  a  suitably  scaled  impulse  would  be  its  transient 
analog.  The  impulse  response,  w(t,z)  of  a  linear,  time- varying  system, 
however,  is  a  function  of  two  time  variables: 

1 .  The  time,  z,  at  which  the  impulse  is  applied 

2.  The  time,  t,  at  which  the  response  is  measured 

By’ way  of  contrast,  the  impulse  response  of  a  linear,  constant-coefficient 
system  is.  a  function  only  of  the  difference  in  time,  r  =  t-z,  between  the 
application  of  the  impulse  and  the  time  at  which  the  response  is  measured. 

Similar  to  the  transient  analog,  the  ensemble  mean-square  response* 
at  a  time  t,  E[y^(t)],  of  a  time- varying  system  responding  to  a  white 
noise  input,  x,  with  unit  power  per  radian  per  second;  applied  at  inplit 
terminal  1  continuously  from  -»  to  t,  is  derived  below: 


where  w  -|(t,z)  =  the.  response  in  y  at  time,  t,  to  a 
y  unit  impulse  applied  at  time,  z,  to 

input  terminal  (integrator)  number  1. 


* 


(10-94) 


*The  ensemble  average  is  the  value  of  a  statistical  parameter  at  time, 
t,  averaged  over  a  large  number  of  trials  with  random  initial  conditions 
and  noise,  but  all  having  the  same  statistical  properties.  In  time- varying 
problems,  of  course,  ensemble  averages  are  not  equal  to  time  averages. 


Expanding  Eq.  1 0-9*1  and  moving  the  expected  value  operator  inside  the 
integrations  gives  v  .  '  ' 


w  1 (t, z)wyi (t,X)x(z)x(X)dzdX 


I 


t  '  t 


It  wy1(t,z)wyl(t,X)E[x(a)x(X)]d?i\  (10-95) 


-00  -00 


// 

—CO  -CO 


vyi  ( t ,  z  )wyl(  t,  X)^  z  -  X )dzdX 


Since- x  is- unit  vhite  noise 

,  RXX^Z_^)  =  “gT  ^(z  — X)  •  .  ,  (10-96) 

Inserting,  ,'Eq.  I.O-96  into  10-95  eives 
.  ;  -t 

E[y2(t.)]  *  I  jwyi(t;z)]2  dz  (10-97) 

.  -CO 

*  .  «  «  t  / 

Suppose  we.  wished  to  evaluate,  the  ensemble  mean- squared  response  using 
simulation  and  Eq,  1 0-9*1  •  w  i(t,z)  might  be  obtained  from  direct  measure- 
ments.  If. a  unit  impulse  is  applied  at  time,  z,  to  input  terminal  1,  the 
simulation  yields  wy^(t,z)  as  a  function  of  t.  The  variable  of  integration 

lri'Eq,.  10-9*1  >  'however,  is  z.  It  would,  therefore,  seem  necessary  to  record 

\ 

a  number  of  impulse  responses  for  various  values  of  z,  cross  plot  the 
results,  and  integrate  the  kernel  of  the  equation  numerically  or  graphi¬ 
cally.  This  procedure  is  illustrated  in  Fig.  1 0- 1 5 .  In  the_ .example 
shown  in  the  sketch,  several  simulator  trials  would  be  required  in  order 
.to  evaluate  E[y2(t)]^_j,  and  the  whole  process  would  have  to  be  repeated 
for  any  other  values  of  t  of  interest.  While  it  is  entirely  feasible 
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z 


Wy(t,z)  ;  t  =  3,  z  =  3 


Fig.  10-15*  Stops  Required  to  Calculate  Mean- Squared  Response' 
by  the  Direct  (Non -Adjoint)  Method 


to  do  this  it  is  tedious  and  uneconomical.  Fortunately,  it  is  also 
unnecessary. 

The  system  simulation  we  should  like  to  have  would’  produce  w  i(t,z) 

,  v 

as  a  continuous  function  of  z.  The  response  would  then  be  evaluated 
according  to  the  formula  (Eq.  10-9*4 ) .  The  operations  of  squaring  and 
integrating  the  impulse  response  could  be  mechanized  in  the  simulation. 

Then  only  one  run  would  be  required  for  each  value  t  =  T  which  might  be 
of  interest.  Is  there  such  a  system?  The  answer  is:  yes.  It  is  called 
the  modified  adjoint  system.* 

Heuristically  the  basin'  idea  of.  the  adjoint  system  can  be  introduced 
by  considering  the  principle  of  reciprocity  for  linear  systems.  A  familiar 
example  of  the  reciprocity  principle  occurs  in  the  theory  of  structures 
where  a  concentrated  load  applied  at  Point  A  produces  a  deflection  at 

Point  B  equal  to  that  which  would  be  produced  at  Point  A  by  the  same  load 

<  •  ”  . 

applied  at  Point  B.  The  nature  of  the  load  influences  are  characterized 
by  structural  influence  coefficients,  analogous  to  weighting  functions . 

How-does  this  apply  to  the  present  context,  i.e.,  how  do  we  obtain 
the  same  response,  w(t,z),  in  two  different  ways?  One  way  we  already 
vjiow:  a  unit  impulse  Applied  to  the  system  at  t:1me  z  produces  an  output 
at  time  t  given  by  w(t,z)  .'  ’  Now  how  do  we  get  /an  output  w(t,  z)  at  tame  z 
by  applying  an  input  impulse  ,at  time  t?  The  direct  answer  is  obvious 
enough:  measure  w(t,z)  at  the  original  input  terminal,  apply  the  impulse' 


*J.  'H.  Lanning  and  B.  H.  Battin,  Random  Processes  in  Automatic  Control, 
McGraw-Hill  Book  Co.,  Inc,,  New  York,  19’ ?6.  \ 

G.  L.  Teper  and  R.  L.  Stapleford,  Adjoint  Computer  Techniques  for  a 
Homing  Missile  System,  STI  TM  2*41-5,  Systems  Technology,  Inc?'.,  Hawthorne,  ^ 
Calif,,  Jan.  1965. 

P.  M.  DeRusso,  R.  J.  Roy,  C.  M.  Closes  State  Variables  for  Engineers, 
John  Wiley  and  Sons,  Inc.,  New  York,  1965,  pp.  583-388u 

S.  Eifer,  loc.  cit.,  pp.  1052-1085. 

A.  E.  Rogers  and  T.  W.  Connolly,  loc.  cit.,  pp..-  253-2*4 6. 
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at  the  original  output  terminal,  and  run  time  backwards .  This  last 
requirement -is  awkward,  to  say  the  least,  on  analog  computers!  Con¬ 
sequently,  to  exploit  the  reciprocity  idea  it  is  necessary  to  develop 
a  simulator  diagram  which  is  related  to  the  original  simulator  circuit 
by  a  simple  set  of  rules  to  be  given  below.  This  new  simulator  setup  is 
that  of  the  adjoint  system.  When  it  is  achieved,  then  the  adjoint  output 
will  produce  a  time  history  wv  versus  z.  When  squared  this  produces  w£ 
versus  z,  identical  to  that  illustrated  in  Fig.  10-15 .  Then,  in  terras  of 

this  example,  integrating  the  squared  time  history  from  zero  to  5  yields 
t  O  ' 

[/ w2(t,z)dz]t=3  in  a  single  run. 

In  order  to  understand  why  the  modified  adjoint  system  may  operate  so 
as  to  produce  the  desired  results,  it  is  necessary  to  take  a  modest  excur¬ 
sion  via  matrix  calculus.  The  reader  who  may  be  less  interested  in  the 
why  than  in  the  how  to  may  skip  the  next  four  pages . 

Take  a  system  of  linear,  time- varying  coefficient,  differential, 
equations  of  the  form  of  Eq.  10-9'  and  a  plosely  related  system  of 
equations:  ■ 

d(t)  =  -AT(t)a(t)  (10-98) 

T 

Here  to  matrix  A  (t)  is  the  transpose  of  A(t),  formed  by  interchanging 
the  rows  and  columns  of  A(t).  If  Eq.  10-93  are  the  original  equations, 
then  the . Eq;  10-98  homogeneous  equations  are  said  to  be  the  .adjoint 
equations.  This  simply  means  that  they  are  formed  from  the  original 
set  of  homogeneous  equations  X  =  A(t)x(t)  according  to  the  rule  which 
specifies  that  the  coefficient  matrix  of  the  adjoint  equations,  -A  ',  is 
the  negative  transpose  of  the  coefficient  matrix  of  the  original  homogeneous 
equations,  A.  , 

Form  the  product -a  (t)x(t)  and  take  the  derivative  with  respect  to  time, 

•  \  '  » 
^[aT(t)x(t)]  r  dT(t)x(t)  ■+  aT(t)x(t)  (10-99) 
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but  from  Eq .\lO-98 


aT(t)  = [A*(t)a(t)]T  =  -aT(t)[AT(t)]T  =  -aT(t)A(t)  (10-100) 

Substituting  this  result  and  the  expression  on  the  right  hand  side 
of  the  first  of  Eq.  10-93  in  Eq.  10-99 


~|oT(t)x(t)j  =  -aT(t)A(t)x(t)  +  a?(t)  [A(t)x(t)  +  B(t)u(t)] 


(10-101) 


=  a(t)B(t)u(t) 


Integrating  Eq.  10-101  frcra  t^  to  tg. 


^2 


a?(t2)x(t2)  =  a(t-j  )x(t-j )  +  I  aT(t)B(t)u(t)dt  (10-102) 

4 

It  is  ordinarily  possible  to  define  the  starting  time  t1  such  that  x(tj)  =0, 
thereby ' simplifying  Eq.  10-102  somewhat.  Also,  the  boundary  conditions  on 
a(t)  are  arbitrary,  so  that  when  we  are  interested  in  one  particular  output, 
Xi(tg)^  all  the  components  of  o(t£)  except  a^(tg)  can  be  set  equal  to  zero, 
i  »e« ,  • 

.  '  (°  i/3 

aj(t2)  *  |  (10-103) 

ll  i  =  j 


Eq.  10-102  can  now  be  written  as 


Xi(t2)  = 


-t2' 

4 


cT(t)B(t)u(t)dt 


(10-104) 


With  a(tg)  fixed  everything  is  known  in  Eq.  10-104  except  a(t),  which  is 
the  output  of  the  adjoint  system.  To  make  the  boundary  conditions  equal 
to  initial  conditions  we  substitute  a  new  time  variable  t*  =  tg~  t-j  and 
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rewrite  Eqs.  10- 98  and  1 0- 1 0?t  in  terms  of  this  new  independent  variable. 
Then  they  become, 


A.[a(t2-t*)]  =  AT(t2-t*)a(t2-t*) 


(10-105) 


x±(t2)  = 


-  • 

•'to-'fc. 


( t2  - 1*  )B(t2- 1*  )u(t2  - 1#  )dt* 


t2-ti 
■to  —  ti 


/*2“*1 


ar( t2  - 1#  )B(  t2  - 1#  )u(  t2  - 1*  )dt*  (10-106) 


where 


(aj)t*=o  s 


0  iji 

0  i  =  j 


(10-107) 


Equations  10-105  and  10-106  are  the  equations  of  the  modified  adjoint 
system  (modified  by  the  change  in- the  time  variable) .  Their  solution 

after  the  imposition  of  the  initial  conditions  of  Eq.  10-107  will  yield 

T 

a  (t2- 1*) .  All  of  the  rules  for  the  formulation  of  the  adjoint  computer 
diagram  can  be  derived  from  Eqs.  10-105  and  10-106. 

T 

The  coefficient  matrix,  A  ,  in  the  modified  adjoint  system  is  the 
transpose  (rows  and  columns  interchanged)  of  the  coefficient  matrix  in 
the  original,  system,  Eq.  10-9^>  and  with  "time,"  t#,  in  the  modified 
adjoint  system  running  "backwards,"  the  coefficients  are  started  at  their 
values  appropriate  to  t  =  t2,  i.e.,  t*’-  0.  Thus  if  integrator,  i,  in  the 
original  system  produces  from  x^  and  feeds  n  integrators  via  coefficients 
aij(t),  j  =  1,  2,  ...  n,  in  the  modified  adjoint  system  the  inputs  to  inte¬ 
grator  i  come  from  j  =  1,  2,  ...  n  integrators  via  coefficients  a^tg-t*). 
This  is  illustrated  in  Fig.  10-1 6,  Similar  considerations  apply  to  summers 
when  they  are  necessary  and  to  the  coefficient  pots  for  the  elements  of  the 
B  matrix.  (Actually  summers  become  merely  takeoff  points  and  takeoff 
points  become  summers  in  the  simulation  of  the  modified  adjoint  system.) 
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From  To 


Original  System  Simulation 
(Homogeneous  Equations) 


Fig.  10-16.  The  Interchange 
on  Integrators  and  Coeffii 


To  From 


Modified  Adjoint  System  Simulation 
(Homogeneous  Equations) 


of  Inputs  and  Outputs 
lent  Potentiometers 


These  facts  lead  to  the  following  simple  rules  for  simulating  the 
modified  adjoint  system,  starting  with  a  simulation  diagram  of  the' 
original  system.* 

1 .  The  outputs  of  each  summer  or  integrator  in  the 
system  analog  become  the  inputs  to  that  summer  or 
integrator  in  the  modified  adjoint  analog;  the 
inputs  in  the  system  analog  become  the  outputs 

in  the  modified,  adjoint  analog. 

2.  The  input  and  output  are  exchanged  cn  all  coefficient 
potentiometers . 

3.  Multipliers  used  to  represent  time-varying  coefficients 
are  replaced  by  multipliers  representing  the  same 
coefficient  as  a  function  of  the  new  variable  t*  =  tg  - 1, 
i.e.,  time- varying  coefficients  are  started  at  their 
final  values  and  run  backward  toward  their  initial 
values . 


*T.  S.  Durand  and  G.  1.  Teper,  An  Analysis  of  Terminal  Flight  Path 
Control  in  Carrier  Landings,  TR  137-1>  Systems  Technology,  Inc., 
Hawthorne,  Calif.,  June  1964 . 
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4.  A  unit  impulse  is  put  into  the  one  integrator  or 
summer  from  which  the  output  of  interest  was  taken 
in  the  system  analog.  Since,  however,  the  integral 

of  a  unit  impulse  is  a  unit  step,  instead  of  attempting 
to  generate  an  actual  impulse,  a  step  or  initial  con¬ 
dition  can  he  put  on  the  output  of  the  integrator,  or 
summer>  hut  the  step  or  initial  condition  should  not 
exist  at  the  output  of  the  integrator  until  the  problem 
begins  to  run. 

5.  The  modified  adjoint  impulse  response  functions  are 
then  measured  in  the  modified  adjoint'  analog,  at  the 
points  where  the  corresponding  inputs  in  the  system 
analog  were  introduced. 

6.  Components  necessary  to  square,  scale,  and  integrate 
the  impulse  response  functions  are  added  as  needed. 

(See  Fig.  10-17. ) 

Step  (initial  condition)  or  ramp  responses  of  the  original  system  may 
he  obtained  by  once  or  twice  integrating  the  impulse  responses:  of  the 
modified  adjoint  system  at  the  terminals  where  the  steps  or  ramps  would 
have  been  introduced.  Similarly  the  response  to  an  arbitrary  input  may 
be  obtained  by  multiplying  the  impulse  response  at  the  terminal  in  the 
modified  adjoint  system  corresponding  to  the  point  of  introduction  of  the 
arbitrary  function  in  the  original  system,  and  integrating  the  result. 
This  represents  the  computer  mechanization  of  Eq.  10-106.  The  operations: 
are  shown  symbolically  in  Fig.  10-1 7. 

It  is  necessary  to  point  out  that  it  is  not  usually  possible  to 
associate  physical  quantities  with  all  of  the  signals  in  the  simulation 
of  the  modified  adjoint  system.  This  very  likely  leads  to  problems  in 
the  scaling  of  the  simulation  which  are  only  overcome  by  trial  and  error. 

Now,  by  way  of  illustration,  the  drawing  of  the  simulation  diagram 
shall  be  carried  out  explicitly  in  connection  with  the  simple  example  of 
the  guidance  of  a  homing  missile. 

The  simulation  diagram  of  the  origianl  system  has  already  been 
presented  as  Fig.  1 0- 1 4 .  Identifying  t2  =  T,  and  carrying  out  the 
instructions  of  the  numbered  rules  above  results  in  the  simulation 
diagram  of  Fig.  10-1 8.  Reversing  the  connections  on  the  integrators 
and  coefficient  potentiometers  ir.  particularly  straightforward,  as  is 
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a)  Computing  the  Mean  Square  Response  to  a  White  Noise  Input 


Ramp 

Response 


b)  Computing  Step  and  Romp  Responses 


8(0) 


Modified 

Adjoint 

System 

Impulse 

Simulation 
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Arbitrary 

Function 
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Arbitrary 

Function 

Response 


Integrator 


c)  Computing  an  Arbitrary  Function  Response 


Fig.  IO-17.  The  Responses  of  Interest  Can  bo  Generated 
from  the  Impulse  Responses  of  the  Modified  Adjoint  System  Simulation 


Fig.  10-18,  The  Modified  Adjoint  System  Simulation 
Derived  from  the  Simulation  Diagram  of  the  Original  System 


making  the  summers  takeoff  points  and  the  takeoff  points  summers.  Taking 
the  outputs  from  the  points  for  the,  inputs  in  the  original  system  and 
providing  the  impulse  input  at  the  original  output  point  completes  the 
diagram  for  the  modified  adjoint  ^system.  Notice  that  the  factor  of  V* 
is  inserted  as,  a  modifier  for  N/t.  This  permits  the  multiplier  and 
Integrators  4  and  5  to  ho  added  to  compute  the  miss  distance  responses 
to  the  target  maneuver  and  launch  error  without  any  modifiers  at  all. 

This • concludes  the  discussion  of  the  response  of  linear  systems  to 
deterministic  and  random  inputs  and  of  system  performance  assessment  in 
terms  of  response  quantities. 
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I.  Additional  Aspects  of  Aircraft  Dynamics,  including 

•  Steady  rolling  flight 

•  Steady  turning  flight 

•  Internal  angular  momenta  effects 

•  Structural  flexibility 
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To  apply  the  mothol.-.  and  V'cLni -uc.”.  do.-oriln  .1.  the  text  to  the  design 
of  autoeiatic  flight  control  s;.  n le:.:s  ft.*/  veal  a  irei  eft  It  :■ s  necessary  to 
have  numerical  data  on  the  slabj.Uty  dcri\aUves.\  jn  Chapters  'j  and  G, 
for  Illustrative  purposes,  sve-h  data  have  been  prone;  d,cd  for  a  specific 
"conventional"  r.traSght-w.ir.g  a:i rul1  one  and  .Cor  tidt-duui  VTOL.afr craft 
in  hovering  flight.  Later,  in  Chapter.-,  ’(  and  0  a  vide  variety  of  generic, 
analyses  of  closed-loop  dynamics,  wore  ‘introduced  to  show?  how  the  open- loop 
dynamo  cs  of  the  vehicle  may  influence  the  choice  of  which  loops  should  bo 
closed  or  the  compensation  which  r..ay  be  required,  While  the  characteristics 
illustrated  there  were  not  explicitly  associated  with  particular  aircraft, 
the  reader  can  be  assured  that  they,  wore  suggested  by  real  features  of  the 
performance  of -actual  vehicles.  ' 

Sane  readers  of  this  voi me  may  be  engaged  on  projects  in  which  sta¬ 
bility  and  control  aerodynamic;! sts  have  made  the  necessary  -mcaanremonUi  or 
estimates,  or  they  may  themselves  bo  stability  and  control,  ac'rodynsuaicists. 
If  not,  however,  students  of  the  subject  will  need  a  source;  of  data  in  order 
to  exercise  the  si; ills  which  they  have  acquired  and  to  deepen  their  under¬ 
standing.  It  is  the  purpose  of  this  appendix  to  provide  one  such  , source,  ’ 

here  the  reader  will  find,  conveniently  arranged,  stability  derivatives 
ana  transfer  function  factors  for  nine  aircraft.  The  notation  which  is 
employed  has  been  defined  in  Chapters  t,  5,  and  6.  The  choice  of  the.  .air-, 
craft  has  been  somewhat  arbitrary.  It  has  been  dictated  primarily  by  the 
ready  availability  to  the  authors  of  unrestricted  data.  We  have,  however, 
"attempted  to  provide  a  representative  selection  of  both  historical, and 
modern  aircraft  of  a  very  wide  range  of  configurations.  The  reader  will 
quickly  note  that  in  seme  cases  the  data  are  extensive,  covering  a  largo  1 
number  of  flight  conditions.  In.  other  cases  this  is  not  so. 

A  caveat  is  in  order  here.  The  data  presented  in  this  appendix  have 
been  collected  from  very  diverse  ’sources  over  a  long  period,  of  time.  In 
a  few  cases  the  original  source  of  the  data  is  now  unclear.  , Those  familiar 
with  the  art  will  h.vo,:  the  considwi-ablo.  difficulty  which  attends  the  attempt 
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to  discover  definitive  data.  In  many  eases  wo,  oil-  colleagues,  and  (wo 
suspect}  car  predecessors  have,  according  to  the.  "best  d'lidgmcnt  ava5.il  able, 
altered  the  data  as  may  have  boon  indicated  by  5  eternal  inconsistencies 
or  physical  improbabilities  revealed  by  the  attest  to  use  them.  For 
those  reasons  we  wish  to  male  51.  clear  that  the  data  arc  only  nominally 
representative  of  the  several  aircraft  configuration s .  In  particular, 
the  Manufacturer:-:  of  the  aiveraffc  can  not  be  held  accountable  for  this 
.information,  nor  would  they  be  bound  to  cone nv  in  any  conclusions  with 
respect  to  their  aircraft  vh ion  might  be  derived  from  its  use. 

The  data  presented  here  m  ay  be  made  to  serve  at  least  two  .‘useful 
purposes .  These  are  analysis  and  simulation.  The  stability  derivative 
data  are  basic.  They  may  be  used  to  set  up  an  anal og  or  digital  computer 
slmvl ati on  of  the  linearised  equations,  or  they  may  be  used  to  compute, 
for  example,  the  gust  input  mw.eic.tors  err  some  coupling  numerators  vhich 
arc  not  tubulated  here.  On  the  other  hand,  most  readers,  for  many  purposes, 
will  find  itveenvonient  to  start  with  the  tabulations  of  transfer  function 
factors.  These  permit  the  method::  and  techniques,  described  i.n  the  text, 
to  bo ‘quickly  and  relatively  easily  applied.  The  results  arc  both 
interesting  and  informative. 

The  aircraft  represented  are: 

»  ' 

C  onventi.cn  n!  J  c-b-)’r  op  died 

Straight  Wing . F*.8$) 

Tailless  Delta . F-IOoB 

Delta . A-)|D  (A»)|) 

Transports 

Propeller .  C->lY  (DC~;5,  K>lD) 

Jet . -DC-8  • 


Tilt  V’ing . ZC-l)!?.* 

Tilt  Duct . . .  VZ-h 

Single-rotor  Helicopter....  51-19 
*  *  (  f 
Vintage  Biplane 

Bristol  Fighter,. . F.PB 


io.r:'vunj..:A:  i; 
D'-iiv/.yjvi..;  fc 


JVsS  FOR  TO,  J-20 


h'rt' 

(-) 

a  '  ft/r.oe) 

3 

f»  (cJugs/ft j 
Vj0  (tt/sroo) 
«i*.frV8/2  Ub/U8 

v:  ( lb' 
n  (slug:,' 


F5.Y.  COlib. 

8901  '  • 


20,000 

0.333 

1037 

0.00127 

•5-lo 

?:;6 

30,300 

S!;Y 


1:  (ft) 

!:  (-) 

-  u  ( l/r.c-a)^ 

Xu  (l/.'Oc) 

X.„.  O/.-oc) 

Xfe  ((n/sca?'./ra.-l! 
?•>.*  ( l/r.c-c) 

X-.V  (-) 

Z.,;  (l/cec) 

Zoc  [(ft/cec8)/j’s<J) 
Ku  ( l/occ-fi) 

K&  <«/«> 

l'v  (1/ncc-n.) 

Mq  ( 1/sec) 

%e  (1/r.ec8) 


F’-T.  co::i> 

8901 


-0.0097 

o.ooir; 

0 

-0.0933 

-1  .!?3 
-«9.a 
0 

-0.0013 

-0.0233 

-1.92 

-26.1 


Hole*; 

Patti  are  for  body-fj.:-: 

stability  pvcs 

h  (It) 

K  (") 

i’v  ( 1/soc) 

Vf  ((n/sec2)/ra<lj 
Yoa  ((ft/sccS)/rcd1 
V?,u  (( l/scc)/rad] 
Vt,r  [(ft/sec8)/rad] 
Vjr  [( 1/sec)/rad] 

If.  (l/soo2) 

Ip  (1/soe) 

I'r  (1/see) 

l'c,a  ( 

k',r  (l/scc?) 

I«'  0/«ec8) 

Ip  { 1/sea) 

Iv  (1/sec) 

(l/sec2) 

If,;.  (l/sec?) 

Kfe  0/sccfi) 

Kp  (l/ccc) 

i!r  (1/seo) 

%tl  (l/soc?) 

i'or  (1/sac8) 

K,'  (1/ses2) 

*p  (1/sec) 

Kr  (1/ses) 

(1/see2) 

K  ( l/'seo2) 


fi,t.  coir 

890 ! 

20,000 


-0.0r.2j 

-9'-.7 

0 

0 

7.C3 

0.011c. 

-I..77 
-I.70 
0. 17S 
?7-3 
0.666 
-7.39 
-1.70 
0. 172 
?7<3 
0.37c. 
3.53 
-0.0023 
-0.0937 
-0.C.13 
-1.38 
3-35 
-0.0(3" 
-o.of.93 
0.393 

-1-3C. 
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C.  ELEVATOR  LCtlGITbTIJIAL  TRANSFER  FUKCTHW  FACTORS  FOR  THE  A-4D 


FLICHT  COHDinai 


Mach  Ko.,  M  (-) 
Altitude,  h  (ft) 
c.g.  (#c) 
Weight,  W  (lb) 


5sp  ( VAspi ) 
<*>sp  O/T’spg) 
$ 


15,000 
0.25  3 
17,578 ' 

0.340  0.1*36  0:286* 

3.11  .  7-35  2.1*5 

O.C706  0.226  0.01*39 

O.0905  0.0696  O.098 


0.5 

35,000 

0.25 

17,578 


*0 

-2.21 

1/719! 

0.01*82 

1/702 

.  0.309 

dc  gain 

-0.585 

Aw 

-7.07 

1/Tw, 

70.2 

?w 

0.217 

av 

0.1391* 

dc  gain 

-317 

Ah 

7.07 

1/Th, 

-4. Ol* 

1/Th2 

-0.0777 

1/Tfi3 

4.71 

dc  gain 

10.46 

-1*0.7 

127.6 

0.0782 

0.101 

-669 


1*0.7 


'  -22.9  '  -56.9 
137?1  218 

0.069-  0.0883 

0.1067  O.0711 


10 


188 

22.9 

-24.5 

-7.72 

0.0268 

-0.0205 

27.4 

8.44 

-3380 

31.1 

13.37 

-1*8.5 


117.9 

0 

O.OO519- 
0.031*3  ' 
6.91  ' 
0 


(-0.0783) 

(0.121) 

0.31*1* 

6.23 


-33.8 
0.0578  , 
1 .365 
7.23 


-101.3 

319 

O.519 

0.0583 

298 


101 .  3.  . 
-19.81* 
O.O55I* 
21.8 

-21*27 


203 

0 

O.O55I* 

0.0365 

14.69 

0 


-5.26 

-0.0051*1* 

0.21 

0.215 


15.81 
-5.29 
-0.0511 
5.71* 
21*. 5 


31.5 

0 

-0.051 

0.0202 

3.9 

0 


-33.3 

232 

0.1991 

0.0696 

-863 


33.3 

-9.59 

-0.0023 

10.2 


68.7 

0 

-0.0023 

0.026 

6.88 

0 


D.  IATERAL  DD-EHSICHAL  DERIVATIVES  FOR  THE  A-4D 
Vote:  Data  are  for  body-fixed  stability  axes 


a 

i  '  FLIGHT  CONDITION  i 

' 

1 

2 

3  ’ 

.4 

.  5 

6 

7 

8 

'  h  (ft) 

0 

0 

0 

15,000 

'15,000 

15,000 

:  35,000 

35,000 

M  (-) 

0.2 

0.4 

0.85 

0.4 

0.6 

0.9 

0.5 

0.7  , 

Yv  (r/sec) 

-0.1026 

-0.243 

-0.575' 

-0.1476 

-0.228 

-0.363 

-0.0864 

-0.1221 

Yp  (ft/eec2)/rad 

-22.9 

> 

-106.6 

-547 

-62.4 

;  -144.8 

-345 

-42 

-83.2 

Y$a  (ft/sec2)/rad 

-0.606 

-2.49 

-7.41 

-O.892 

-2.37 

-5 

-0.416 

-0-979  - 

(l/«ec)/rad 

-0.00272 

-0.00557 

-0.0078 

-0.00211 

.-0. 00373 

-0.00525 

-O.OOO855 

-6.001437 

♦ 

Ypr  (ft/sec2)/rad 

3.70 

15*83 

85.3 

8.92 

25.1  '• 

52.3 

7-28 

14.11  ■ 

Y6r  (l/sec)/rad 

o.oi65 

0.0354 

O.0898 

0.0211  : 

0.0395 

0.0549 

0.01497 

0.0207,. 

>  Ip  0/scc2) 

-3.21 

-26.5 

-127.3 

-14.02 

-35 

-87.2 

-8.4 

-21  -35 

Lp  (l/sec)  v 

-0.412 

-1.695 

-3.84 

-O.987 

,  -1.516 

-2.5 

-0.534 

— 0.8l6 

‘  Ly  (1/sec) 

v 

0.0317 

0.913 

2.13 

0.608 

0.375 

1.391 

0.288 

0.523 

L6a  (1/sec2) 

1.875 

16.53 

63.7 

8.76  ; 

2l  .3 

36.7 

5.09 

11.74 

l«r  (1/sec2) 

0.1284 

,  6.99  ■ 

40.9  - 

2.8 

‘  9.96 

24.1 

1.164 

4.73 

lp  (l/sec2) 

-4.47 

-27.3 

-117.6 

—16.29 

-34.9 

-81.6 

-9.03 

-22.7 

1^  (1/sec) 

-0.396 

-1.699 

-3.83 

-1.004 

-1 .516 

-2.49 

-0.562 

-O.819 

Lf  (l/sec)* 

0.1455 

;  0.948 

; 

0.717 

O.872 

1.273 

0.4o4 

0,56 

Ip4  (1/sec2)  . 

2.0* 

16.53 

64.4 

8.95 

21.3 

37.1 

5-4 

11.77 

l£r  (1/sec2) 

0.617:  i 

7-36 

37 

3.75 

9»92 

21 .9 

2.25 

5.27 

Np  (l/sec2), 

2.8 

\  14.49  ' 

72.7 

8.21 

;  18.73 

46.4 

5.44 

11.3 

Np  (l/sec) 

*0.111 

•'0.0392 

0.1975 

0 

0.0398 

0.1244 

0 

0.00845 

Nr  (1/sec) 

-0.296 

-0.624 

-71 .481 

-0.4 

•0.565 

-0.957 

-0.24 

-O.521 

Nft*  (l/sec2) 

,  -0.024 

6.319 

2.49 

-O . l64l 

0.478 

•1 .49 

-O.IO87 

0.0837 

N6r  (1/oec2) 

-1 .27? 

-6,43 

-28.6  ' 

-3.64 

-8.3 

-17.38 

-2.44 

--4.69 

NP  A'l/««^2)  . 

3.54 

14,9 

68 

9.32 

18.69 

43.4 

6.52 

11.99 

Np  (1/sec)  ; 

-0.0452' 

:  0.0651 

6.0456 

O.O687 

0.0379 

0.0359 

O.O676 

0.0334 

Nf  (1/sec) 

-0.32 

-0.638;- 

!  -1 .404 

-0.449  ' 

-0.564 

-0.911 

-0.288  | 

-0.338 

Nr.  (1/sec2) 

A  * 

*0.357 

0.0671  ‘ 

5.05 

-6.777 

0.504 

2.81 

-0.759 

-0.275 

Npr  (1/sec2) 

-1 .374 

-6.54 

\  -27.1 

V 

-3.9 

-8.29 

-16.6 

-2.71 

-4.85 

E.  AILERON  LATERAL  TRANSFER  FUNCTION  FACTORS  FOR 


MachfiNo.,  M  (-) 
Altitude,  h  (ft) 
c.g.  {i  c) 
Weight,  W  (lb) 

“trim 


1/T,: 

1/Tr 


FLIGHT  CONDITION 


:  ‘,/Tr, 
<  5r  . 


r 

dc  gain 

.  1/Tpg  (5p) 
(dc  gain 


2,0 

0 

0.1209 

1.665 

0 


-0.357 
-1 .074 
0.64!) 
1.439 
.5.9? 


-O.OO272  -O.OO557 
0.1874  -2.8 

1 .266  3.61 

-132  13.59 


Nig  I  1^«y,(Ca,J 


1  5ayj) 

l/T&,„  (<%„,) 


-0.606 

0.177 

I.07 

(-0.064) 

(4.198) 


64.4 

0 

0.1214 

v8.84 

0 


5.05 
5.57 
— 0.l4l  1 
2.45 
146.9 


-0.0078 
-0.1621 
4.14 
649  ' 


-y.4o5 

-0.195 

4.227 

-16-.82 

18.02 


21 .3  37.1 

0  0 

0.0924  0.0977 

4.43  7..C7 

0  0 

0.504 
4.86 
-0.283 
2.93 
122.6 


-0.00211  -0.00373  -O.OO525 

» 

-368  -6.727  I  -0.1674 

(0.935)  1.708  2.69 

(0.583)  136.4  535 


8 


0.7 

35,000 

0.25 

17,578: 

5.9 


-O.OOO577 

0.562 

0.0734 

2.55 


5-4 

0 

0.0695 

2.3 

0 

-0.759 
-1.294 
0.531  ’• 
1.382 
-888 


-O.OOO853. 

-887 

(0.835) 

(0.33) 


11.77 

0 

0.0663 
3.39 
0  • 


-0.275 

-3.01 

0.464 

2.78 

143 


-0.001437 

-191.6 

(O.871), 

(O.811) 


-0.89 

-2.355 

-5.0 

-0.4l6 

-O.98 

0.512 ' 

1.872 

-0.214 

(0.0163) 

(-0.0056) 

0.57 

4.191 

2.747 

(9.112) 

(5.94) 

(0.023) 

(-0.896) 

-1 1 .81 

(O.871) 

(0.926) 

(7-95) 

(2.223) 

12.68 

(0.317) 

(0.661) 

F  .  RUDDER  LATERAL  TRANSFER  -FUNCTION  FACTORS  FOR  THE  A-4D 


Mach  No.,  M  (-) 
Altitude,  h  (ft) 
c.g.  cj 
Weight,  W  (11) 
«trim.(de8) 


1/Tp, 

l/^2 

V?Pj 

dc  gain 


lAr, 

<*¥ 

dc  gain 


>Ap, 

1/Tpg 


i 


o.s 

0 

0.25 

22,058 

19.5 

0.0555 

*0.563 

*'  1 

0,0502 

1.394 


-1 .374 
0.931 
-o*3i* 
0.S68 
-4.32 


0.01 00 

-0;0005?7 

0.482 

■83.0 


3 


O.OO931 

1.707 

0.1115 

3.87 


7-36 
0  . 
-3.12 
3.03 
0 


-6.54 

1.884 

-0.0592 

0.639 

-20.9 


FLIGHT  COUDITia: 


0.4 

15,000 

0.25 

17,578 

8.9 

0.00509 

1.016 

0.0949 

3.06 


i  0.25 

t 

!  17,578 


0.00595 

1.535 

0.CS85 

4.34 


0.9 

15,000 

0.25 

17,578 

0.7 


0.00595 

2.48* 

0.0964 

6.61 


15.83- 

-0.019 

1.72 

-5.17 

5.80 


37 

3.75 

9.92 

21 .9 

■  0  '• 

O' 

0 

0 

-4.15 

-8.89 

-3.28: 

-4.24 

4.43 

•  2.65 

3.21 

4.35 

0 

0 

0 

0 

-27.1 

-3.9 

-8.29 

-16,6 

3;83 

1.293 

1.707 

2.58 

0.307  • 

-0.198 

-O.0796 

0.0754 

1 

0.469 

0.656 

0.610 

0.364 

-19.97 

-45 

-30.7 

-21.  V 

0.0893 

0.021 1 

0.0395 

0.0549 

-0.C00l4y8 

-0.021 

-0.00649 

-0.00091*4 

3.81 

1.032 

1.538 

2.49 

304 

185.4 

210 

303 

.  e5.3 

8.91' 

25.09 

52,26 

•  -0.0031 

-0.034 

-0.0145:, 

-0.0055 

3.82 

1.041 

1.54 

2.49  : 

-9.61 

-4.025 

-5.13 

-7.69 

11.03 

4.471 

5.68 

8.61 

,  0.5  • 

35,000 

O.25 

■7,578 

13.0 


-O.OOO577 

6.562 

0.0734 

2.55 


2.25 

0 

-2.17 

1.999 


8  „ 


0.7 

35,000 

0.25 

17,573 

5-9 


0.00441 

0.842 

0.6625 

3.47 


5.27 

0 

'  -3.06 
2.91 
0 


-4.85 

1.15 

-0.235 

0.63 

-49.6 


-0.01081 


TABLE.  A-6 


A  B  C 


GEOMETRICAL  AMD  ItlERTIAL 
.  PARAMETERS'  FOR  THE  C-l*7 

LONGITUDINAL  DBOESICOAL 
DERIVATIVES  FOR  THE  C-l*7 

LATERAL  DIKEHSIOIIAL 

DERIVATIVES  FOR  THE  C-47 

Note: 

8-96? 

_ l 

jjPPPjPPWEjl 

axe  a 

lag 

L 

flt.  can). 

flt.  cam. 

; 

FLT.  cam. 

1*701 

(APPROACH) 

1*701 

(APPROACH) 

4701 

(APPROACH) 

h  (ft) 

1,000 

k  (ft) 

1,000 

h  (ft) 

1,000 

M(-) 

0.122 

M  (-) 

0.122  ■ 

M  (-) 

0.122 

a  (ft/iec) 

1113 

Tu  (l/aee) 

— 

Vv  (1/aes)  < 

-0.0593 

p  (aluga/ft3) 

0.002399 

Xu^^d/aee) 

-O.Ofl*" 

\  [( ft/aec2  )/Md] 

—8.0648 

Vx0  (ft/aec) 

136 

Xu  (l/aee) 

-0 .7)647 

Ybft  [(ft/aec2) /rad] 

— 

q-pV2^  (lb/ft2) 

21.3 

Xw  'l/aee) 

>  0.115 

Xg*  l(l/aee)/rad] 

— 

W  (lb) 

23,000 

Xfte  [(ft/aec2) /rad] 

•— 

XBp  [(ft/aec2)/rad). 

5.488 

m  (dugs) 

7l*» 

XgJ.  I(l/aec)/rad] 

0.0405 

I,  (alug-ft2) 

61,887 

7<U*.w  [’/•*«) 

-O.476 

%  (1/ace2)' 

-2.05 

ly  («lug-ft2) 

89,500 

Zu  (!/••«) 

-0.476 

Lj,  (1/aec) 

-6.65 

I,  (alug-ft2) 

139,200 

**<-> 

— 

ly  (1/aec) 

2.61 

Ixz  ( alug-ft2) 

-1*689 

Z*  (l/acc) 

-1.235 

lga,(  1/aec2) 

4.06 

Zg#  [(ft/aee2)/rad) 

-0.7)2 

4gr  (l/aee2) 

— 

(1/acc2) 

-2.12 

1 

MUa.r.(,/,ec‘ft) 

— 

(l/aee) 

-6.63 

* 

(l/aac-ft) 

— 

I*  (1/acc) 

2.65 

M*  (1/ft) 

-0.00845 

Ig;  (l/aee2) 

4.06 

My.  (l/aac-ft) 

-0.011 

IgJ.  (1/aec2) 

0.073 

M^  (l/aee) 

-2.20 

Mg  ( 1/aec2) 

O.911 

f 

Mtt(l/aac2) 

-4.56 

flp  (l/aee) 

-0.423 

Ma  (l/aec?) 

-1 .496 

Nr  (1/aec) 

-0.458 

> 

May(l/aec) 

-1.149? 

tig,  (1/aec2) 

0.184 

NgP  (l/aee2) 

-0.956 

1 

Ng  (l/aee2) 

0.983 

• 

* 

Hp  (l/aee) 

-0.200 

Hp  (l/aee) 

-O.547 

■ 

••6a  (1/ace2) 

0.047 

< 

Mb;  (1/acc2) 

-0.958 

A- 20 


TABLE  A-5 


A.  GEOMETRICAL  AMD  INERTIAL  PARAMETERS  FOR  THE  DC-8 
Note:  Data  are  for  body- fixed  stability  axes 

p  ' 

S  =  2600  ft  ;,  b  « .142.3  ft  ,  c  =  23  ft  ,  70  =  0  deg. 


FLIGHT  CONDITION 

8001 

APPROACH 

8002 

HOIDING 

8003 

CRUISE 

8004 

VNE  _ 

h  (ft) 

0 

15,000 

33,ooo 

33,000 

M  (-) 

0.219 

0.443 

0.84 

0.88 

a  (ft/sec) 

1117 

1058 

982 

982 

p  ( slugs/ft^ ) 

0.002378 

0.001496 

0.000795 

\ 

0.000795 

Vt0  (ft/sec) 

243.5 

468.2 

824.2 

863.46 

q  *  0V2/2  (lb/ft2) 

71.02 

163.97 

270.0 

296.36 

W  (lb) 

190,000 

190,000 

230,000 

230,000 

m  (slugs) 

5900 

5900  • 

7143 

7143 

Ix,  (slug-ft2) 

3,090,000 

3,110,000 

3,770,000 

3,776,000 

Iy  (slUg-ft2) 

2,940,000. 

2,940,000 

3,560,000 

3,560,000 

I2  (slug-ft2) 

*  .5*580,000 

5,880,000 

7,130,000 

7,130,000 

Ixz  (slug-ft2) 

28,000 

-64,500 

45,000 

53,700 

Xc.g./c 

0.15 

0.15 

0..15 

O.15 

00  (deg) 

0 

0 

0 

0 

U0  (ft/sec) 

243 15 

468.2 

824.2 

863,46 

Wc  (ft/sec) 

.0 

0 

0 

0 

(deg) 

35 

0 

0 

0 

B.  LONGITUDINAL  DIMENSIONAL  DERIVATIVES  FOR  THE  DC -8 


Note:  Data  are  for  ‘body-fixed  stability  axes 


FLIGHT  CONDITION 

8001 

8002 

8004 

h  (ft) 

0 

15,000 

33,666 

33,000 

M  (-) 

0.-219 

0.443 

0.84 

0.88 

Tu  (1/sec) 

-0.000595 

-0.0000846 

0.000599 

0.000733 

Xu.Jl/sec) 

-0.02851 

-0.00707 

-0.0145 

-0.0471 

Xu  (1/sec) 

-0.0291 

-0.00714 

:  -0.014 

-0.0463 

Xw  (l/sec) 

0.0629 

0.6321 

"  0.0043 

-6.0259 

Xee  [(ft/sec2)/rad] 

'  >.  0 

0 

p 

0 

Zu^O/sec) 

-0.2506 

-0. 1329 

-0.0735 

0.0622 

> 

Zu  (1/sec) 

-0.2506 

•^0.1329 

-0.0735 

0.0622 

z*  (-) 

0 

0 

0 

0 

2 v  (l/sec) 

-0.6277 

-0.756 

-0.806 

-0.865 

Zfie  [(ft/sec2)/rad] 

• 

-10.19 

V23.7 

-34.6 

-38.6 

Mu^Vsec-ft) 

-0.0000077 

-0.000063 

-0.000786 

-0.00254 

Mu  (l/sec-ft) 

-0.0000677 

-0.000063 

-0.000786 

-0.00254 

M*  (1/ft) 

-0.001068 

-O.OOO72 

-0.00051 

-0.00052 

(l/sec- ft) 

-0.0087 

-0.0107 

-0.0111 

-0.0139 

Mq  (l/sec) 

-0.7924 

-0.991 

-0.924 

-1.008 

M6e  (l/sec2) 

-1.35 

-3.24 

-4.59 

-5.12 

r 

\  t 

A-25 


ELEVATOR  LONGITUDINAL  TRANSFER  JUNCTION  FACTORS  FOR  THE  DC-8 


FLIGHT  CONDITION 


Mach  No.,  M  (-) 
Altitude,  h  (ft) 
c.g.  (t  c) 
Weight,  W  (lb) 


Au 

nL 

<Aui 

°e 

1/Tu2 

dc  gain 

0.443 

15,000 

15 

190,000 


0.434 

2.40 

0.0310 

0.0877 


-3.22 

0.01354 

0.675 

-0.666 


-0.761 

1.279 

-72.7 

1598 


0.84 
33; 000 
15 

230,000 


0.342 

3.15 

0.241 

0.0243 


'-4.57 

0.01436 

O.725 

-8.14 


-0.1489 

0.816 

-879 

18,257 


1.00- 

0.449 

279 

-1272 


-38.6 
-0; 0364 
(0.0827). 
(113.5) 
-136 


D.  LATERAL  DIMENSIONAL  DERIVATIVES  FOR  THE  DC-8 


Note:  Data  are  for  body-fixed  stability  axes 


; 

FLIGHT  CONDITION 

8001 

8002 

8004 

h  (ft) 

0 

15,000 

33,000 

33,000 

M  (-) 

0.219 

0.443 

0,84  | 

0.88 

Yv  (l/sec) 

-0.1113 

-0.1008 

-O.0868 

-0.0931 

T£jp  [(ft/sec2)/rad] 

-27.1 

-47.2 

-71 .5 

-80.4 

Ybr  [(ft/sec2)/rad] 

0 

0 

0 

0 

Yb*  (( l/sec) /rad] 

0 

0 

0 

'  0 

Y8r  [(ft/sec2)/rad] 

5-79 

13.48 

18.33 

20.12 

Y&*  [(l/sec)/rad] 

0.0238 

0.0288 

0.0222 

0.0233 

10  (1/sec2) 

-1.335 

-2,68 

-4 .43  1 

-5.05 

Lp  (l/sec) 

-0.95 

-rl  .233 

— 1 .18  I 

-1 .269 

It  (l/sec) 

0.612 

0.391 

0,336 

0.35 

I$a  (  Vaec2) 

-0.7  26 

-1.62 

-2.11 

-2.3 

LBr  (1/sec2) 

0.1848 

0.374 

0.559 

0.63 

;  1^  (l/sec2) 

•  -1 .328 

-2.711 

-4.41 

-5.02 

Lp(>l/sec) 

-0.951 

-1 .232 

-1.181 

-1.29 

14  (l/sec) 

i  0.609 

0.397 

0.334 

0.346 

16a  (l/sec2) 

-O.726 

-1 .62 

—2,1 1 

-2.3 

(l/sec2) 

0.1813 

0.392 

0.549 

0.612 

Np  (1/sec2) 

0,763 

I.271 

2.17 

2.47 

Np  (1/sec) 

-0.1192 

-0.i048 

-O.OI294 

-O.OO744 

Nr  (l/sec) 

-0.268 

-011252 

-0.23 

-0.252 

NBa  (1/sec2) 

-0.0496 

-0.0365 

-0.0519 

-O.0615 

Nsr  (1/sec2) 

-0.39 

—0.86 

-1.168 

-1 .282 

N£  (l/sec2) 

0.757 

1.301 

2.14 

2.43 

>  Np  (1/sec) 

-0.124 

-0.0346 

-0.0204 

-O.01715 

Nj.  (i/sec) 

-O.265 

-O.257 

-0.228 

-O.25 

N6;  (l/sec2) 

-0.0532 

-0.01875 

-O.O652 

-0.0788 

N6;  (1/sec2) 

-0.389 

— 0.864 

-0.01164 

-1 .277 

c 

.  AILERON  LATERAL  TRANSFE1 

Mach  No. 

i  Altitude 

c.g.  a> 
Weight, 

H 

i,  h  (ft) 

e) 

W  (lb) 

Alat 

1  As 
iAr 

% 

< 

Ap 

.  iAPl 

<«p 

,  dc  gain 

9 

N*a 

A<p 

Cep 

dc  gain 

N#a 

Ar 

■  1  Arq 

Cr 

®r 

dc  gain 

4 

’/%i 

1/^5 

dc  gain 

FLIGHT  CONDITION 


8001 


0.219 

0 

15 

190,000 


.013 

.121 

.1096 

•996 


8002  ‘ 


1.197 


-1.62 
0.1554 
1.1 66 
-177.9 


-O.O332  I  -O.OI875 
O.998 
^>.656 

1.242 
5.66 


0.0532 

-2.75 

0.203 

2.05 


-3.19*10" 

-2.75 

0.203 


8003 


0.84 

53,ooo 

15 

230,000 


0.00404 

1.254 


-2.11 

0 


^0.392 

1.323 

“16.57 


1.2l*107 

-55.6 


111.1 


-1 .733 


0.291 

4.89. 106 
123.9 


8004 


0.88 

33,000 

15 

230,000 


-2.30 

0.1094 

1.620 

-395 


i  -0.0788 

.757 
.345 
.269 
*.59 


-0.0788 

-0.704 

0.404 


-1 .467 


117.9 


RUDDER  LATERAL  TRANSFER  FUNCTION  FACTORS  FOR  THE  DC-8 


FLIGHT  CONDITION 


Mach  No.,  M  (-) 
Altitude,  h  (ft) 
c.g.  (#  c) 
Weight,  W  (lb) 


' 


dc  gain 


b 

’/%, 
'/*  2 
Mb} 

dc  gain 


Aay 
1  /Tay-| 

1 /Tayg 

VTay^  (^y) 
dc  gain 


0.219 

0 

15  . 
190,000’ 


-0.013 

1.121 

O.IO96 

0.996 


0.1813 

0 

1.028 

-2.13 

0 


0.1813 
1 .028 
-2.13 
27-5 


-0.389 

1.124 

-0.0743 

0.339 

3.46 


0.0238 
-O.0559 
1 .141 
16.47 
1.725 


5.79 
-O.819 
-0.1077 
(0.994)/ 
( 1 .078)* 
-4i,o 


0.00649 
1.529 
0.1061 
1-1 97 


0.392 

0 

1.85 

-2.56 


0.0288 

-0.01475 

1.297 

30.2 

-1.346 


^  • 

-1.157 
1 .147 

77.0 


8003 


0.84 

33,000 

15 

230,000 


0.00404 
.254 
0793 
.495 


p.0222 

-O.OO726 

1.217 

52.6 

-O.912 


18.33 
-0.01883 
1.122 
-1 .418 
1.723 
83.5 


0.88 

33,000 

15 

230,000 


4 

6 


O.612 


2.57 

-3.15 


0.0233 
-0.00637 
1 .323 
55.0 

-O.707 


20.1 

-0.01746 

1.231 

-1.494 

1.819 

76.9 


c.g. 


G.  IATERAL  COUPLING  NUMERATORS  FOR  THE  DC-8 


FLK2IT  CONDITION 

I 

8003 

MmSaml 

Mach  No.,  M  (-) 
Altitude,  h  (ft) 

0.219 

0 

MSm m 

0.84 

33,000 

0.88 

33,000 

J?P- 

N&a^r 

AI$ 

“0.01 727 

0 

17.21 

-0.0466 

0 

30.5 

-0.0470 

0 

53.4 

-0.0536 

0 

56.0 

N6a8r 

Axp 

o^rp 

-0.00127 

-0.0672 

5.52 

-0.00054 

-0.0656 

13.39 

-0.00145 

0.0317 

8.2 

-0.001837 

0.0507 

7.79 

P/s  r 
N8a8r 

=»issr 

Aq>r 

1/% 

0.292 

0.961 

1.408 

0.0567 

2.49 

0.0439 

2.99 

0.0464 

vf 

c.g. 

^ay 
^  /^ayi 
VTpayp 

’Nj 

0.308 

-2.75 

0.203 

O.253 

-7.90 

O.1967 

1.195 

-1 .036 

O.291 

1.586 

-O.704 

0.404 

nr  a7 
8a8r 

C.g. 

Aray 

1/Tray1 

^r&y 

°*ay 

-0.308 
-1 .552  5 
.  0.359 

1.1 

-O.253 

-2.94 

0.317 

1.86 

-1.195 

-1 .281 

0.593 

1.519 

:  -1 .586 

-1.192 

0.645 

1.536 

Ns  s7 
°a°r 

c.g. 

APay 

1 /TPay1 

’No 

-4.21 

0 

-0.871 

1.18 

-21.8 

0 

-1.184 
'  1 .445 

-38.7 

0 

—1 .413 

1 .651 

-46.3 

0 

-1.482 

1.7^4 

13 

1/*qp 

— 

— 0.0466 

30.5 

-0.0470 

53.4 

-0.0536 

'56.0 

! 

a  r 
c.g. 

A%y 

’Ns 

-4.21 

-0.871 

1.18 

-21.8 

-1.184 

1 .445 

-38.7 
-1.413  . 

1.651 

, , 

-46.3 

-1 .482 

1 .7*4 

TABLE  A-7 


GEOMETRICAL  AND  INERTIAL  PARAMETERS  FOR  THE  XC-142 
Note:  Data  are  for  body- fixed  centerline  axes 

8  =  534  ft2  ,  b  =  67.5  ft  ,  c  =  8.07  ft  ,  y0  »  0  deg 


FLIGHT  CONDITION 

1420 

HOVER 

mmm 

■H 

h  (ft) 

0 

0 

0 

M(-) 

0 

0.0906 

0.1812 

a  (ft/sec) 

1,117 

1,117 

1,117 

p  ( slugs/ft^) 

0.002378 

0.002378 

0.002378 

VT0  (ft/sec) 

1.0 

101.28 

202.56 

g*pV2/2  (Ib/ft2) 

0 

12.2 

48.8 

W  (lb) 

57,474 

57,474 

57,474 

m  (slugs) 

1,163.8 

1,163.8 

1,165.8 

Ijj-  (slug-ft2) 

175,000 

175,000 

173,000 

Iy  (slug-ft2) 

122,000 

122,000 

122,000 

ij5  (slug-ft2) 

267,000 

267,000 

267,000 

iX2  (slug-ft2) 

7,000 

7,000 

7,000 

xc.g./° 

0.20 

0.20 

0.20 

iy  (dee) 

90 

14.5 

1.25 

60  (deg) 

0 

0 

«  0 

U0  (ft/sec) 

1.0 

101 .28 

202.56 

W0  (ft/sec) 

0 

r 

0 

0 

B.  LONGITUDINAL  DIMENSIONAL  DERIVATIVES  FOR  THE  XC-142 


Note:  Data  are  for  body-fixed  centerline  axes;  thrust  corrections 
are  included. 


FLIGHT  CONDITION  | 

• 

1421 

60  KTS 

1422 

120  KTS 

h  (ft) 

0 

.0 

0 

M  (-) 

0 

0.0906 

0.1812 

^  (l/secf 

-0.21 

-0.196 

-0.22 

Xy  (l/sec) 

0 

0.035 

0.060 

,X6e  [(rt/sec2)/in.] 

0 

0.124 

«  0.120 

*Xbt  [(ft/sec2)/rad] 

0 

73 

130.0 

Z\i  (1/sec) 

0 

-0.278 

-0.15 

0 

0 

0 

\  (l/sec) 

-0.065 

-0.592 

-0.85 

t(fb/sec2)/in.] 

2.58 

3.12 

4.58 

fZBT  [(ft/sec2)/rad] 

-119.0 

-130 

-97 

Mu  (I'/sec-ft) 

0.0073 

0.0045 

0.01 

M*  (1/ft) 

-0.00127 

-O.OO127 

-0.00127 

M*  (l/sec-ft) 

0.0003 

-0.0002 

-0.0095 

Mq  (l/sec) 

-0.085 

-0.486 

-0.89 

[(l/sec2) /in.] 

0.765 

C.87 

1.195 

fM6rp  (l/sec2- rad) 

*  0.26 

-3.71 

-5.08 

' -  inches  of. scissors  (horizontal  tail  and  tail  prop  contributions 
included) 

*6 --radius  of  main  prop  blade  angle  (includes  static  governor  effects) 


c.  ELEVATOR  LONGITUDINAL  TRANSFER  FUNCTION  FACTORS  FOR  THE  XC-1^2 


Be  inches  of  scissors  (horizontal,  tail  and  tail  prop  contributions  included) 


D,  THROTTLE  LONGITUDINAL  TRANSFER  FUNCTION  FACTORS  FOR  THE  XC-142 


6<ji- radians  of  main  prop  blade  angle  includes  static  governor  effects 


FLIGHT  CONDITION  | 

1420 

HOVER 

1421 

60  KTS 

1422 

120  KTS 

Mach  No., 

M  (-) 

0 

0.0906 

0.1812 

Altitude j 

h  (ft) 

0 

0 

0 

c.g.  c) 

20 

20 

20 

Veigit,  W  (lb) 

37,474 

37,474 

37,474 

5sp 

-0.373 

-O.IO9 

0.624 

OJap 

0.570 

0.411 

1.60 

“long 

Sp  O/Tp, ) 

(0.0650) 

(0.552) 

0.306 

«*>  (1/T P2) 

(0.722) 

(0.940) 

0.352 

A0 

0.411 

-3.54 

-4.96 

Hg- 

i/Tei 

-0.0457 

0.1409 

-0.1173 

-  1/T02 

0.210 

0.567 

0.755 

dc  gain 

-O.258 

-3.24 

1.374 

Au 

-13.24 

73.0 

130 

l/Tu, 

-0.0457 

0.708 

0.289 

»&T 

5u 

— 

0.1876 

0.487- 

— 

1.163 

1.707 

dc  gain 

39.62 

798 

342 

Aw 

-119 

-130 

-97 

l/Tw, 

0.721 

3.63 

11.92 

n?t 

-0.375 

0.1541 

-0.0104 

0.571 

0.332 

0.220 

dc  gain 

-1,831 

-594 

-175 

Ah 

119 

130 

97 

O.722 

-0.725 

-1.739 

1/1*2  (5*) 

(-0.375) 

-0.1355 

-0.242 

1/% 

(0.570)^ 

1.827 

3.55 

dc  gain 

1,831 

267 

453 

■■ 

-126.4 

-66.2 

-7.78 

HI 

l/TaZi 

0 

0 

0 

1 /TaZg 

0.707 

-1.133 

*■^.60 

xa^  18  ft 

l/Tazj  (Caz) 

(-0.575.) 

-0.1258 

-0.237 

Pilot  ; 

1  Aazi,  (u^z) 

(0.559) 

2.47 

17.07 

0 

0 

0 

A-33 
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E.  IATERAL  DIMENSIONAL  DERIVATIVES  FOR  THE  XC-l42 
Note:  Data  are  for  body-fixed  centerline  axes 


FLIGHT  CONDITION  | 

1^20 

1421 

1422 

, , 

HOVER 

60,KTS 

120  KTS 

h  (ft) 

0 

0 

0 

M  (-) 

0 

0.0906 

0.1812 

Yv  (l/sec) 

-0.015 

-0.0945 

-0.175 

Yp  [(ft/sec2)/rad] 

-0.015 

-9.58 

-35.5 

Sa  [ (ft/ sec2) /in.] 

— 

— 

— 

[0/sec)/in.] 

— 

— 

— 

*Ybr  [(ft/sec^)/in. ]  * 

6 

0.248 

0.94 

**6?  [(1/sec) /in.] 

0 

0.00245  ‘ 

0.00464 

Ip  (l/sec2) 

-0.0006 

-0.724 

-1.93 

Lp  (1/sec) 

-0.235 

-0.533 

-O.85 

It  (l/sec) 

-0.025 

0.393 

0.582 

:  flea  [(l/sec2)/in.J 

-0.285 

-0.1663 

-O.192 

fI«r  t(l/sec2)/in.] 

0.0706 

— 0.081 

0.0966 

Ip  =(  l/sec2) 

-0.000616 

-O.715 

-1.91 

H  (1/sec) 

-0.235 

-0.539 

-O.855 

14  (l/sec) 

-0.0335 

0.382 

0.559 

t(l/sec2)/in.] 

-O.285 

-O.167 

■"0.193 

[(l/sec2)/in.J 

0.0622 

-0.0871 

0.0913 

Np  (l/sec2) 

-0.00037 

0.237 

0.630 

Np  (l/sec) 

0 

-0.123 

-0.094 

Nr  (l/sec) 

-0.21 

-0.342 

-0.58 

tNba  t(l/sec2)/in.] 

6 

-0.0085 

-0.0215 

fNBr  [(l/sec2)/in.J 

-0.21 

-0.148 

-0.134 

Np  (1/sec2) 

s  -0.000386 

0.218 

0.580 

Np  (l/sec) 

-0.00617 

-O.V37 

-0.116 

Ny  (l/sec) 

-0.211 

-0.332 

-0.565 

[(l/sec2)/in.] 

-0.0071*6 

rO.0129 

-0.0266 

Vj.  [(l/sec2)/in.) 

-0.208 

-0.150 

-0.132 

*6a- inches  of  lateral  stick  (includes  aileron  and  differential  main  prop 
blade  angle)  positive  6a  gives  negative 

*6r- inches  of  pedal  (includes  rudder,  aileron,  and  differential  main  prop 
blade  angle)  positive  5r  gives  negative  r 
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F*  AILERON  IATERA.L  TRANSFER  FUNCTION  FACTORS  FOR  THE  XC-142 


G.  RUDDER  LATERAL  TRANSFER  FUNCTION  FACTORS  FOR  THE  XC-142 


1420 

1421 

1422 

60  KTS 

120  KTS 

Mach  No., 

M  (-) 

0 

0.0906 

0.1812 

Altitude 

h  (ft) 

0 

0 

0 

c.g. 

i) 

20 

20 

20 

Weight,  V 

*  (It) 

37,474 

37,474 

37,474 

i/is 

0.1911 

0.1185 

0.1236 

^Lat 

>/% 

0.389 

0.886 

1.161 

Cd 

~0.265 

-O.0292 

0.1699 

0.225 

0.683 

0.914 

*p 

0.0622 

-O.O87 

N6r 

>/Tp, 

0 

0 

* 

WBm 

Cp  ( 1 /Tp2 ) 

(0.00725) 

0.444 

(l/fpj) 

(0.331) 

1.245 

mmm 

dc  gain 

0 

0 

Aqp 

0.0622 

-0.0871 

0.0913 

N? 

C<p  (1/T?i) 

(0.00725) 

0.444 

(-1 .586) 

wr 

a*p  0  A92) 

(0.331) 

1.245 

( 1 .422) 

« 

dc  gain 

0.0396 

-2.76 

-1 .717 

Ar 

-0.208 

KBEB 

-0.1318 

'An 

0.39^ 

B9 

1.15 

N&r 

Cr 

-0.291 

-0.0663 

tor 

0.244 

0.357 

0.456 

dc  gain 

-1.303 

-0.821 

-0.263 

0.208 

0.00245 

0.00464 

’As, 

0.326 

-0.308 

-0.0244 

4r 

l/Tpg 

9.52 

0.587 

I.O76 

l/%5 

— 

62.0 

28.8 

dc  gain 

171.9 

-0.560 

‘ -0.0293 

Aay 

-3.81 

-2.37 

-1 .524 

N^y 

1 Aayi 

0.0796 

-0.204 

-0.0506 

°r 

xa  -  18  ft 

4 

ro 

0.399 

0.765 

1.110 

za  *=  1.0  ft 

Cay 

-0.397 

-0.0377  ■ 

-0.0746 

<%v 

0.283 

0.861 

1.664 

Pilot 

y 

dc  gain 

-2.58 

5.61 

1 .980 

VZ-4 


TABLE  A-9 

LONGITUDINAL  DERIVATIVES  FOR  THE  DQAK  VZ-4 


U0,  ft/sec 


•1 26. 6 


-0.210 

0.015 

'0 

0.?l4 

-0 


-0.545 

-0.718 

0 

-0.4o6 


W,  lb  . . . 

Iy,  8lUg-ft2  . . 


^Normalized.  (Note  Mg /Zge  changes  with  forward  speed  due  to  shift  from 
Jet  to  tail  control.  Values  quoted  are  approximate.) 


0.0107 

-0.082 

0 

-1 .839 
0 

0.775 


3,100 

1,790 


LONGITUDINAL  EXACT  AND  APPROXIMATE  FACTORS  FOR  THE  DQAK  VZ-1+ 


)  denotes  approximate  factors 


TABLE  A- 8 


A.  GEOMETRICAL  AND  INERTIAL.  PARAMETERS  FOR  THE  H- 19 


Note:  Data  are  for  body-fixed  stability  axes 


FLIGHT  CONDITION 

1 

1902 

1903 

1904 

h  (ft) 

0 

.  0 

0 

0 

M  (-) 

0 

0.0452 

0.0643 

0.104 

a  (ft/sec) 

1,117 

1,117 

1,117- 

1,117 

p  (slugs/ft3) 

0.002578 

0.002378 

0.002378 

0.002378 

Vt0  (ft/sec) 

1 

50.4 

71 .8 

116.4 

q  =  pV2/2  (lb/ft2) 

0.00119 

3.02 

6.12 

16.1 

W  (lb) 

6,4oo 

7,000 

7,000 

7,000 

m  (slugs) 

198 

217 

217 

217 

Ix  (slug-ft2) 

2,118 

1,755 

1,755 

1,755 

3y  (slug-ft2) 

9,640 

9,430 

,  9,430 

9,430 

Iz  (slug-ft2) 

7,840 

7,840 

7,840  r 

7,840 

Xk2  (slug-ft2) 

0 

0 

0 

0 

7o  (deg) 

0 

0 

0  ' 

0 

B. 


LONGITUDINAL  DIMENSIONAL  DERIVATIVES  FOR  THE  H-19 
Note:  Data  are  for  body-fixed  stability  axes 


i 


FLIGHT  CONDITION 

1901 

1902 

1903 

1904 

h  (ft) 

0 

0 

0 

0 

V<po  (ft/sec) 

0 

50.4 

7-1.8 

116.4 

Vd/sec) 

-0.0284 

-0.0394 

-0.0438 

-O.0525 

X|f  (l/sec) 

0 

-0.00151 

O.O0513 

0;0207 

X6e  [(ft/sec2)/rad] 

32.2 

33.0 

32.0 

30.6 

X6T  ((ft/sec2)/  ] 

0 

-4.02 

-3.04 

-0.88 

Zu  (l/sec) 

0 

^o.i4i 

-0.0638 

0.0151 

•  z*  (-) 

— 

— * 

•  — 

— 

Zy  (l/sec) 

-O.69 

-0.79 

-0.80 

— 0 .81 

Z&e  [(ft/sec2)/rad] 

0 

39.4 

56.6 

92.0 

Z61  [(ft/sec2)/  ] 

-358 

-284 

-2$1 

-304 

Mu  (l/sec-ft) 

O.06609 

0.00805 

0.00654 

0.00612 

M*  (1/ft)  * 

0 

0 

0 

0 

(l/sec-ft) 

0 

-0.0011 

-O.OOI71 

-0.00231 

\  (1/sec) 

-0.610 

-0.944 

-0.984 

-1.004 

Mbe  (1/sec2) 

-6.65 

-7.47 

-7.55 

-7.10 

Mbt  (l/sec2) 

0 

1.26 

0.902 

0.425 

ELEVATOR  LONGITUDINAL  TRANSFER  FUNCTION  FACTORS  FOR  THE  H-19 


FLIGHT  CONDITION 


1901 


1902 


1903 


1904 


Altitude,  h  (ft) 
VT0  (ft/sec) 
Weight,  W  (lb) 


0 

0 

6,400 


Long 


£sp  (l/Tsp1 ) 
a>sp  0  A’sp2) 

h 

ft  ..  .  . 


(0.69) 

(0.874) 

-0.250 

0.473 


0 

50.4 

7,000 

0.995 

0.967 

-0.159 

0.473 


0 

71 .8 
7,000 
0.996 
0.992 
-0.106 
0.4l8 


0 

116.4 

7,000 

0.908 

1.05 

-0.0433 

0.380 


Ae 

>Ao, 

.  1/T82 


-6.65 

-0.00109 

0.69 


-7.47 

0.00305 

0.797 


-7.35 

0.0153 

0.813 


-7.10 

0.0249 

0.843 


N 


.u 


6e 


1/^ 

% 


32.2 

0.69 

0.118 

2.58 


33.0 

0.788 

0.174 

2.71 


32.0 

0.809 

0.180 

2.74 


30.6 

0.874 

0.187 

2.68 


N, 


6e 


lA*1 
( 1 Aw2 ) 
<*v  (i  Awjj) 


39.4 

-8.71 

0.0393 

0.263 


56.6 

•3.35 

0.0922 

0.0955 


92.0 

-7.94 

(0.181) 

(-0.163) 


5, 


Ah 

1/Th! 

% 


-39.4 

-0.0761 

0.171 

2.76 


-56.6 

0.00522 

0.179 

2.75 


-92.0 

0.0560 

0.183 

2.75 


a_ 

N*z 


Aaz 

l/TaZl 

1  A&Z2 

<**« 


39.4 

0 

-O.O76I 

0.171 

2.76 


56.6 

0 

0.00522 

0.179 

2.75 


92.0 

0 

0.0560 

0.183 

2.75 


c.g. 


D.  THROTTLE  LONGITUDINAL  TRANSFER  FUNCTION  FACTORS  FOR  THE  H- 19 


FLIGHT  CONDITION 


1901 

1902 

1903 

1904 

Altitude,  h  (ft) 

0 

0 

0 

0 

VT  (ft/sec) 

0 

50.4 

71 .8 

116.4 

Weight, 

W  (lb) 

6,400 

7,000 

7,000 

7>ooo 

tsp  (lAsp,) 

(0,69) 

0.995 

0.996 

0.908 

AjOT,g 

“sp  (l/^spg) 

(0.874) 

0.967 

O.992 

1.05 

£p 

-0.250 

-0.159 

-0.106 

-0.0433 

“P 

0.473 

0.473 

0.4l8 

0.380 

A0 

1.26 

0.902 

0.425 

'As, 

0.0220 

0.0227 

o.on3 

1/Te2 

1.03 

1.35 

2.49 

Au 

-4.02 

-3.04 

-0.88 

^1  . 

1 .03 

1.35 

6.35 

N6t 

Su 

0.094 

0.149 

0.533 

<“u 

3.19 

•3.09 

2.45 

Aw 

-284 

-291 

-304 

>Av, 

0.976 

0.979 

1.03 

n6t 

£w 

■ 

-0.22 

-0.191 

-0.160 

% 

0.495 

0.456 

'  0.437 

Afi 

284 

291 

304 

'/«i 

0.966  > 

0.905 

0.805 

»6i 

5* 

0.503 

0.483 

0.501 

% 

0.0152 

O.127 

O.251 

Aaz 

■ "  -284  ■ 

-291 

-304 

ft* 

Ngf 

^Aftzi 

0 

0 

0 

°T 

1 /T&22 

0.966 

O.905 

0.805 

c.g. 

U, 

0.503 

0.483 

0.501 

■ 

0.0152 

O.127 

0.251 

LATERAL  DIMENSIONAL  DERIVATIVES  FOR'  THE  H- 19 
Note:  Data  are  for  body- fixed  stability  axes 


m 

FLIGHT  CONDITION 

1901 

1902 

1903 

1904 

h  (ft) 

0 

0 

0 

VTo  (ft/sec) 

0 

50.4 

■  71.8 

mm 

Yy  (l/sec) 

-0.0731 

-0.096 

-0.1045 

-0.122 

Yp  [(ft/sec2)/rad] 

-0.0731 

-4.85 

‘  -7.51 

— 14 .2 

Yg  [(ft/sec2)/rad] 

32.2 

21.3 

24.8 

27.9 

[(l/sec)/rad]j 

32.2 

0.423 

0.346 

0.239 

Y6r  [(ft/sec2) /rad] 

17.3 

15.8 

15.8 

16.7 

y6*  [*(  l/sec) /rad] 

17.3 

0.314 

0,220 

O';  1 43 

(1/sec2) 

-O.O52 

-3.65 

-5.19 

s  -8.43 

L£  (1/sec) 

-3.18 

-4.97 

-5.01 

-4.81 

14  (l/sec) 

0.804 

1.00 

1.00 

1.00 

I«a  ’O/sec2) 

29.2 

31.7 

34.7 

36.8 

(l/sec2) 

9.78 

12.3 

12.3 

13.0 

Np  (1/sec2) 

0.0352 

1.71 

2.42 

3.79 

Np  (1/sec) 

0.22 

0.338 

0.276 

0.201 

Ny  (l/sec) 

-1.1 

-1.1 

-1,1 

NB;  (l/sec2) 

0 

0 

0 

0 

*s'r  (1/sec2) 

-13.53 

-13.80 

-13.9 

— 14.4 
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FLIGHT  CONDITION  | 

19G;1 

1902 

1903 

1904 

Altitude,  h  (ft) 

0 

0 

0 

0 

Vto  (ft/sec) 

0 

50.4 

71 .8 

116.4 

Weight, 

W  (lb) 

6,400 

7,000 

7,600 

7,000 

1/T„ 

0.732 

0.162 

■"  "o.ii6!" 

0.0821 

Alat 

'/% 

3.43 

5.09 

5.10 

4.87 

5d 

0.155 

0.344 

0.317 

6.276 

0.609 

1.33 

1.58 

1 .96 

Ap 

29.2 

31.7 

34.7 

36.8  . 

’/Tp, 

0 

0 

0 

0 

"fa 

£p  ( 1  /Tp? ) 

(0.081) 

0.429  ' 

0.364 

O.296 

O/Tpj) 

(1.04) 

1.33 

1.58 

1.97 

A* 

f  29.2 

;  31.7 

34.7 

36.8 

nb 

£q>  0./V 

(0.081) 

0.429 

0.364 

0.296 

6a 

( 1 .04) 

1.33 

1.58 

1.97 

Ar 

7.55 

11.4 

10.4 

16.5 

'/Tr, 

— 

— 

— 

— 

N6a 

£r 

0.117 

0.103 

O.119 

0.136 

2.09 

1.74 

I.90 

2.15 

32.2 

0.425 

0.346 

0.239 

1.11 

2.85 

3.65 

4.50 

"1* 

1/^2  (Ep) 

O.295 

0.375 

0.334 

0.218 

1/^3  («*>)■ 

5.37 

4.30 

3.68 

3.22 

A-l»9 


IATERAL  TRANSFER  FUNCTION  FACTORS  FOR 


BRISTOL  FIGHTER 


TABLE  A-4 


A-52 


} 


atria  (deg)  3  <  10  »%e  (i/“c2)  -12  -5.8  (l/see*)  1.55  0 

0o  (deg)  -7  +1.5  Ma  (l/sec2)  -2.21  -1.06  Np  (1/sec)  -0.435  -0.58 

U0  (ft/sec)  138  96.5  Mi  (l/sec)  -1.06  -0.576  1^.  (l/sec)  -0.341  -0.158 

WQ  (ft/sec)  7.24  17  My  (V»«c2)  -1.66  -0.805 

7o  (deg)  -10  -8.5  My.  (1/wc2)  1.30  0.63 


E.  AILERON  LATERAL  TRANSFER  FUNCTION  FACTORS  FOR  THE  BRISTOL  FIGHTER 


FLIGHT  CONDITION 

- 

0001 

0002 

Mach  No. 

,  M  (-) 

0.126 

0.0895 

Altitude 

h  (ft) 

6,000 

6,000 

c.g.  (#  c) 

33 

33 

Weight,  W  (lh) 

3,090 

3,090 

^trira  (d®e) 

3 

10 

1/*S 

-0.000836 

0.0508 

ALat 

i/Tr 

7.07 

4.62 

£d 

0.215 

0.275 

1.44 

0.886  : 

.* 

Ap 

26.1 

12.7 

>/%, 

0.0278 

-O.OO865 

N* 

°a 

O.158 

0.575 

0)p 

1.14 

-0.444 

dc  gain 

.  -76.4 

0.152 

26.3 

12.7 

Cq>  ( 1  /^cpi ) 

O.216 

(0.563) 

1 .14 

(-0.463) 

,  * 

-2788 

-18 

,  * 

Ar 

-1 .66 

-0.805 

1/Ir,  . 

0.637 

13.0 

•  "la 

Sr  OAr2) 

04.1) 

0.261 

(i/^rj) 

(-0.512) 

0.319 

dc  gain 

-622 

-5.82 

Ap 

3.03 

2.96 

4a 

O.O656 

-0.00547 

'/^a 

9-73 

CT\ 

CO 

• 

/ 

i/ip5 

— 

— 

dc  gain 

-157 

-0.431 

jura? 


IATERAL  TRANSFER  FUNCTION  FACTORS  FOR  THE  BRISTOL  FIGHTER 


Mach  No.,  M  (-) 
Altitude,  h  (ft) 
c.g.  ( l  c) 
Weight,  W  (lb) 
atrim  (deg) 


1/TS 


Alat 


r/TR 

£d 


Ap 

#/*Pl  *. 

'■  ]/TP2 

- 

dc  gain 


1/Tr, 

(Dr 

dc  gain 


FLIGHT  CONDITION 

0001 

0002 

Oil  26 

0.0895 

6,000 

6,000  ■ 

33 

33 

3,090 

?  3,090 

3 

10.  • 

-0.000836 

,  0.0508 

7.07 

4.62 

O.215 

0.273 

1.44 

0.886 

2.67 

1.49 

0,0266 

-0.00800 

2;33 

1.84 

-13.5 

-O.119 

-0.160 

5.05 

-12.5 

-j+95 


1.30 

7.16 

0.248 

0.381 

-no 


1/^a 

dc  gain 


APPENDIX  B 

MOOTS  OF  FROBABILITr  ' 

Became  inputs  to  vhich  automatic  control  systems  for  aircraft  vill  be 
subjected  are  often  either  very  complicated  or  are  not  known  in  detail,  it  may 
be  necessary  to  consider  performance  of  the  system  in  response  to  commands  and 
disturbances  which  are  considered  to  be  random  variables.  Other  applications 
of  the  theory  of  random  variables  to  the  synthesis  of  automatic  flight  control 
systems  have  to  do  with  the  assessment  of  design  qualities,'  in  particular  with 
the  estimation  of  likelihood  of  failure  of  the  system  or  its  components . 

The  study  of  random  variables,  quantities  which  may  take  any  values  of  a 
specified,  set  with  a  specified  probability,  comprises  the  science  of  statistics 
While  it  is  not  feasible  here  to  give  an  account  of  more  than  a  minute  part  of 
the  subject,  we  can  aspire  to  expose  just  those  elements  of  the  underlying 
theory  which  our  exanples  in  the  main  text  require.* 

Probability  as  a  concept  is  treated  first.  This  is  immediately  followed 

by  a  discussion  of  how  certain  probabilities  may  be  computed  if  other 
»*,  *  ,  s 
probabilities  are  known,  as „ in  the  addition  and  multiplication  laws  of 

probability.  Random  variables  are  then  defined,  and  consideration  of  the 


♦Useful  introductory  references  include: 

A.  C.  Aitken,  Statistical  Mathematics ,  Oliver  and  Boyd,  Edinburgh 
and  London,  8th  Edition,  1957* 

M.  J.  Mbroney,  Facts  from  Figures ,  Penguin  Books,  3rd  Edition,  1956. 

D.  A.  S.  Frazer,  Statistics,  An  Introduction,  John  Wiley  and  Sons,  Inc., 
New  York,  1958* 

0.  J.  Hahn,  "Probability  and  Statistics,"  Chapter  6  in  H.  Chestnut, 

Systems  Engineering  Tools ,  John  Wiley  and  Sons,  Inc.,  New  York,  1965. 

»  * 

H.  H.  Goode,  R.  E.  Machol,  Systems  Engineering,  McGraw-Hill  Book  Co.,  Inc. 
New  York,  1957* 

W.  R.  Bennett,  "Methods  of  Solving  Noise  Problems,"  Proceedings  IRE, 

Vol.  kk  (1956)  pp.  609-638. 
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probability  that  a  random  variable  will  take  certain  values  introduces  the 
first  probability  distribution  and  density  functions.  Next  the  most 
important  averages  or  "statistics*’  of  random  variables  are  defined.  Obese 
include  the  mean,  mean  square,  and  the  characteristic  function.  Finally  the 
binomial,  Poisson,  uniform,  exponential,  and  Gaussian  distributions  are 
described,  derived,  and  put  to  use  in  elementary  illustrative  examples. 

Although  there  is  some  inherent  difficulty  in  defining  probability  in 
a  completely  satisfactory  manner,  for  nearly  every  engineering  use/  empirical 
probability  is  a  suitable  interpretation  of  the  concept. 

Imagine  or  make  a  large  number  of  experiments  which  may  materialize,' under 
what  are  taken  to  be  identical  conditions,  in  two  or  more  outcomes  or  events . 
(An  event  is, generally,  something  concerning  which  it  can  be  determined  whether 
or  not  it  occurred . )  The  set  of  all  possible  events  comprises  the  sample 
space,  S  ,  and,  corresponding  to  each  basic  possible  outcome  of  the  experiment 
we  associate  a  sample  point,  in  this  space.  An  event  may  then  correspond 
to'  a  single  sanple  point  or  to  a  set  of  such  sample  points.  For  example,  the 
outcome' "three  spots  showing"  of  the  roll  of  a  single  die  is  an  event  and  a 
sanple  point.  On  the  other  hand,  the  event  "three  or  fewer  spots  showing" 
comprises  three  sample  points  since  it  corresponds  to  three  basic  possible 
outcomes  of  the  experiment. 

Now  the  results  of  certain  experiments,  repeated  a  large  number  of 
times,  may  show,  or  at  least  be  believed  to  ishow,  statistical  regularity. 

If  the  outcome  A  occurs  n^  times  in  N  trials  and  the  ratio  Pr(A) =  n^/N 
appears  to  approach  a  limit  as  the  number  of  trials,  N,  becomes  very  large, 
Pr(A)  may  be  taken  to  be  the  probability  of  the.  event  A.*  (The  simplest 
example  is  the  flipping  of  a  coin.  We  may  take  it  that  in  each  trial  there 
are  only  two  possible  outcomes:  heads  or  tails.  The  result  of  a  large 
number  of  trials  will  be,  for  instance,  that  the  number  of  heads  divided  by 
the  number  of  trials  is  very  close  to  l/2.)  It  follows  directly  from  the 


*The  difficulty  with  empirical  probability  as  a  concept  resides  in  the 
postulated  limit.  It  is  impossible  to  satisfactorily  show  that  the  limit 
should  exist  and  be  unique,  and  otherwise,  the  limiting  process  does  not 
behave  in  the  same  way  as  the  familiar  mathematical  limiting  process  for 
a  sequence. 
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t 


definition  of  probability  that  the  probability  has  two  properties,  namely: 


Fr(A)  >  0 

Mf)  =  1 


(B-1) 


Consider  further,  and!  more  generally,  that 
outcomes  of  an  experiment  each  one  of  vhich  is 


there  may  be  four  identifiable 
a  distinct  possibility: 


the  event,  A  only,  occurs  n^  times  in  N  trials 
the  event,  B  only,  occurs  ng  times  in  N  trials 
the  events,  A  and  B,  occur  together  h^g  times  in'N  trials 
the  event,  neither  A  nor  B,  occurs  D(jfcgy  times  in  N  trials 


and  that  this  takes  care  of  all  the  .possibilities 
of  trials,  N: 

the  probability  of  the  event  A 

the  probability  of  the  event  B 

the  probability  of  the  event  A  and  B 


.  Then  for  a  large  number 

-  Pr(A)  A  2£*g 
.  Pr(B)  i 

-■»(«)■  *3p 


> 


the  probability  of  the  event  A  or  B 

the  probability  of  the  event  neither  A  nor  B 


Pr(A+B)  i  °AY°M 


(B-2) 


Pr(A+B)  i  20 


1  -  Pr(A+B)  =  1  - 


gAWflAB 

N 


*  Pr(A/B)  = 


AB 


VnAB  • 


the  probability  of  the  event  A  given  that 

event  B  has  occurred 


Total  probability  is  the  probability  of  any  one  of  several  mutually 
exclusive  outcomes,  say.  A,  B,  or  C  where  each  of  the  mutually  exclusive 
events  is  a  set  of  sample  points  or  elements.  The  set  of  all  possible 
outcomes  (space)  can  be  represented  as  the  area  inside  a  circle  in  an  Euler 
or  Venn  diagram.  Then  the  fractions  of  the  area  marked  A,  B,  and  C  represent 
fractions  of  the  total  number  of  trials  which  resulted  in  the  event  A,  B,  or 
C.  See  Fig.,  B-1a. 


C  *  A  +  B 
(not  A  or  B) 


Compound 
probability  of 
'  the  joint  occurrence 
of  A  and  B 


a)  Mutually  Exclusive 
Outcomes 


b)  Outcomes  not 
Mutually  Exclusive 


X _ 


Fig.  B-1.  Euler  Diagrams 


On  the  other  hand,  if  the  outcomes  are  not,  mutually  exclusive;  areas  on  the 
Euler  diagram  may  still  represent  fhe  fractions  of  the  area  of  the  circle 
(sets  of  sample  points)  defined  by  Eq  B-2. 

Reasoning  from  either'  the  algebraic  expressions  (Eq  B-2)  or  the  geo¬ 
metrical  representation,  (Fig.  B-1). 

Pr(A.+  B)  =  Pr(A)  +  Pr(B)  -  Pr(AB)  (B-»< 

This  is  called  the  addition  law  of  probabilities.  If  the  event, A  and  the 
event  B  are  mutually  exclusive,  the  compound  or  joint  probability  Pr(AB)  *  0, 
and  the  addition  law  is  simply: 

Pr(A  +  B)  =  Pr(A)  +  Pr(B),  (B-1) 

In  the  case  in  which  the  event  A  and  the  event  B  may  occur  together,  the 
conditional  probability,  Pr(A/B),  can,be  expressed  in  terms  of  the  probability 
of  the  event  B  and  the  compound  or  joint  probability,  Pr(AB) :  , 

«  /n\  DAB  nB  +  _nAB  ’  ~  f-o  c\ 


Pr(A/B)  Pr(B)  = 


+  nAB 


»  Pr(AB) 


(B-5) 


Mm  =  ^ 


It  is  not  necessary  for  the  events  to  be  simultaneous  in  order  to  apply  this 
definition  of  conditional  probability.  When  the  events  A  and  B  are 
independent , 

Pr(A/B)  s  Pr(A) 

and  Pr(AB)  =  Pr(A/B)  Pr(B)  =  Pr(A)  Pr(B)  (B-6) 

Hiis  is  called  the  multiplication  lav. 

■  .  f 

-  •  The  addition  lav  and  the  multiplication  -lav  are  easily -  generalized  to  cases 
of  more  than  tvo  independent  events.  Thus  for  three  independent  events,  A,  B, 
and  C,  1 

Pr(A  +  B  +  C)  *  Pr(A)  +  Pr(B)  +  Pr(C)  -  Pr(AB)  -  Pr(AC)  s.  Pr(BC)  +  Pr(pC) 

‘  *  1  -  Pr(A)  Pr(B)  Pr(C)  (B-7) 

«  1  -  [l  -  Pr(A)][l  -  Pr(B)]  [l  -  Pr(C)].. 

Pr(ABC)  -  Pr(A)  Pr(B)  Pr(C)  (B-8) 

and  so  forth.  Equation  B-6,  or  B-8  is  the  mathematical  statement  of  the 
definition  of  independence,  i.e.  A  and  B  are  independent  vhen  EqB-6  applies, 

or  A,  B,  and  C  are  independent  vhen  EqB-8  applies. 

*  • 

An  example  of  events  vhich  are  not  mutually  exclusive  but  vhich  are  independent 
might  be  the  draving  of  an  ace  or  a  spade  (on  a  single  drav)  from  a  standard 
deck  of  52  playing  cards. 


Pr(  Spade)  =  =  {; 

Pr(Ace)  =  ~  ~ 


The  probability  of  draving  the  card  vhich  is  both  a  spade  and  an  ace  is 
Pr( Space  Ace)  =  Pr(  Spade)  Pr(Ace)  =  ^  x  ~  =  —■ 
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and  this  illustrates  the  multiplication  law  for  independent  events.  Finally 
the  probability  of  a  spade  or  an  ace  is: 

Pr( Spade  +  Ace)  =  Pr(Spade)  +  Pr(Ace)  -  Pr(Spade  Ace) 

.11  +  JL..L 

"  52  52  52 

16  jj_ 

=  62 - 13 

This  illustrates  the  operation  of  the  addition  law. 

Consider  next  an  example  in  which  the  events  are  neither  mutually 
exclusive  nor  independent.  Two  coins  are  tossed  simultaneously.  There  are 
four  possible  basic  outcomes  (sample  points).  They  are  head-head,  head -tail, 
tail-head,  and  tail- tail.  We  ask  first  what  is  the  probability  that  at  least 
one  head  occurs.  By  counting  the  outcomes  in  which  at  least  one  head  occurs: 

Pr(Head)  =  ^  =  Pr(Tail) 

Also  the  joint  probability  -of  a  head  and  a  tail  is 

Pr(Head  Tail)  =  ~ 

and  the  conditional  probability  of  a  head,  given  that  a  tail  has  occurred,  is: 

Pr( Head/Tail)  *  | 

From  the  addition  law,  the  probability  of  a  head  or  a  tail  is: 

Pr(Head  +  Tail)  =  \  +  f  -  \  ~  1 

and  the  relationship  between  the  conditional  and  joint  probabilities  is 
illustrated  by  the  calculation: 


Pr( Head/Tail)  Pr(Tail)  =  Pr(Head  Tail) 


Hote  that  here  Pr(Head  Tail)  4  Pr(Head)  Pr(Tail),  i.e.  the  events, "at  least 
one  head”  and  "at  least  one  tail,"  are  not  independent  in  simultaneous  tosses 
of  tvo  coins. 

BANDOM  VABIABEES 

It  is  often  more  interesting  to  consider  some  function  of  the  outcomes  of 
an  experiment  rather  than  the  outcomes  themselves .  If  then  we  assign  to  every 
sample  point  (element),  of  the  sample  space  (set),  f  ,  a  number  X(£) 
according  to  some  rule,  the  function  X(£),  defined  on  the  sample  space,  is  a 
random  variable*  provided  that  X(£)  <  x  is  an  event  and  that  X(£)  *  ±  » 
are  events  but  that  the  probability  of  their  occurrence  is  zero.  Note  that 
the  outcome  itself  falls  under  the  definition  of  a  random  variable  since  the 
functional  dependence  may  allowably  comprise  the  identity  function.  Thus 
outcomes  or  functions  of  outcomes  are  random  variables. 

DISTRIBUTION  AND  DENSITY  FUNCTIONS 

Now  define,  for  any  number  -»  <  x  <  «,  the  probability,  that  X(£)  <  x  as 
the  real  valued  first  probability  distribution  function  of  the  random 
variable  X(£): 


Pr(x(£)  <x)=  P^x)  (B-9) 

The  first  probability  distribution  function  has  the  properties : 

P,(-)'«  0 

P^")  =  1  (B-10) 

P1  (xi )  <  pl  C3^)  5  x1<x2 

If  n(x)  is  the  number  of  times,  in  an  experiment  repeated  N  times,  in  which 


*The  use  of  the  words  "random  variable"  for  a  function  is  rooted  in  precedent. 


B-7 


(B— 1 1 ) 


X(£)  <  x>  then  for  a  very  large  number  of  repetitions: 


P/x)  = 


The  derivative  of  the  first  probability  distribution  function  is  called 
the  first  probability  density  function,  pj (x) . 

(B-12) 

Then  the  probability  element  p1  (x)dx  =  Pr[x  <  X(£)  <  x  +  dx]  .  As  often 
happens,  the  distribution  function  may  have  step-form  discontinuities,  and 
there  are  delta  functions  in  its  derivative.  For  the  case  of  so-called 
discrete  random  variables,  the  density  functions  actually  consist  of  a  sum  of 
weighted  delta  functions: 


p/x)  =]C  Pi  8(x  “  xi) 


(B-13) 


Hie  probability  that  a  function  X(£)  lies  between  two  values,  say  x1  and 
Xg,  is  obtained  by  integrating  the  density  function  between  .those  limits;. 


/*2 
?! 


(x)dx 


(B-14) 


and  clearly,  from  the  definition  of  a  random  variable, : 


Pr[-«<X(5)  <  +  «>]  —  ^p^xjdx  =  1 


(B-15) 


The  names  distribution  function  and  density  function  come  from  the  analogy 

to  a  unit  mass  distributed  along  the  line  which  is  the  x-axis.  The  mass  element 

in  a  small  distance,  dx,  is  dx,  where  is  the  mass  per  unit  length, 

or  density.  Then  the  total  mass  to  the  left  of  a  given  point  x,  is  obtained 

AM  * 

by  integrating  the  density  function  t-,  or: 

UA 

'  /*x 

M(x)  =  J  (f”)dx  (B-16) 

■  00 

Now  M(-«)  =0  while  M(»)  =  1  as  in  the  probability  distribution  function. 
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.  EXPECTATION,  MEAN,  AND  VARIANCE 

In  the  theory  and  application  of  probability,  the  average,  mean,  or 
mathematical  expectation  of  a  random  variable  has  a  surpassing  importance. 

As  every  schoolboy  knows,  the  way  in  which  to  find  the  average  value  of  a 
random  variable,  Xi>  which  takes  a  number  of  discrete  values,  is  to  multiply 
each  value  by  the  number  of  times,  n^,  it  occurs,  form  the  sum  and  divide 
by  the  total  number  of  observations,  N. 

r  x1nl  +  Xgng  +  *  ‘  * 

Average ^of  X  =  Elxj  =  - - -  (B-17) 


According  to  our  interpretation  of  probability,  however,  a  fraction  such  as 
n^N  is  simply  the  probability,,  p  1 ,  of  the  event  x-j  so  that  Eq  B-17  cofeiit  be 
rewritten: 


E[X]  -  X-J  Pi  +  XigPg  + 


*Vn=  E  xiA 

i=1 


(B-18) 


In  the  case  of  a  continuous  random  variable  the  probability  that  the  variable 
lies' in  the  narrow  range  between  x  and  x  '+  dx  is  the  probability  element 
p-|(x)dx.  Now  considering,  the  integral  as  the  limit  of  a  sum: 


e[x]  f  xp1  (x)dx 

JmtO 


( Br \9 ) 


When  the  expected  value  of  some  function  of  x,  say  g(x),  is  wanted': 


.  r 


g(x)pi(x)dx 


(B-20) 


Those  averages  in  which  g(X)  =  Xn  are  of  particular  importance .  They  are 
called  the  moments  of  the  distribution,  and  have  the  form: 


raj,  =  EjXnJ  =  /  x?  P^xjdx 


(B-21 ) 


From  the  defining  properties  of  an  allowable  distribution  function,  the  zero 
order  moment,  ibq,  always  equals  1 .  The  first  moment,  ra-| ,  is  the  arithmetic 
mean,  the  second  moment,  rag,  is  the  mean-square,  and  so  forth. 
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In  terms  of  physical  analogies,  the  mean  is  simply  the  centroid  of  the 
density  function,  while  the  mean-square  value  is  the  radius  of  gyration  of 
the  density' function.  These  two  moments  are  illustrated  for  a  rectangular 
density  function  in  Fig.  B-2. 


a)  A  Rectangular  Density  Function 


b)  Calculation  of  the 
Mean  Value 


c)  Calculation  of  the  ' 
Mean-Squ<r3  Value 


Fig.  B-2.  Mean  and  Mean-Square  Values  for 
the  Rectangular  Density  Function 


If  the  mean  value  is  subtracted  from  all  values  of  X,  the  moments  derived 
from  the  results  become  central  moments .  Thus, 


-  m-,  ]n  P1  (x)dx 


(B-22) 


The  first  central  moment,  |^ ,  is  zero.  The  second  central  moment  is 
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(B-23) 


[x  -  m^2  p1  (x)dx 

*“2  -  [“if 

-  -  jE'Wf  -  o2 

^2  -  ^  is  the  variance .  The  square  root  of  the  variance  is  the  standard 
deviation  of  the  distribution  for  the  ensemble  X-j .  .  .  ,  Xn,  .  .  . 

When  the  mean  is  zero  the  variance  and  the  mean-square  are  identical. 

The  mean  and  the  variance  (or  standard  deviation)  are  often  the  most 
significant  quantities  which  may  characterize  a  distribution. 


CHARACTERISTIC  FUNCTION 


The  characteristic  function  is  the'  expected  value  of  the  complex 
conjugate  Fourier  transform  of  a  random  variable  X. 


<p(o>) 


.s[a+J‘*}./“e+»B:  p,U)dx 

"  -  CO 


By  expanding  the  exponential  function  in  a  series: 

C*  f 

<S 


<p(m)  =  J  p1  (x)  [l  +  Jok  +  +  •  •  •  ■  +  •  •  •]  ax 

r  CO 

CO  00  g  a(C 

P 1  (x)dx  +  /  xp^xjdx  +  ^y^-  I  x2p1(x)dx 

%  CO  ^CO  V  -  00 

+  /  x5Pi(x)dx  +  %^  f  x^p^xjdx  +  •  •  • 


(B-24) 


(B-25) 


The  integrals  of  this  last  expression  may  be  recognized  as  the  central  moments 
of  the  distribution  defined  by  the  density  function  p^(x).  The  characteristic 
function,  therefore,  contains  information  reflecting  the  character  of  all  the 
central  moments  of  the  distribution.  In  fact,  if  the  expression  on  the  right 
hand  side’  of  Eq  B-25  is  compared  to  the  Maclaurin  series  expansion  for.  the 
characteristic  function 


B-1 1 


(B-2 6) 


<p(a))  =  <p(0)  +  <p'(o)  +  <p"(0)  |r  +  *  •  *  +  9^(°)  +  *  *  * 

it  may  be  seen  that  the  central  moments  of  the  distribution  can  be  confuted 
from  derivatives  of  the  characteristic  function  evaluated  at  o>  =  0. 

E(Xn)  =  f  xV(x)dx  =  (j)_n  qp(co)l  (B-27) 

•!«  daf  Joj=0 

Another  use  of  the  characteristic  function  is  in  the  computation  of  the 
first  probability  density  function  of  the  sum  of  two  random  variables .  The 
characteristic  function  of  the  sum  of  two  Independent  random  variables  is  the 
product  of  the  characteristic  functions  of  the  individual  variables. 


9(0)  =  ^(co)  <p2(co)  (B-28) 

Then  the  first  probability  density  function  for  the  sum  is  the  inverse  complex 
conjugate  Fourier  transform: 

p,(x,  +  Xg)  =  3r’t [ <p( -<u) ]  (B-2 9) 

-hC  •'**  *»>*» 

This  inverse  transform  may  be  written  as  a  convolution  integral 

Pi(xt  +  Xq)  =  Pt  1  (t! )  pl2(x  -  t^i  Jdt',  (B-30) 

EXAMPLES  OF  DISTRIBUTION  FUNCTIONS 

While  the  conditions  on  the  first  probability  distribution  function  are 
so  broad  as  to  admit  of  a  very  large  number  of  interesting  possibilities)  the' 
number  of  different  distribution  functions  often  encountered  in  engineering 
design  work  is  quite  small.  It  includes  the  binomial  (or  Bernoulli),  Poisson, 
uniform,  exponential,  and  Gaussian  (or  normal)  distributions.  The  first  two 
of  these  are  discrete  distributions  in  which  the  density  function  is  a' sum 
of  delta  functions.  The  next  three  are  continuous  distributions.  Some  of  the 
characteristics  of  these  one  dimensional  distributions  are  summarized  in 
Table  B- 1 . 
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In  order  to  illustrate  the  types  of  random  variables  to  vhich  each  of  these 
distributions  is  appropriate^  we  shall  discuss  each  of  them  in  turn. 

She  Binomial  Distribution 

The  binomial  distribution:  was  discovered  by  Jakob  Bernoulli  and  was 
published  posthumously  on  his  behalf  in  1713*  It  was  the  first  probability 
distribution  to  be  discovered.  It  is  useful  for  the  description  of  the 
number  of  times  a  given  event,  say  A,  will  occur  in  a  given  number  of,  trials, 
say  n,  when  the ' probability  of  success  on  each  trial  is  the  same  and  the 
trials  are  independent  of  one  another.  It  may,  for  example,  be  used  to  find 
the  number  of  ground  to  air  missiles  required,  on  the  average,  to  score  at. 
least  one  hit  on  an  airplane,  or,  alternatively,  it  may  be  used  to  describe 
the  probability  that  an  item  of  equipment  will  satisfactorily  complete  a 
mission.  It  is  of  surpassing  importance  in  the  theory  of  sampling  inspection. 

Consider  a  random  experiment  with  two  possioie  outcomes, A  (success)  and 
A  (failure).  Define  Pr(A)  =  p  and  Pr(A)  =  q  =  1  -  p.  Then  consider -the 
experiment' repeated  1,2,  .  .  .  n  times  with  the  outcome  on  each  trial  independent 
of  previous  results. 

On  the  first  trial  the  result  may  be  a  failure  or  a  success  and  their 
respective  probabilities  are  q  and  p.  After  the  second  trial>we  may  have 
observed  two  failures  (probability  =  ,  from  the  multiplicatipn  law),  a  failure 

and  a  success  (probability  =  qp),  a  success  and  a  failure  (probability  =  pq), 

•  O  « 

or  two  successes  (probability  =  p).  Similarly  we  could  count  the  outcomes 
after  three  trials.  We  could  then  describe  the  results  after  the  third  trial. 

The  results  might  be  arranged  as  shown  in  Table  B-2. 


TABLE  B-2 

SEQUENCES  OF  FAILURES  ANP  SUCCESSES 


A  or  A 

1st  Trial 

2nd  Trial 

AA  or  AA  or  AA  or  AA 

Jrd  Trial 

AAA  or  AAA  or  AAA  or  AAA 

% 

or  AAA  or  AAA  or  AM  or  AM 

Considering  the  probabilities  of  these  occurrences ,  and  now  disregarding  the 
precise  .sequence  in  which  successes  and  failures  might  occur,  the  probabilities 
can  also  be  arranged  in  a  table.  Once  the  pattern  is  clear  (Pascal’s  triangle), 
the  table  can  be  extended  very  easily. 


TABLE  B-3 
PASCAL’S  TRIANGLE 


0  Trials 

i 

1  Trial 

q  ,P 

s  V.  ,2 

2  Trials 

q\  2qp;,  v 

3  Trials 

V/  -  \./ 

q3  3q.2P  -  .  3qp2  P3 

,  \/  N/  V/  , 

4q5p  6q2p2  .  4qp5  p^ 

4  Trials 

■  Of  course,  terras  oh  any  given  line  represent  the  terms  in  the  expansion  of  the 
-  -  binomial  (q  +  p)n.  (Hence  the  name  of  the  distribution.) 

More  generally,  the  number  of  equally  likely  sequences  /of  s  successes  and 
n  -  s  failures  in  n  trials  is  j  =  nl/[s!(n  -  s)’J,  and  the  probability  that 
the  number  x  =  s  (a  specified  number  of  successes)  • 

Pr(x  s=  s)  ®  qn’s  ps  (B-31) 

\ 

■  (This  formula  is  only  valid  for  integer  values,  s  =  0,  1,  2,  .  .  .  n.)  Then  a 
partial  table  of  the  distribution  of  the  probabilities  for  any  choice  of  a 
number  of  successes,  s,  and  number  of  trials,  n,  might  appear  as  follows: 


Number  of 
Successes,  s 

0 

1 

2 

3 

n 

CO 

II 

X 

'u 

cu 

n 

<1 

n-1 

n  q  p 

I  n\  n-2  2 

Uh  p 

/n\  n-3  3 

U)q  p 

Pn 

This  is  just  one  row  in  the  triangle  table. 
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Since  (q  +  p)n  =  1,  the  sum  of. all  the  probabilities. is  one  as  it  should.be. 

The  density  function  of  the  binomial  distribution  may  be  written:  '  ' 

pj  (?)'•*.  £  (“\pS  qn“S  5(x  -  s)  :(B-32). 

s=0  \s  I 

There  is  a  binomial  distribution  for  each  value  of.  h:  and  p.  These  are 
known  as  the  parameters  of  the  distribution.  Extensive  tables  of  the- 
distribution  have  been  calculated.*  This,  however,  is  very  tedious  when  the 
number  of  trials,  n,  is  large.  For  many  practical  purposes,  the  binomial 
distribution  can  be  successfully  approximated.  When  the  probability  of  either 
success  or  failure  is  small,  the  binomial  .distribution  can  be  approximated  by 
the  Poisson  distribution.  (See  below.)  On  the-  other  hand  if  -  p  =  q,  the  V.  : 
continuous  Gaussian  distribution  may  be  used  as  an  approximation  to  the  discrete 
binomial  distribution,  by  fitting  the  mean  and  variance,  provided  only  that  the. 
number  of  trials,  n,  is  reasonably  large. 

As  an  example  of  the  application  of  the  binomial  distribution  to  problems 
in  aircraft  subsystem  reliability,  consider  the  question  of  the.  relative 
reliability  of  single  and  twin  engined  airplanes.  Suppose  the  probability  that 
an  engine  will  complete  a  four  hour  mission  is  -p  =  0.9900  and  further  that 
engine  failures  are  independent  events  even  in  multi-engined  airplanes.  Then 
from  Eq  B- 1 6,  for  a  single  engined  airplane,  during  a  single  mission  (trial): 

Pr( Success)  »  |  “  j  pS  qn"S  =  jp1  q° 

=  0.9900 

Similarly  for  a  twin  engined  airplane  which  requires  both  engines  to  complete 
its  flight  (two  successes  in  two  trials): 

Pr( Success)  =  \  pS  qn"S  =  {^'J  p2  q° 

=  O.98OI 


*Tables  of  the  Binomial  Probability  Distribution .  National  Bureau  of 
Standards,  Applied  Mathematics  Series  o,  U.S.  Government  Printing  Office, 
Washington,  D.  C.,  1950. 
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On  tlie  other  hand,  if  a  twin  engined  airplane  can  complete  its  flight  on  only 
one  engine  (at  least  one  success  in  two  trials),  using  the  addition  law  for 
mutually  exclusive  events: 

Pr(Success)  =  Pr(One  Success)  +  Pr(Two  Successes) 
h2  \  1  2-1  .  /  2  \  2  0 

=(i)P  1  +\2)P  1 

=  2pq  +  p2  =  1  -  q2  =  1  -  (t  -  p)2 

«  1  -  0.0001  =  0.9999 


■  This  shows  the  powerful  advantage  of  redundancy. 

The  Poisson  Distribution 

For  the  purpose  of  estimating  the  number,  s,  of  independent  events.  A, 
which  will  occur  when  the  average  rate  per  unit  time,  length,  area,  or  volume 
at  which  they  occur  is  known,  we  use  the  Poisson  distribution,  named  after  , 
Simeon  Denis  Poisson,  the  French  mathematician.  The  events  are  isolated  events 
in  a  continuum.  Thus,  for  example,  the  Poisson  distribution  may  characterize 
the  number  of  cars  arriving  at  an  intersection  in  one  minute,  the  number  of 
bacteria  on  a  slide,  or  the  number  of  flaws  in  a  casting. 

If  p  is  the  "density"  of  the  event,  A,  (the  average  rate  per  unit  time, 
for  example)  then  the  probability  that  the  event  occurs  in  the  interval  between 
T  and  T' +  £T  is  proportional  to  AT,  and  the  constant  of  proportionality  is  p. 
■Pr [event  occurs  between  T  and  T  +  ATj  =  p  AT.  Now  from  the  multiplication  law, 
Eq  B-6, 

Pr[no  event  between  0  and  T  +  AT_J  =  Pq(T  +  AT) 

=  Pr[no  event  between  0  and  t]  Pr[no  event  between  T  and  T  +  At] 

or 

P0(T  +  AT)  =  P0(T)  [l  -  PAT] 
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•(B-33) 


On  rearranging 


PC(T  +  AT)  -  P0(T) 
"  £8 


-0  P0(T) 


in  the  limit,  or,  as  AT - *-0: 


(B-34) 


a  p0(t) 

-55 —  +  0  p0(*)  =  0  <b-55) 

The  initial  condition  is  Po(0)  =  1 .0  (the  probability  that  no  event  occurs  in 
zero  time)  and  the  solution  is: 

P0(T)  =  e"PT  (B-36) 

Similarly  Pr  [l  event  between  0  and  T  +  ATj  =  P^(T  +  AT) .  This  probability 
is  the  sum  of  the  probability  that  there  is  one  event  in  the  interval,  0  to  T, 
and  none  in  AT,  together  with  the  probability  that  there  is  no  event  in  the 
interval,  0  to  T,  and  that  there  is  one  in  AT. 

P,  (T  +  AT)  *  P^T)  [l  -  p  at]  +  PQ(T)p  AT  (b-37) 

P,  (T  +  AT)  -  P,  (T) 

- - - *  -Pi(l)P  +  P0(T)P  (B-38) 


Dividing  by  p,  letting  AT— ^0,  rearranging  and  substituting  for  P0, 


'1  P.l(T) 

P  dT 


P-,  (T) 


(B-59) 


which  has  the  solution, 

P^T)  =  PT  e’pT  (B-40) 

By  successively  considering  the  probability  that  2,  3>  •  •  •  n  events  will  occur 


in  the  interval  T  +  £T  we  would  find  that  P2(T)=  ^ y  P5(T)= 

/  i  {BT)n  -BT 

P_(TJ  =  -—7—  e  .  These  may  he  recognized  as  successive  terms  in  the 
u  n  • 

expansion 


-m 

e 


m 


e 


(B-Ul) 


where  m  =  (3T.  Notice  that  the  sum;of  all  the  prohahilities  is  one.  For  the 
Poisson  distribution  then 

Pr(x  =  s)  =  (B-42) 

and  the  density  function  is  given  by  the  expression: 

Pr(x)  =  22  fr  S^x  "  (B-43) 

s3j 

Again  s  takes  only  integer  values,  m  is  the  "frequency  parameter"  of  the  Poisson 
distribution  which  represents  the  number  of  events  in  a  typical  finite 
interval,  i.e.  m  =  fJT,  for  example,  where  0  is  the  "density"  of  the  events, 
and  T  is  a  convenient  interval,  say  1  sec  or  1  year. 

A  quaint  example  of  the  application  of  the  Poisson  distribution  is  to  the 
prediction  of  the  number  of  cavalrymen  likely  to  be  killed  by  horse,  kicks  in 
the5  course  of  a  year.  Assuming  that  each  such  event  is  independent  and 
occurs  randomly  in  time,  but  with  a  constant  overall  frequency,  suggests  that 
the  Poisson  distribution  may  be  appropriate .  Data  collected  by  von  Bortkiewicz* 
for  10  Army  Corps  for  20  years  (200  readings)  shows  a  total  of  122  deaths  from 
horse  kicks.  There  are,  therefore,  122/200=  0.^1  deaths  per  corps  in  a 
typical  year.  This  is  the  "frequency  parameter",  ra,  of  the  distribution. 
Considering  the  probability  of  s  =  0,  1 ,  2,  3,  and  ^  deaths  occurring  in  any 
one  corps  in  any  one  year  we  can  construct  a  table  of  probabilities  of  the 
event,  Pr(s  =  x)  =  e”0’^1 (0.6l )s/s! 


*L.  von  Bortkiewicz,  Das  Gesetz  der  kleinen  Zahlen,  B'.  G.  Teubner, 
Leipzig,  1898. 
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It  may  "be  observed  that  the  Poisson  distribution  gives  a  good  fit  to  the 
actual  data  and:  might  be  used  to  extrapolate  the  experience . 


We  have  had  occasion  to  mention  that  the  calculation  of  the-  binomial 


distribution  is  tedious  when  the  number  of  trials,  n,  becomes  large.  In  some 
cases,  the  Poisson  distribution  is  a  suitable  approximation.  Recall  that  the 
binomial  distribution  is  characterized'  by  the  expression 


(b-44) 


In  the  Poisson  distribution  the  parameter,  m,  is  the  average  number  of 
occurrences  (successes)  in  a  typical  finite  interval  of  interest.  Take  the 
interval  to  extend  over  the  number  of  independent  "trials"  in  the  case  of  the 
binomial  distribution  and  therefore  let  m  -  np  -the  average  number  of  successes 
in  n  trials.  Substituting  p.  =  m/n  and  rewriting  Eq  B-39: 


Pr(x  =  s) 


•ftMTHr 

s  /  \n-s 
n;  m  i,  m  j 

~  sl(nrs) !  \  ~  n  f 

_  n(n  -,!>♦  •  •  (n  -  r/H_)_(n  -  /  mVn‘ 

“  n  &  •  •  •  n  (n  -  s)J  s j  l1  ’  n  / 


(B-45) 


there  are  s  of  these 
factors  ‘ 
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If  m  let  n  becowe  wry  lane  while  s 

(■to  <■ 

1  -j|  *  e  : 


Ala*  — H  to  that  n  •  i  «  b  end 


11a  1 


(B-46) 


or  finally 


**<■*  ■  s)  -  (»  )  (n)‘  ('  -  n  ^  ” 


(B-47/) 


This  last  expression,  of  course,  is  the  one  which  defines  the  Poisson 
distribution.  The  approximation  is  useful  when  n  is  as  small  as  20  provided 
m  *=  np  <  5*  For  larger  values  of  m  =  np  the  approximation  will  only  be  useful 
for  still  larger  values  of  n. 

Consider  now  some  continuous  one-dimensional  distributions; 


The  Uniform  Distribution 


A  uniform  distribution  is  appropriate  to  the  description  of  a  continuum 

of  events  which  are  equally  likely  in  a  given  interval,  say  from  ra  -  ~  to 

X  d 

m  +  £  .  ®y  equally  likely  we  mean  that  the  probability  element 

Pj(x)dx  *  Pr| x1  <  X  <  x1  +  dxjj  is  a  constant.  The  first  probability 
density' function  itself  is,  therefore,  a  constant  over  the  interval,  and 

zero  elsewhere .  Since  we  have  to  arrange  that 

\ 

_  00 

Pr[-"<  X  <»]  =  J  p,(x)dx  *  1  (B-48) 

p1  (x)  =  l/X.  Then  the  distribution  function  P^x),  is  a  cut-off  ramp  function 
rising  from  0  to  one  while  (m-|)  <  x  <  (m  +  ^) . 

An  example  of  the  application  of  the  uniform  distribution  would  be  to 
the  calculation  of  the  probability,  disregarding  the  actually  discrete  nature 
of  the  problem,  that  a  wheel  of  fortune  would  stop  on  any  particular  number. 
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Another  lnportent  continuous  distribution  is  the  exponential  distribution. 
It  is  often  used  in  estimating  the  reliability  of  system  or  co^onents 

5:  r' 

vhich  are  subject  to  a  constant  hazard. 

•  /  * 

Consider  a  component  vhich  has  survived  to  the  time,  t.  Letting  F 
symbolize  the  event  failure  and  S  the  event  survival;  the  conditional 
probability  of  failure  in  a  time,  At>  given  that  the  component  has  survived 
up  to  time,  t,  from  Eq  B-5,  is: 


(B-49) 


The  conditional  probability  of  failure  is  proportional  to  the  hazard,  c,  and 
the  interval.  At. 


Pr(P/s)  =  c(At)  (B^50) 

Suppose  that  the  cumulative  probability  distribution  for  failure  as  a  function 
of  time  were  known.  Call  it'Pj(t).  Then  the  probability  of  the  component’s 

surviving  to  the  time,  t,  is 

*  '  • 

Pr(s)  =  Pr(?)  -  f 1  -  P, (t)J  (B-51 ) 

dPi (t)  ,  , 

and  the  derivative  — ^ —  =  p^  (t)  .times  At  is  the  probability  element  which 
defines  the  probability  that  the  component  will  fail  in  the  time,  At.  This 
is  the  same  thing  as  surviving  up  to  time,  t,  and  then  failing. 

dPi 

Pr(PS)  =  (At)  (B-52) 

Substituting  in  Eq  B- 55:  , 

c(At)  *  ^  (At)/[l  -  Py(t)]  (B-55) 

* 

or 

c  ^  +  plM  c  1  c  1  -  0 
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•*  mi f  now  solve  this  equation  for  the  unknown  distribution  function 

?i(i)  «  J1  *  «"CtJ  I  t  >  0  (B-51») 

\ 

•al  the  corresponding  density  function  i.: : 

i 

Plft)  -  ^  -  ce'Ct  }  t>0  (B-55) 

The  exponential  functions  which  appear  here  give  the  distribution  its  name. 

In  applications  to  reliability  calculations,  the,  inverse  of  the  parameter, 
c ,  vhich  has  the  dimensions  :of  time  often  goes  by  the  name :  mean  time  before, 
failure  or  MEBF.  Biis  is  its  physical  significance  in  such  applications. 

Note  from  Table  B-1  that  the  mean  of  the  exponential  distribution  is  l/c. 

More  generally  the  exponential  distribution  governs  the  time  between 
occurrences  of  independent  random  events  which;  occur  at  a  constant  average 
rate*  In  this  respect  the  exponential  distribution  bears  a  close  relationship 
to  the  Poisson  distribution.  Recall  from  Kq.  B-31,  used  in  deriving  the 
Poisson  distribution,  that  for  independent  events  occurring  randomly  in  time 
at  a  constant  average  rate: 

Prjno  event  between  Q  and  t]  =  PQ(t)  «=  e~Pt  (B-p6) 

Similarly: 

Pr[no  event  between  t  and  t  +  At}  =  e"^*  (B-57) 

\ 

and  therefore : 

Prjat  least  one  event  between  t  and  t  +  At]  «=  1  -  e"^*  (B-58) 

Since,  for  a  very  small  At  (approaching  dt);, 

e***  &  1  -  pAt  \  , 

\ 

therefore, 

T*  e"pdt  =  pdt  (B-59) 
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•ad  tkii  is  the  probability  of  caasgtJLjf  One  event  lc  the  interval  between  t 
end  t  +  dt.  Finally  the  product  of  the  prdbabilitiee  of- no  events  in  the 
interval  between  0  and  t  and  exactly  one  event  in  the  interval  between  t  and 
t  +  dt  yields  the  probability:  element  (e^Jpdt,  which  integrated  from; 

0  to  T,  shows  the  probability  of  exactly  one  event  occurring  more  than  T 
seconds  after  its  predecessor  and  less  than  T  +  dt  seconds  afterward. 

/T 

0  e’^dt 

«  1  -  e*^  ,  (B*60) 

Thus  the  intervals,  T^,  between  the  events  in  a  Poisson  process  are  seen  to 
be  governed  by  the  exponential  distribution.  The  mean  time  between  the 
events  Tav  =  ^  ,  the  inverse  of  the  "density"  of  the  events.  t 

To  return  briefly  to  the  question  of  engine  reliability  used  to  illustrate 
the  binomial  distribution,  one  might  have  asked : '  "How  was  it  determined  that 
the  probability  of  the  engine’s  surviving  a.  four  hour  flight,  p  «  0.9900?" 

Under  conditions  approximating  a  constant  hazard,  it  means  that,  on  the 
average,  there  are  four-hundred  engine  operating  hours  (during  short  missions)' 
between  random  failures.  Alternatively  the  mean  time  between  failures 

^  e  400  hours.  The  cumulative  probability  of  failure  during  the  mission  is/ 
governed  by  the  exponential  distribution.  From  Eq  B-37  and  B-40  the  proba¬ 
bility  that  the  engine  will  survive  (not  fail)  up  to  a  time, 
t,  *?  mission  time  =  4  hours,  is:  ' 

Pr(S)  »  Pr(f)  =  1  -  [l  -  e”ct]  =  e"ct  (B-6l) 

i  1  -  ct  **  1  -  =  0.9900 

The  Gaussian  Distribution 

/ 

By  far  the  most  important  probability  distribution  in  science  and 
engineering  is  the  normal  or  so-called  Gaussian  distribution,  (it  was  actually 
discovered  by  Abraham  De  Moirve  as  an  approximation  to  the  binomial  * 
distribution  and  was  published  by  him  in  1 735 >  60  years  before 
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Carl  Friedrich  Gauss  used  It  In  his  astronomical  calculations*)  It  can  be 
derived  very  simply.* 

v  * 

The  reader  may  recall  that  following  some  formulations  of  statistical 
mechanics,  in  the  tljeory  of  communication,  the  entropy  or  information,  H, 

--  of  a  discrete  set  of  probabilities,  Pj/Pg'-  .  -.-p^  is  defined  in  such  a  way  . 
that 

n 

’  H  ■  -  Yi  Pi  l08  Pi  (B-62) 

t  i-1 

t 

Furthermore,  the  entropy  is  a  measure  of  disorder  or  information  (choice)* 

For  a  continuous  (single  dimensional)  probability  distribution,  the  analogous 
expression  Is: 

H  P'j(x)  log  p^(x)dx  (B-63) 

We  may  inquire  as  to  the  first  probability  density  function  which  makes  the 
entropy  (disorder,  randomness)  a  maximum,  subject  to  the  condition  that  the 
standard  deviation  of  the  variable  x  be  a  constant,  a.  The  square  of  the 
standard  deviation  or  "variance"  has;  been  defined1  in  terms  of  the  density 
function  in  Eq  B-23,  repeated  here, 

o2  ■  /  x2p1(x)ax  (B-64) 

and  from  Eq  B-15: 

'  rm 

y^Pl(x)  dx-1  (B  -0') 

Finding  the  maximum  value  of  the  integral  function  H,  subject  to  the 
constraints  (Eq  B-48  and  B-49)  is  a  standard  problem  in  the  calculus  of 
variations .  ' 


#C,  E.  Shannon  and  W.  Weaver,  The  Mathematical  Theory  of  Communication, 
University  of  Illinois  Press,  Urbana,  Illinois,  19^9#  PP-  54-56. 

+L.  E.  Elsgolc,  Calculus  of  Variations ,  Addison-Wesley  Publishing  Co., Inc. 
Reading,  Mass.,  1962. 


It  Is  done  by  adjoining  the  constraints  (each  multiplied  by  a  Lagrange 
multiplier)  to  the  payoff  function  and  maximizing  the  sum.  The  problem  then 
becomes  to  find: 

L  [-p(x),log  p(x)  +  X  3^p(x)  +  vp(x)j  dx  (B-66) 

A  necessary  condition  for  the  maximum  is  that  the  Euler  equation  be  satisfied. 
The  Euler  equation  is:  ^  =  6  where  F(x,y,yr)  is  the  integrand. 

In  this  case,  where  there  are  no  derivatives  of  p(x)  in  the  Integrand,  the 

i 

Euler  equation  is  simply:  ; 


Ipfxj  j  l“pM  l0g  pM  +  Xx2pW  +  ^(x)]  =  0 

-  1  -  log  p(x)  +  Xx?  +  V  S  o  \ 


(Br67) 


or 


p(x) 


V 

e  e 


-1 


•V, 


The  constants  v  and  X  are  then  chosen  so  as  to  satisfy  the  equations  of 
constraint .  An  appropriate  choice  yields 

P^xJ^-p-e'^^  (B-68) 

which  is  the  first  probability  density  function  for  the  Gaussian  distribution 
with  a  zero  mean  value.  Its  integral  is  the  first  distribution  function 

P,(x)  *  ~  +  erf(|)  (B-69) 

where 


erf 


(!) 


j-r 

yf*  Jo 


h 


-u 


du 


(B-70) 


is  the  so-called  error  function.* 

,  .  » 


011  *f*  N:  Sneddon,  Sge c lal  Functions  of  Mathematical  Physics  and  Chemistry, 
and  Boyd,  Edinburgh  and  London,  19^1 ,  pi  13,  for  example. 


More  generally  the  Gaussian  distribution  is  defined  by 


P1  U) 


exp  - 


1 2k  a 


(x-mi)g 
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^(x)  =  \  +  erf 


(r?) 


(B-71) 

(B-72) 


which  allows  for  the  case  in  which  the  mean  value  of  x  is  not  necessarily  zero. 


We  have  seen  that,  in  a  sense,  the  Gaussian  distribution  is  the  one 
associated  with  the  maximum  degree  of  randomness.  Otherwise,  subject  to 
fairly  general  conditions,  it  can  be  shown  that  the  first  probability'  density 
function,  pj(x),  of  the  sumof  a  large  number,  N,  of  independent  random 
variables  tends  to  the  probability  density  function  of  the  normal  (Gaussian) 
distribution.  For  this  reason,  if  we  are  observing  a  random  variable  whose 
fluctuations  are  due  to  a  large  number  of  independent  causes,  and  this  is 
indeed  often  the  case,  the  Gaussian  distribution  is  likely  to  be  the 
appropriate  one  characterizing  the  variable  of  interest. 

For  essentially  the  same  reason,  the  Gaussian  distribution  is  also  an 
approximation  to  the  discrete  binomial  and  Poisson  distributions  if  the  mean 
np  or  m  is  large. 


To  fit  a  Gaussian  distribution  to  a  discrete  one  derived  from  plotting 
numbers  of  cases  in  given  categories  y  so  as  to  keep  the  total  probability  • 
equal  to  one,  the  ordinates  of  the  normal  probability  density  curve  are 
multiplied  by  the  total  number  of  observations,- 'N. 


where  the  standard  deviation  is 


( 


£ 

i 


N 


\  (b-73) 
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s  « 


0 


(b-74) 


and  where  x  is  the  mean  of  all  the  observations,  x  A  mj •  In  the  cases  of 
the  binomial  and  Poisson  distributions,  the  standard  deviation,  of  course, 
is  the  square  root  of  the  known  variance.  See  Table  B-1. 

Figure  B-3  shows  several  normal  density  functions  with  different  means 
and  standard  deviations.  Since  the  area  under  each  curve 'must  be,  one f  they 
are  higher  at  the  mean  value  if  the  standard  deviation  is  small.  The  points 
'Of  inflection  on  each  curve  are  located  one  standard  deviation  from  the  mean. 


Fig.  B-3»  Normal  Density  Functions 


In  order  to  make  numerical  calculations,  tne  normal  density  function. is 
usually  cast  into  the  standard  form  in  which  the  mean  is  zero  and  the  standard 
deviation  is  unity.  Deviations  from  the  mean  are  then  measured  in  units  of 

x -  mi  r  i 

standard  deviations,  t  =  — - —  *=  [standard  deviations!  .  The  standard  form  is 


z(t) 


This  function  is  found  tabulated  in  a  number  of  places.* 

One  very  useful  configuration  of  tabulated  values  is  in  terms  of 

t 


Pr  f(x  -  m^)  >  t  j  e  1  -  y*  z(t)dt 

•  (0 


*See,  for  example)  A.-  Hald,  Statistical  Tables  and  Formulas .  John  Wiley 
and  Sons,  Inc.,  New  York,  1952,  p.  35  where  it  is  designated  $u) ;  or  M. 

M.  Abraraowitz  and  I.  Stegun  (eds.),  Handbook  of  Mathematical  Functions., 
National  Bureau  of  Standards  Applied  Mathematics  Series  55,  U.S.  Government 
Printing  Office,  Washington,  D.  C.,  1964,  pp.  c 66-972,  where  it  is 
designated  Z(x). 
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> 


vhich  represents  the  probability  of  a  random  variable,  known  to  be  governed 
by  the  normal  distribution,  exceeding  a  given  positive  value,  greater  than 
the  mean,  by  an  amount  expressed  as  a  number  of  standard  deviations,  t. 

This  probability  is  the  hatched  area  under  the  curve  in  Pig.  B-4.  A  very 
short  table  of  such  probabilities  is  presented  in  Table  B-4. 


Fig.  B-4.  The  Standard  Form  of  the  Normal 
Probability  Density  Function  and  Pr[(x-m1 )  >  tl 


TABLE  B-4 

PROBABILITY  OF  A  -VARIABLE  EXCEEDING  A  VALUE 
t  STANDARD  DEVIATIONS  GREATER  THAN  THE  MEAN 


t 

Standard 

Deviations 

Pr[(x-m^ )  >  t  ] 

t 

Standard 

Deviations 

P*[(x*®1 )  >  t] 

0.00 

0.50000 

2.00 

0.02275 

0.50 

0.30854 

3.00 

O.OOI35 

1.00 

0.158 66 

4.00 

0.00003 

1.50 

0.06680 

5.00 

3  x  10-7 

Since  the  Gaussian  curve  is  symmetrical,  Table  B-4  may  also  be  used  to 
calculate  the  probability  that  a  variable  will  be  less  than  the  mean  by  an 
amount  which  exceeds  t  standard  deviations j  or,  indeed,  if  the  probability 
of  a1  value  either  greater  or , less  them  the  mean  by  the  specified  number  of 
standard  deviations  is  wanted,  it  is  twice  the  values  in  the  table.  Thus  the 
well  remembered  numbers 
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Pr[x*»i±  o]i  Pt[x$b1±2 •»*  Pr[x3EBj  ±  30]  i  ~ 

As  a  staple  examples  of  the  application  of  the  normal  distribution, 
consider  that  in  typical  aircraft  carrier  landing  operations  the  mean 

sink  rate  of  the  airplanes  at  the  instant  of  contact  with  the  deck  is 

m  _r  %  ?■ 

Vj  «=  14.0  ft/sec,  that  the  standard  deviation  in  the  sink  rate  is. 2 *33  ft/sec, 
and  that  the  sink  rate  is  normally  distributed  about  the  mean  valued  If  a 
sink  rate  of  21 .0  ft/sec  corresponds  to  the  ultimate  strength  of  the  landing 
gear,  in  what  fraction  of  all  landings  will  the  aircraft  be  damaged  by  'a 
hard  landing? 

PrfvI>21]  *=  Pr  jv-!  >  14  +  3(2.33)] 

Prom  Table  B-4,  this  is  the  probability  that  the  sink  rate  will  be  more 
than  the  sum  of  the  mean  value  and  three,  standard  deviations,  i^.e.,  . 

>  21  ]  =  O.OOI35,  or  the  sink  rate-will  be  excessive  once  'in  7^0  landings. 

These  few  facts  on  the  Gaussian  and:  other  distributions  allow  us  to  make 
a  large  number  of  interesting  calculations  concerning  probabilities , but  the 
material  presented  in  this  Appendix  is  only  introductory,  and  it  is  no  ' 
cubstitute  for  a  more  rigorous  study  of  the  subject. 


/  - 
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